FRATTINI EXTENSIONS AND CLASS FIELD THEORY

TH. WEIGEL

ABSTRACT. A. Brumer has shown that every profinite group of strict cohomo-
logical p-dimension 2 possesses a class field theory - the tautological class field
theory. In particular, this result also applies to the universal p-Frattini exten-
sion ép of a finite group G. We use this fact in order to establish a class field
theory for every p-Frattini extension m: G—-aG (Thm.A). The role of the class
field module will be played by the p-Frattini module. The universal norms of
this class field theory will carry important information about the p-Frattini
extension 7: G — G. A detailled analysis will lead to a characterization of
finite groups G which have a p-Frattini extension 7: G — G in which G is a
weakly-orientable p-Poincaré duality group of dimension 2 (Thm.B).

In section §5 we characterize the p-Frattini extensions ma, : Sl2(Zp) —
Sla(Fp), p # 2,3,5, by some kind of localization technique. This answers a
question posed by M.D.Fried and M.Jarden (Thm.C). It is quite likely that
such an approach might also be successful for the characterization of the p-
Frattini extensions mp: Xp(Zp) — Xp(Fp), where Xp is the simple simply-
connected split Z-Chevalley group scheme with Dynkin diagram D.

1. INTRODUCTION

Let G be a finite group and let p be a prime number. An extension of G by a
pro-p group A

(1.1) 1—A4A-5G6G 56 —1

is called a p-Frattini extension, if im(¢) is contained in the Frattini subgroup of G.
The study of p-Frattini extensions of finite groups has a long history. W.Gaschiitz
(cf. [8]) showed that every finite group G has a universal elementary p-abelian
Frattini extension 7, : G /p — G which kernel is - considered as (left) F,[G]-module
- isomorphic to Q2(G,F,), where Qx(G,—) = Q7 %(G,_) denotes the k'"-Heller
translate in the category ¢ mod,, of finitely generated (left) IF,[G]-modules. Based
on this result J.Cossey, L.G.Kovécs and O.H.Kegel [3] showed the existence of a
universal p-Frattini cover m,: ép — (. As the universal p-Frattini cover coincides
with the minimal projective cover (cf. [6, Prop.20.33]), K.Gruenberg’s theorem [7]
implies that Gp is of cohomological p-dimension less or equal to 1, i.e, cdp(ép) <1
In particular, ker(m,) is a finitely generated free pro-p group (cf. [12, §1.4.2, Cor.2]).

If p divides the order of G, the profinite group Gp is of strict cohomological p-
dimension 2. For these groups A.Brumer [2] showed the existence of a tautological
class field theory. The goal of this paper is to use this tautological class field theory
for the group Gp in order to obtain new result on p-Frattini extensions.

The most efficient way to establish a class field theory is to use the theory
of cohomological Mackey-Functors. A. Dress introduced this notion in [4]. The
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exposition given by P.Webb in [15] will be particularly useful for our purpose, and
therefore we will follow it closely as far as possible.

The following theorem can be seen as a “structure theorem for p-Frattini ex-
tensions”, which combines W.Gaschiitz theorem with the fact that the inflation
mapping H!(m, S) is bijective for a p-Frattini extension 7 as in (1.1) and an irre-
ducible (left) F,[G]-module S [16, Prop.3.1]. Its proof can be found in section 3.3
(cf. Thm.3.1, Cor.3.2).

Theorem A. Let G be a finite group, let p be a prime number and let 7: G — G be
a p-Frattini extension. Let F(G) be the set of all open normal subgroups ~ofG being
contained in ker(m). Then there exists a p-class field theory (C,7) for (G,F), i.e.,

(i) C is a cohomological }'(G') -Mackey functor of type H® (this is a short form
to say that it has Galois descent),
(i) Cu = D (G/U,Z,) for all U € F(G),
(iii) v: C — ADbP is a surjective morphism of cohomological F(G)-Mackey func-
tors, where Ab® denotes the cohomological f(é)—Mackey functor of maxi-
mal p-abelian quotients (cf. §3.1),

(iv) for allU,V € F(G), V < U, v induces an isomorphism
(1.2) Cy/im(NGy) = (U/V),

(v) let U V,W € F(G), V,W < U, such that U/V and U/W are abelian p-
groups. Then im(NG;) = im(Ng, ;) implies V = W.

The class field theory (C,) has also two further properties one would usu-
ally require from a class field theory: (vi) There exists a canonical class ¢ €
nat?(%X(Z,),C), (vii) H'(G/V,Cy) = HY(U/V,Cy) = 0 for all U,V € F(Q),
V < U (cf. Rem.3.3). However, this will not be of importance for our purpose.

The kernel of v will be called the universal norms (of C). Its analysis will finally
enable us to characterize finite groups G possessing a p-Frattini cover : G— G
in which G is a weakly-orientable profinite p-Poincaré duality group of dimension
2 (cf. Cor.4.6). Here we call a profinite p-Poincaré duality group G of dimension d
weakly-orientable, if H(G,F,[G]) ~ F, is the trivial module.

Theorem B. Let G be a finite group, and let p be a prime number. Then the
following are equivalent:

(i) There exist a p-Frattini extension m: G — G, where G is a profinite weakly-
orientable p-Poincaré duality group of dimension 2.
(ii) There exists an injective map

(1.3) a: QNG F,) — Qa(G,TF))
which is not an isomorphism.

Remark 1.1. Theorem B raises the following two questions: (1) For which finite
groups G and prime numbers p does there exist an injective but not surjective
map a: QYG,F,) — Q2(G,F,)? (2) Provided such a mapping exists, how many
isomorphism types of p-Frattini covers =: G — G exist, where G is a weakly-
orientable p-Poincaré duality group of dimension 27

Unfortunately, we cannot say anything about the second question. Explicit
computations using the work of K.Erdmann [5] show that for ¢ =3 mod 4, such
a mapping « exists for G: = PSly(q) and p = 2 (cf. [16], [17]). However, it seems
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a very difficult problem to characterize or classify the tuples (G, p) for which such
a mapping exists.

Let 6,(G) denote the set of isomorphism types of irreducible (left) F,[G]-mo-
dules, and let A C &,(G) be a subset of G,(G). For short we call a p-Frattini
extension 7: G — G a A-Frattini extension, if the isomorphism type of every G-
composition factor of ker(m) is contained in A. From the existence of the universal
p-Frattini extension one deduces easily the existence of a universal A-Frattini ex-
tension ma: Ga — G (cf. §5.2). Obviously, G’GP(G) coincides with C;’p, and Gy
coincides with G itself. For our purpose it will be useful that the universal A-
Frattini extension can be charcterized by vanishing of second degree cohomology in
a similar way as it is known for the universal p-Frattini extension (cf. Prop.5.1).

It is well-known that for p # 3, the extension

(1.4) TTA; - SlQ(Zp) — Slg(Fp)

is indeed a p-Frattini extension (cf. [18]). However, it remained an open problem
to characterize the extension 7,4, among all p-Frattini extension (cf. [6, Problem
20.40]).

For p # 2,3, M.Lazard’s theorem implies that Slz(Z,) is an orientable p-Poincaré
duality group of dimension 3 (cf. [13]). From this fact we will deduces the following
characterization:

Theorem C. Let p be a prime different from 2, 3 and 5. Let My, k=0,...,p—1,
denote the simple F,[Sl2(Fp)]-module of weight k and Fy-dimension k + 1. Then
for every subset A C &,(Sl2(F,)) satisfying

(i) [M2] € A,

(i) [Mp-s] & A,
the universal A-Frattini extension ma of Sla(F,) coincides with w4, , i.e., one has
an isomorphism

(1.5) ¢: Sla(Fp)a — Sly(Zy)
satisfying ma, 0 ¢ = TA.
For a given Dynkin diagram D let Xp be the simple simply-connected Z-Che-

valley group scheme associated to D. It has been proved in [18] that apart from
finitely many (more or less explicitly known) values of (D, p),

(16) ™D : XD(Zp) HXD(F;D)

is a p-Frattini extension. Therefore, one wonders whether one can character-
ize Xp(Z,) in a similar fashion as Siy(Z,) answering the problem raised in [6,
Prob.20.40] in a wider context:

Question 1.2. Assume that p is large with respect to the Coxeter number of D.
Let £p(F,) denote the F,-Chevalley Lie algebra associated to D considered as (left)
F,[Xp(Fp)]-module and put Ap: = {[€p(Fp)]}. Are mp and ma, isomorphic p-
Frattini covers?

Remark 1.3. Proposition 5.1 shows that Question 1.2 is equivalent to the question
whether

(1.7) H*(Xp(Zy), £p(Fp)) = 0.
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2. COHOMOLOGICAL MACKEY FUNCTORS

2.1. Profinite modules of profinite groups. Let p be a prime number, and let
G be a profinite group. The completed Z,-group algebra of G is given by

(2.1) Zp[[é]] = thU Zp[é/U]y

where the inverse system is running over all open normal subgroups of G. By gprf,
we denote the abelian category the objects of which are abelian pro-p groups with
continuous left G-action. The morphisms from M to N, M, N € ob(éprfp), are
defined to be the continuous morphisms of profinite groups commuting with the
action of G. The abelian group of morphisms from M to N will be denoted by
Homg (M, N). This category can be identified with the full subcategory of the
category of topological left Z, [[Gﬂ—modules, the objects of which are also abelian
pro-p groups. It is well-known that »prf, has enough projectives, and in particular
minimal projective covers. If G is the trivial group, then 4prf, coincides with the
category of abelian pro-p groups, which we will denote by prf .

By gprf,, we denote the abelian category the objects of which are profinite
Fp-vector spaces with continuous left G-action. It is a full subcategory of sprf,,,
and objects can be considered as topological modules for the completed IFp-group
algebra

(2.2) Fyo[G]: = lim, F,[G/U].
For further details the reader may wish to consult [2], [11] or [13].

2.2. Cohomological Mackey functors. There are several equivalent ways to de-
fine a cohomological Mackey functor. Here we will follow more or less the approach
chosen by P.Webb (cf. [15, §2]).

Let G be a profinite group and let V' be a set of open normal subgroups of G. For
short we call N' a normal Mackey system, if N is closed with respect to products
and intersections, and if (;;c U = 1.

Let N be a normal Mackey system of the profinite group G. A cohomological N -
Mackey functor X with coefficients in prf), is a collection (Xy7)yen of G-modules
Xy € ob(@/Uprfp)7 together with two series of mappings i?jv and N‘)/fU for U,V €

N,V < U, where
23) ity € Homg (X, Xv),
’ Ny € Homg, y, (Xv, Xp),

and which satisfy the following relations:

(2.4) ivy = Ny =idx, for all U € N,
(2.5) igw =lyw oty foral UV, W e N, U <V <W,
(2.6) Nyv =Ny oNFy for al UV, W e N, U <V <W,
2.7)  ifvy o NFuv = Novy oiguny  forall UV €N,
(2.8) iTyoNygy= > = forall U,V e N, U <V,

zeU/V

(2.9) N¥yoity = |U : Vlidx, forall U,V e N, U <V,
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The notation we have chosen is closer related to number theory than the one intro-
duced in [15]. One can easily verify that the role of I/ in [15] is played by N‘)/fU, and
ity plays the role of R{j. Our axioms (2.3) and (2.4)-(2.6) are obviously equivalent
to the axioms (0)-(5) in [15, §2]. The axioms (2.7) and (2.8) are reformulating ax-
iom (6) in [15], as we assumed that all open subgroups of G under consideration

are normal in G. Axiom (2.9) characterizes cohomological Mackey functors among
all Mackey functors (cf. [15, §7]).

By QDJTN(G‘, prf p) we denote the category of cohomological N-Mackey functors
of G with coefficients in prf,. A morphism between cohomological N-Mackey
functors n: X — Y is a sequence of mappings (ny)ven, v € HomG/U(XU,YU),
for which the diagrams

Xy o, Yy Xu ., Yy
(2~10) iﬁ,vl llgv N‘)/(,UT TN“/(,U
Xy o Yy Xy o Yy

commute for all U,V € N/, V < U. By nat(X,Y) we denote the abelian group of
morphisms of cohomological A/-Mackey functors from X to Y.

Using the interpretation of @)JTN(G‘, prf,) as the category of additive Z,-linear
functors from the category of G-permutation modules of discrete G-sets with iso-
tropy group being contained in A to the category prf » of abelian pro-p groups (cf.
[15, Prop.7.2]), one sees easily that ¢0n (G, prf,) is an abelian category. Kernels
and cokernels are defined in the obvious way.

2.3. From cohomological Mackey functors to G-modules and vice versa.
Taking the inverse limit over the norm maps Ny, defines a covariant left exact
functor

m: c:sz(é, prf,) — sprf,,

m(X): =lim, _ Xy, for X € ob(€My (G, prf,)).

(2.11)

In case N contains a countable basis of neighbourhoods of 1 € é’, liLnl vanishes,
since all modules X, are compact. Hence in this case m is exact.

Let M € ob(sprf,) be an abelian pro-p group with continuous left G-action.
For an open normal subgroup U € A we denote by

(2.12) My: =Z,[G/UI&eM = M/cl({(1 —u).Mlu € U))

the U-coinvariants of M. Here & denotes the pro-p tensor product as defined by

A Brumer (cf. [2, §2]), and ¢l denotes the closure operation. The assignment X (M)

which assigns U € N the U-coinvariants X(M )y : = My together with the natural

map N%g\/j): My — My, V < U, and the mapping zi(f/) My — My, V <U,

(213) g G m+d((Q—w).MueU)): = Y am+d({(1-v).MpeV)),
zeV/U

defines a cohomological N-Mackey functor X(M) € ob(¢My (G, prf »))- It induces
a covariant additive right exact functor

(2.14) X(2): gprf, — My (G, prf,),
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which will be in general not exact. As we will see in the next subsection, the
cohomological N-Mackey functors obtained this way have a particular property
which characterizes them.

2.4. Cohomology and homology of cohomological N'-Mackey functors. Let
X be a cohomological N-Mackey functor for G with coefficients in prf,. For short
we call X i-injective, if all maps ifiv, UV e N,V < U, are injective. Similarly,
X is called N -surjective, if N‘)/(,U is surjective for all U,V e N, V < U.

Assume that X € ob(@)ﬁ/\/(é’, prf,)) is i-injective. Then we call X of type HO,
if
(2.15) im(i%y) = X0V

for all U,V € N, V < U. Here Xg/v denotes the abelian group of U/V-fixed
points on Xy,. Cohomological A/-Mackey functors of type H® are sometimes also
called to have Galois descent. The N-surjective cohomological N-Mackey functor
is called of type Hy, if

(2.16) ker(Ngpy) = Y (z—1)Xy
zeU/V

for all U,V € N, V < U. From this definition it is straight forward, that a
cohomological N'-Mackey functor is of type Hy, if and only if it is isomorphic to
a functor X(M) for some M € ob(sprf,). The cohomological N-Mackey functors
being oy type Hy are sometimes also called to have Galois codescent.

It is possible to interprete the definitions of being of type Hy or of type HY in
a more general homological context. For a cohomological A'-Mackey functor X we
define for U,V e N, V < U,

(2.17)
KO(U/V,X): = ker(i¥y), KUV, X): =XV fim(i),
(2.18)
co(U/V,X): = coker(Nyy), (U/V,X): =ker(NFy)/ Y (x—1)Xy.

zeU/V

Let 0 = X — Y — Z — 0 be a short exact sequence of cohomological A'-Mackey
functors. Then the snake lemma implies that one has exact sequences

0 -k (U/V,X) = KU/V,Y) - K (U/V,Z)...

(2.19) —kNU/V,X) = kK (U/V,Y) — kK (U/V, Z),

1 (U/V,X) = e (U/V,Y) = &1 (U/V,Z) — . ..
co(U/V,X) = co(U/V,Y) = co(U/V,Z) — 0.

One can therefore think of k%1 (U/V,_) as the 0- and 1-dimensional section co-
homology of cohomological N-Mackey functors, and of ¢q/1(U/V,_) as the 0- and
1-dimensional section homology of cohomological N'-Mackey functors. It is possible
to extend these functors to cohomological and homological functors, respectively.
Since we will not make use of the higher derived functors we omit a detailed discus-
sion here. However, we would like to remark, that these functors are not unrelated.

(2.20)
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Proposition 2.1. Let X € CQJYN(G, prf,) be a cohomological N -Mackey functor

and let U,V € N, V < U. Then one has an exact sequence of G/U-modules
2.21) 0 —c (U/V,X) 2% H YUV, Xy) 22 KOU/V,X) 25 ..
' co(U/V,X) 25 HO(U/V, Xy) 2% K (U/V,X) — 0,

where H*(U/V,_) denotes Tate cohomology.

Proof. The mapping ay: ¢, (U/V,X) — H=Y(U/V,Xy) is clearly injective. Since
a2 is induced by the norm map N7y, one has

(2.22) ker(az) = ker(N‘)/fU)/ Z (x — )Xy =im(aq).
zeU/V
Furthermore, by axiom (2.9)
(2.23) ker(as) = ker(i?ﬁv) Nim(Ny,y) = Ny.u(ker( Z x)) = im(ag).
zeU/V
The mapping ay is induced by Z)U( v Hence
(2.24) ker(as) = (ker(ifsy) + im(Nyy)) /im(Nysy) = im(as).
The mapping «s is the canonical map and thus surjective. Furthermore,
(2.25) ker(as) = im(i?jv)/(zzewv ). Xy = im(ay).
This yields the claim. ([l

Remark 2.2. Let G be a finite cyclic group and let N': = {1, G} Using an alterna-

tive approach for the definition of co(G,_) and k*(G, ) one sees that there exist
connecting homomorphisms making the sequence

(2.26) (K(G,), K (G ), 1 (G ), (G, )

a (co)homological functor. Let M € ob(sprf,) be a finitely generated Z,[G)-
module. Then (2.21) says that the Herbrand quotient (cf. [10, Kap.IV, §7])

(2.27) WG, M): = M
[H=(G, M)

can be interpreted as a kind of multiplicative Euler characteristic, i.e., one has
co(G, X(M))| - KNG, X (M

_ (GO0 G ppy)
e (G, X(M))] - [K(G, X(M))]

For short we say that a cohomological A'-Mackey functor X is cohomologically
trivial, if X is of type H° and Hy. From Proposition 2.1 follows that such a functor
satisfies

(2.29) H YUV, Xy)=H'U/V,Xy) =0
for all U,V € N, V < U.

(2.28) h(G, M)

Proposition 2.3. Let P € ob(gprf,) be projective. Then for Ve N, X(P)y
(c¢f. 2.3) is a projective Z,[G/V]-module. In particular, X(P) is a cohomologically
trivial cohomological N -Mackey functor.
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Proof. The first statement follows from the fact that deflation from sprf, to
a /Vprfp is mapping projectives to projectives. Since restriction to closed sub-
groups is mapping projectives to projectives, it suffices to prove the second claim
for U = G. Sir}ce %EP) is of typie H?’ co/1(G/V,X(P)) = 0. As Py € ob(g,y prf))
is projective, H~1(G/V, Py) = H°(G/V, Py) = 0. Hence Proposition 2.1 yields the
claim. (]

3. CLASS FIELD THEORIES

Throughout this section let Gbea profinite group, and let p be a prime number.
We also assume that A is a normal Mackey system for G.

For a finite group G we denote by &,(G) the set of isomorphism types of irre-
ducible (left) F,,[G]-modules. For an irreducible F,[G]-module S we use the symbol
[S] € 6,(G) to denote its isomorphism type.

3.1. The cohomological Mackey functors Ab? and Ab/?. For U € N, let
(3.1) Abl: =US =U/c([U,U]) /Oy (U/cl([U,U])

denote the largest continuous homomorphic image of U which is an abelian pro-p
group. Here [, _] stands for the commutator subgroup, and ¢l denotes the closure
operation. Then for U,V € N, V < U, one has a canonical map N‘é}}p : Vpab — Uz‘fb.
This map together with the transfer map (cf. [10, p.312])

(3.2) z"&l"/p: =tri: Ugb — Vp“b

makes Ab? € ob(€M (G, prf,)) a cohomological N'-Mackey functor. By ADb/? we
denote its reduction modulo p, i.e., for U € N one has

(3.3) Ab/P: = o = AbY, /p.AbY,

and the maps i{}’l{’,/p and N{}B/p, UV e N,V < U, are the maps induced from
if}’t‘f and N‘?Bp, respectively. It is obviously a cohomological N-Mackey functor.

3.2. Weak p-class field theories. We define a weak p-class field theory (X,n) (for
(G,N)) to be a cohomological N'-Mackey functor X € ob(@imN(G', prf,)), together
with a surjective morphism n: X — Ab? of cohomological N'-Mackey functors with
the following properties:

(i) X is of type HY,
(ii) co(U/V,n): co(U/V,X) — (U/V)gb is an isomorphism for all U,V € N,
V<U.

The property (i) implies that k% (U/V,X) = 0 for all U,V € N, V < U. In
particular, one has an isomorphism co(U/V,X) = H°(U/V,Xy). The property (ii)
is one of the properties one would expect from a p-class field theory. However, in
order to state the other property, one has also to require some structure on the
normal Mackey system N
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3.3. p-Class field theories. For short we call a normal Mackey system p-closed,
if it satisfies the following property: Assume that W is an open normal subgroup
of G which is contained in an open normal subgroup in U € N, such that U/W is
a finite abelian p-group. Then W is also contained in .

Let AV be a p-closed normal Mackey system of G. Then we call the weak p-class
field theory (X,7n) a p-class field theory, if it satisfies additionally the following
property:

(iii) Let U € N and let V,W < U be open and normal in G, such that U/V

and U/W are finite abelian p-groups. Assume that z'm(N‘)/fU) = im(NV)‘%U).
Then V =W.
In a similar fashion one defines a /p-class field theory: Let N be a p-closed nor-
mal Mackey system of G. A cohomological N-Mackey functor X together with a
surjective morphism of N-Mackey functors n: X — Ab’? is called a /p-class field
theory, if the following properties hold:
(i) X is of type HY,
(i) co(U/V,n): co(U/V,X) — (U/V)$ is an isomorphism for all U,V € N,
VvV <U,
(iii) Let U € A and let V,W < U be open and normal in G, such that U/V
and U/W are finite elementary abelian p-groups. Assume that im(N‘),fU) =
im(Ny ;). Then V.=W.

3.4. The p-Frattini class field theory and the /p-Frattini class field theory.
Let G be a finite group, and let m,: G, — G denote its universal p-Frattini cover.
We are considering the normal Mackey system

(3.4) F: ={U < ker(m,) | U open and normal in G, }.
As ker(mp) is a pro-p group, it is obviously p-closed.

Let
(3.5) 0—P 5P —7,—0

be a minimal projective resolution of the trivial Z,[G)]-module Z, in a,pri,.
In particular, e: Py — Z, and ¢': P, — ker(e) are minimal projective covers in
Gpprfp.

Let 6,(G) denote the set of isomorphism types of irreducible F,[G]-modules,
and let 7¢: Ps — S denote a minimal projective cover in a,prfy, [S] € 6,(G). As
(3.5) is minimal, one has isomorphisms

(3.6) Homg (Py,S) ~ HY(G,, S)
for all [S] € 6,(G). In particular, P ~ [[(gcs, () PES | where

o dim]pp(Hl(épaS))
(3.7) B9 = “dimg (Endg(S))

Let U € F. As _y is right exact, one has an exact sequence

(3.8) (P)u 2, (Po)u — Zy — 0.
As ép — ép /U is a p-Frattini extension, inflation induces isomorphisms

(3.9) H'(Gy, 8) ~ H'(G,/U,S)
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for all [S] € 6,(G) (cf. [16, Prop.3.1]). This yields that
(3.10) H'(G,/U,S) ~ Homg ,;((P1)u,S)

for all [S] € 6,(G), and from this one concludes easily that (3.8) is a partial minimal
projective resolution. In particular, ker(dy) = Q2(Gp/U, Zy).

Let Q5: = ker(X(5)). Then one has an exact sequence of cohomological F-
Mackey functors

x(5) x(e)
(3.11) 0— Qy — X(P1) — X(Py) — X(Z,) — 0,
and QQ}U = Qg(ép/U, Zp)

From the Eckmann-Shapiro lemma for Tor, (cf. [13, Lemma 3.3.4]), and the
canonical isomorphism H; (U, Z,) ~ U;}b = AbY,, where H, denotes homology as
defined by A.Brumer (cf. [2, §2]), one obtains an isomorphism
(3.12) i Qy — AbP

of cohomological F-Mackey functors.
By Qép we denote the reduction mod p of 2o, i.e., one has a short exact sequence

in €Mz (G, prf,)
(3.13) 0— 240, —Qf — 0.
By 7/P: Qép — Ab/? we denote the induced isomorphism.

Theorem 3.1. Let G be a finite group, mp,: ép — G its universal p-Frattini cover,
and let F be given as in (3.4).

(a) The tuple (22,m) is a p-class field theory for (ép,f),

(b) The tuple (Qép,n/p) is a /p-class field theory for (G, F).

We call (Qg,7) the p-Frattini class field theory for (G, F), and (Qép,n/p) the
/p-Frattini class field theory for (G, F).

Proof. (a) One has to verify the axioms (i)-(iii). Axiom (ii) is obviously satisfied.
Consider the short exact sequence

(3.14) 0 — Qy — X(P1) — coker(t) — 0.

Since coker(1) is a cohomological F-subMackey functor of X(Pp), k%(coker(t)) = 0
(cf. (2.19), Prop.2.3). The long exact sequence (2.19) applied to (3.14) and the
cohomological triviality of X(Py) and X(Py) yields that Q5 is of type H°. Hence
axiom (i) is satisfied. It remains to verify (iii). We may assume that p divides
the order of the finite group G, since otherwise 25 = 0, and there is nothing
to prove. In this case ép is of cohomological p-dimension 1, and thus of strict
cohomological p-dimension 2 (cf. [12, §1.3.2]). In particular, by Brumer’s theorem
(cf. [2], [10, Kap.IV, §6, Aufg.6]) G possesses a tautological class field theory. Let
(9, p) denote its restriction to the Mackey system F, i.e., Hiy = Ab}, and py is the
identity on Abf;. In particular (£, p) and (Q2,7) essentially coincide, i.e., one has

a commutative diagram in €Mz (G, prf,)
Q —— 9
(3.15) ,,l H
Ab? ——— Ab?
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The property (iii) is well-known for (£, p) (cf. [10, Kap.IV, Thm.6.7]). Thus it also
holds for (€22, 7).
(b) It suffices to prove that Qép is of type H°. The axiom (ii) is obvious, and axiom
(iil) follows from axiom (iii) for (Qs,n).

Let %(Po/l)/p denote the reduction mod p of X(Fy) and X(Py), respectively.
Then one has a short exact sequence

/P
(3.16) 0 — Q5 X5 X(P)/? — coker(v/?) — 0,
and coker(1/?) is a cohomological F-sub Mackey functor of X(Py)/?. From Proposi-

tion 2.1 one concludes that X(P,)/? and X(P;)/? are cohomologically trivial. Hence
the long exact sequence (2.19) yields the claim. O

Let 7: G — G be any p-Frattini extension, finite or infinite. By universality,
there exists a mapping 7: G, — G, such that m, = 7o 7. Since 7 is a p-Frattini
extension, 7 is surjective. For short we put N: = ker(7).

The morphism 7 induces a canonical bijection of sets 7,.: Fy — F(G), where F
is given as in (3.4) and

Fn: :{UE}-‘NSU},

F(G): ={U’" < ker(r) | U open and normal in G }.

Let C ¢ ob(@ﬂﬁf(@)(é,prfp)) denote the cohomological F(G)-Mackey functor
given by

(3.17)

(318) Cy: = 92?7:1((]), U e f(G)
equipped with the obvious maps ig,v, N{;?U, UV eFQ@),V<U. Let~y:C—

Ab? denote the morphism of F (G)—Mackey functors induced by 7. In particular, ~
is surjective, but if G does not coincide with the universal p-Frattini cover, + will
not be an isomorphism.

Similarly, we define the reduction mod p C/P of C, i.e., one has

(3.19) clr: = Qéiﬂm’ Ue F@Q),

and by 7/P: C/P — Ab’? we denote the surjective morphism induced by n/®.
Again, apart from the case G ~ Gy, 4/? will not be surjective. From Theorem 3.1
one concludes:

Corollary 3.2. Let G be a finite group, and let 7: G — G be any p-Frattini
extension. Then

(a) The tuple (C,7) is a p-class field theory for (G, F(G)).

(b) The tuple (C/?,~/P) is a [p-class field theory for (G, F(Q)).

Remark 3.3. The definition of a p or a /p-class field theory we have given here is
very much adapted to our main purpose, which is to prove Theorem B. Nevertheless,
(€22, m) satisfies all class field theory axioms, which are usually required in number
theory, i.e., using Tate cohomology one sees easily that for all U,V € F, V < U,

(3.20) HY UV, Qo) = H (G, /V,Qs,v) = 0.
Moreover, (3.11) defines a canonical class ¢ € nat®(X(Z,), 22), where nat®(_, )

denote the derived functors of nat(—, ) (cf. [9, Chap.XII]). This also applies to
the p-class field theory (C, ) defined for any p-Frattini cover 7: G — G. However,
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as the reader might verify by himself, (3.20) does not hold for the /p-class field

theories (Qép,n/p) or (C/P ~/P). Nevertheless, as we will see in the next section,
these are the class field theories which are easiest to deal with.

4. p-POINCARE DUALITY GROUPS OF DIMENSION 2 AS p-FRATTINI EXTENSIONS

Throughout this section we assume that G is a finite group, and that 7 : G—aG
is a p-Frattini extension. By

PILPOLZIN
(4.1)
§/P /P
Q1 — Ph—TF,

we denote partial minimal projective resolutions in zprf, and sprf /p» Tespectively.

4.1. Universal norms. Let 7: G — G be a p-Frattini extension, and let (C,y)
denote its p-Frattini class field theory. We call the cohomological F(G)-Mackey
functor M: = ker(y) the universal norms of (C,~v). Similarly, W/P: = ker(y/?)

will be called the universal norms of (C/?,~/?). One has:

Proposition 4.1. Let 7: G — G be a p-Frattini extension. Then:

(a) M is N-surjective. Let Py 9, Py — Z, be a partial minimal projective
resolution of Zy, in gprf,. Then ker(5) ~ m(MN).

(b) M/P is N-surjective. Let Qq LN Qo — F;, be a partial minimal projective
resolution of ¥y in gprf,,. Then ker(d) ~ m(N/P).

Proof. (a) For simplicity let us assume that ¢: 91 — C is given by inclusion. Let
{Uk}ren C F(G) be a linearly ordered basis of neighbourhoods of 1 € G. We
have to show that for = € (-, im(NL(,:WUn), there exists a sequence (Yk)keNos

Yk € CUn+k7 such that yo = = and y; = NUn+k+17Un+k (yk+1)-
Let Z: = [[en, Cu,yi- Then Z is compact by Tychonoff’s theorem. Let

(4.2) Zew: ={ (2k)ren, € Z | 20 =2, Ny, (2641) = 2 for all k <. }.

Then Z, r1 C Z,, and all sets Z,, ,» are closed. By definition, any finite intersection
of sets Z, , is non-empty. Hence Z, o: = ﬂrGN Zy,» is non-empty. Any element
(Yk)keNy € Za,00o Will have the desired property.

By construction, ker(X(d)) = C. Moreover, one has a short exact sequence of
F(G)-Mackey functors 0 — 9 — C — Ab” — 0. Obviously, m(Ab?) = 0. Thus
the claim follows from the exactness of m. The assertion (b) follows by a similar

argument. ([l

4.2. Weakly oriented p-Poincaré duality groups. Let G be a profinite group
of cohomological p-dimension d, d € N. Then G is called a p-Poincaré duality group
of dimension d, if

(i) for every finite discrete left G-module of p-power order X and for all k € Ny
one has

(4.3) |H* (G, X)| < o0,

(ii) the p-dualizing module I 5 , of G is isomorphic to Qp/Z, as abelian group,



13

(iii) for every finite discrete left G-module of p-power order X, cup-product
induces a non-degenerate pairing

H(evx)o(.
N

(44)  HMG,X') x HRG, X) HYG ) - Q)2

where X’: = Hom(X,I4 p), evy: X' x X — I, is the evaluation map
and ¢ is given as in [12, §1.3.5].
The p-Poincaré duality group G of dimension d is called orientable, if g, is a

trivial é—lnodule, and weakly-orientable, if the socle of ]Ié,p is a trivial G’—module,
ie., soc(lg ) = Fp.

One can charcterize these groups by continuous cochain cohomology as intro-
duced by J.Tate (cf. [14]) with coefficients in F,[G] as follows:

Proposition 4.2. Let G be a profinite group of cohomological p-dimension d, d €
N, and assume (4.3) holds for every finite discrete left G-module of p-power order
X. Then the following are equivalent:

(i) Gisa weakly-orientable p-Poincaré duality group of dimension d,

R A F k=d
(4.5) HEG RG] = 4T ’
0 for k #4d,
where ), denotes the trivial G-module and H® denotes continuous cochain
cohomology.

Proof. The implication (i) = (4¢) is implicitly already contained in a letter from
J.Tate to J-P.Serre (cf. [12, App.1]) Here one should only note that the second
property of a Poincaré duality group ensures that H*(G,F,[G])* = Ex(F,).

Note that property (4.5) already implies that (4.4) holds for all finite F,-vector
spaces which are discrete G-modules. Then the same argument used in the proof of
[12, Prop.1.32]) shows that (4.4) holds for all finite discrete G-modules of p power
order. d

4.3. Cohomological Mackey functors for p-Frattini extensions. Let X be a
cohomological F(G)-Mackey functor, such that Xy are finitely generated F,[G/U]-

modules for all U € F(G). Then applying Homs(—, F,) and changing the role of i

and N defines a new cohomological F(G)-Mackey functor which we denote by X*.
The functor * is obviously contravariant and exact.

For short put S(F,): = X(F,), T(F,): = S(F,)*. Then S(FF,) is a cohomological
F(G)-Mackey functor with all mapping N‘i(gp) bijective, and T(F,) is a F(G)-
Mackey functor with all mapping ig’(g") bijective, U,V € F(G), V < U.

Thus one has an exact sequence of cohomological F(G)-Macke functors

/py* /py*
(4.6) 0—T(E,) " x2(Q)

We put

X(Qo) X(Q1)"
Ql(é/*v IFP) = ker(x(é/p)*)a

(4.7) (G, F,): = coker(X(5/7)").
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It is an easy exercise to show that Q(G/_,F,) is i-injective and N-surjective, and
that Q%(G/_,F,) is of type Hy.

4.4. Extending injective maps Q!(G,F,) — Q2(G,F,). The first step in proving
Theorem B is establishing the following proposition:

Proposition 4.3. Let G be a finite group, and let a: QY(G,F,) — Q*(G,F))
be a mapping of F,[G]-modules. Then there exists a closed normal subgroup N,
N < ker(mp) of the universal p-Frattini extension G,, G: = G, /N, and a map of

cohomological F(G)-Mackey functors
(4.8) a: QY(G/_,F,) — C/P,

satisfying im(a) = N/ and Qer( Lker(m,): @ where ¢: M/P — C/P denotes
the canonical map.

Moreover, if a is injective, ac is injective.
Proof. Put Vy: = ker(m,) and ag: = a: Q(G,Fp) — Qa2(G, F,). Assume we have
constructed open normal subgroups Vjp, .., Vi1 and injective morphisms

(4.9) Qay; - Ql(ép/v;) - QQ(GP/Viva)v
1=0,...,k — 1, such that the diagrams

Ql<ép/vi—17 Fp) Q2(ép/vi—17 Fp)
(410) ii}ilv"il ligffl,w

QY G,/ Vi, Fy) ——  Qa(G,/Vi,Fp)

)

v,

~ ay, ~

Ql(Gp/Viflan) L) Q2(67117/‘/;‘71a16‘p)

(4.11) Ngl_{vij TN;?VH
ay,

Ql(ép/viva) — QQ(GP/V;?IFP)
commute, i = 1,..,k — 1. In the first step we construct V;, and a mapping
(4.12) ay, : Q(G,/ Vi, F,) — Qa(G,/ Vi, Fp)
such the diagrams (4.10) and (4.11) commute for (k — 1, k).

Let Vj, < ker(m,) be the unique open normal subgroup such that Vj,_1/Vj is ele-
mentary p-abelian, and im(ay,_,) = im(N%"’Vk_l). The uniqueness is guaranteed
by axiom (iii) of a /p-class field theory. Since (Qo)y, is a projective F,[Gp/Vil-
module, there exists a mapping o': (Qo)7, — Q2(Gp/Vi,Fp) making the diagram

Ql(ép/Vk_l,]Fp) L) QQ(ép/Vk—lan)

(4.13) NT TNé’,f,vk,l

(Qo)y, —% s Q(Gp/ Vi, Fp)
commute, where N: (Qo)}, — 0YG,/Vi_1,F,) is the canonical map. Since the
F,[Gp/Vi]-module Q5(G,/ Vi, F,) is directly indecomposable, and as (Qo)y,, is also
injective, @’ cannot be injective. Hence o factors through a mapping

(4.14) ay, : Q4G Vi, Fp) — Qa(Gp/ Vi, Fy).
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for which diagram (4.11) commutes for (k — 1, k).

Let z € QYG,/Vik-1,F,). As QY(G,/—_,F,) is N-surjective, there exists y €
QY(G,/ Vi, F,) such that N‘S};,Vkil(y) = x. Thus

-Q -Q 1
Zv,f,l,vk (v, () = Zv,f,l,vk (v, (Ngk,vk,l ¥))),

Qs

(4.15) o
=y Ve (Nv,ivk,l(aVk (y) = Ny, (av, (),

where Ny, v, @ = devk—l/vk g. On the other hand

0L .01 1
(4 16) v (Zs&kflvvk (SL')) =y, (2%9717\/% (N\g/zk,Vk71 (y)))
= av (Vv v (0) = Ny v (@ (9)),

i.e., the diagram (4.10) commutes for (k — 1, k) aswell.

Since i%i_l’vk: soc(Ql(C:'p/Vk,l,Fp) — soc(Ql(@p/Vk,Fp) is bijective, and as
C/? is of type HY, ay, is injective provided avy, _, is injective.

Let N: = (Nen, Vb- Then {Vi/N}ien, is a basis of open neighbourhoods of
1€G,/N.

Let V€ Fy: ={U € F | N < U}. Then there exist & € Ny such that
Vi < V. Since Q(G,/_,F,) and Qy(G,/_,F,) are i-injective cohomological F-
Mackey functors, there exists a unique mapping

(4.17) ay: V(G /V.F,) — Qa(G,/V,Fp)
making the diagram
Ql(ép/va IFp) — Q2(61)/‘/’ Fp)
(4.18) 2, | |,
Ql(ép/vkap) Bl QQ(GP/V]C’]FP)
commute. It is easy to check that for all U,V € Fy, V < U, the diagram
Ql(ép/Ua Fp) — Q2(GP/U7 Fp)
(4.19) iS}Vl lig?v
Ql(ép/v’ Fp) — 92(619/‘/’ Fp)
commutes. Note that Qy(G/_,F,) is i-injective, and that for = € QY(G,/V,F,)

1

(4.20) ity (o (N (2)) = ey (ifhy (N5 (2))) = av (Nyv (@),
(4.21) ity (NV3 (e () = Nyyp(ay (z) = av(Nyv(@)).
Hence the diagram

OY(Gy /U, Fp) —=2— 05(G,/U,F,)
(4.22) Ny | [vin

QG /V,Fy) —2— 05(Gy/V,Fy)
commutes as well showing that

(4.23) o Ql(ép/—a Fp) — QZ(GP/fv )
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is a morphism of cohomological F(G,,/N)-Mackey functors. By construction, one
has im(a) = M/P. Moreover, if « is injective, then the construction shows that o
is also injective. This yields the claim. ([

4.5. Ql-relator p-Frattini extensions. Let 7: G — G be a p-Frattini extension
of G, and let (C/?,4/P) denote its /p-Frattini class field theory. We call 7 an
QL -relator p-Frattini extension, if there exists a map

(4.24) a: QOYG/_F,) - C/?

of cohomological F(G)-Mackey functors with im(a) = 9/?. If necessary we include
the mapping « in the notation, i.e., we write (m,a) for a Q!-relator p-Frattini
extension.

For the universal p-Frattini extension m,: Gp — G one has M/P = 0, and thus
7, is a Ql-relator p-Frattini extension.

From Proposition 4.3 one concludes that one can also construct such a p-Frattini
extenion starting from a map a: QY(G,F,) — Qa(G, F,).

Another source of examples arises in the context of modular towers. The starting
point in the study of modular towers is a fixed surjective morphism ¢: G —a
where G is a certain profinite orientable p-Poincaré duality group of dimension 2
onto a finite group G. A modular tower consists of all open normal subgroups
U in G contained in ker(¢) such that the induced map ¢y: G/U — G is a p-
Frattini extension (cf. [1]). The ‘limit groups’ of a modular tower correspond to
a closed normal subgroup A < ker(¢) such that ¢4: G/A — G is a maximal p-
Frattini extension ¢ can factor through. In particular, (¢a,ma), 7a: G — G/A
the canonical projection, is a mazimal p-Frattini quotient of ¢ (cf. [16]). These
p-Frattini extension have the following property.

Proposition 4.4. Let ¢: G — G bea surjective map of the profinite weakly-
ortentable p-Poincaré duality group G of dimension 2 onto the finite group G. Then
for every mazimal p-Frattini quotient (m,3), m: im(B8) — G is a Q'-relator p-
Frattini extension of G.

Proof. Let B: = im(f), and let

/P
(4.25) Q155 Qo — F,

be a partial minimal projective resolution in pprf,,. Put M: = ker(d). By [16,

Prop.3.4], one has a surjective map a: Qo — M. Since /P is norm surjective (cf.
Prop.4.1(b)), one has a surjective map of cohomological F(B)-Mackey functors

(4.26) p: X(Qo) — X(M) — NP,

Since M/? is a F(B)-sub Mackey functor of C, and as (Qo)y is an injective F,[B/U]-

module, py: (Qo)u — ‘]I/Up < Q9(B/U,F,) cannot be injective, i.e, soc((Qo)v) <
ker(py). Hence p induces a surjective mapping

(4.27) pe: Q(B/_,F,) — NP
of cohomological F(B)-Mackey functors and this yields the claim. O

In order to finish the proof of Theorem B, we establish the following theorem:
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Theorem 4.5. Let (1, ), 7: G — G, be a Q'-relator p-Frattini extension. Assume
further that o is injective, and that Qtger(x) s not an isomorphism. Then G is a
weakly-orientable p-Poincaré duality group of dimension 2.

Proof. Note that dimg, (Q(G,F,)) > dimg, (2'(G,F,)) implies that G is infinite
(cf. [16, Prop.3.5]). Tt suffices to prove that H*(G,F,[G]) = 0 for k # 2, and
H?(G,F,[G]) ~ F,. As beforre H* denotes continuous cochain cohomology.

By definition, one has exact sequences of cohomological F(G)-Mackey functors
(4.28) 0 — T(F,) — X(Qo) — Q'(G/_,F,) — 0,
(4.29) 0 — QYG/_,F,) — 2(G/_,F,) — Ab/? — 0,
(4.30) 00— Qa(G/F,) — X(Q1) — X(Qo) — S(F,) — 0.
As G is infinite m(T(F,)) = m(Ab/P) = 0. Thus applying the functor m yields
that one has a minimal projective resolution
(4.31) 0—Qo— Q1 — Qo —F, —0
of F;, in sprf,,. Hence G is of cohomological p-dimension 2.
In his letter to J-P.Serre (cf. [12, App.1]), J.Tate described how one can compute

the Pontryagin dual of the cohomology groups H” (G,Fp [[é]]) Translated to our
situation we obtain

HQ(Gv]FP[[G]])* = &HH?([L Fp)ﬂ
(4.32) v
HY(G,F,[G])* =limH,(U,F,).

Since G is infinite, H(G,F,[G]) = 0. From the exact sequences (4.28) it follows
that one has an isomorphism of F(G)-Mackey functors Hy(_,F,) ~ T(F,). This
yields H?(G, F,[G]) ~ F,.

Let a*: O*(G/_,F,) — Q1(G/_,F,) be the Pontryagin dual of «. Then by
(4.32), HY(G,F,[G]) ~ m(ker(a*)). Moreover, a* is surjective. Since for all
U € F(G), one has an isomorphism
(4.33) hd(ag;): hd(Q(G/U,Fp)) — hd(Q1(G/U,Fy)),
where hd(_) denotes the head of a module, one obtains a commutative diagram

0 —— UG/ F,) —— X(Q) —— QG/_F,) —— 0

(4.34) pl ol a*l
0 —— W(G/_,F,) —— %(Q1)* —— (G/_,F,) —— 0.

By (4.33), o is an isomorphism. So by the snake lenr}ma, p is injective, and one
has an isomorphism coker(p) = ker(a*). Since Q'(G/_,F,) is N-surjective, all
elements in im(co) are universal norms. Hence by dimension arguments, im(p) =
im(a) and this yields

(4.35) m(ker(a*)) ~ m(coker(p)) ~ m(Ab/P) = 0.

This yields the claim. [

Corollary 4.6. Let G be a finite group and let p be a prime number. Then the
following are equivalent:
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(i) There exists a p-Frattini extension m: G — G with G a profinite weakly-
orientable p-Poincaré duality group of dimension 2.

(ii) There exists an injection a: Q1 (G,Fp) — Qa(F,) which is not an isomor-
phism.

Proof. This is a direct consequence of [16, Thm.4.1] and Theorem 4.5. (]

Remark 4.7. (a) Let p = 2 and let G = PSl3(q), ¢ =3 mod 4. The explicit de-
scription of the projective indecomposable F5[G]-modules obtained by K.Erdmann
[5] shows that in this case one has an injection a: QY(G,Fp) — Q2(G, F,).

(b) If G is p-perfect, i.e., ng = 0, G is p-perfect too. Thus every G-module
M € ob(gprf,), which underlying abelian pro-p group is isomorphic to Z, and
which reduction mod p M/p.M is a trivial G-module, must be trivial. Hence in
this case one can conclude that G is indeed a orientable p-Poincaré duality group
of dimension 2.

(c) In [16, Ex.1.4] an example was given were for any maximal p-Frattini quotient
(m,3) of a morphism ¢: G — PSi5(7), the p-Frattini extension 7 is of the type
described in Theorem 4.5.

(d) One question which has been untouched completely is to describe all isomor-
phism types of extensions 7: G — @ satisfying (i) of Corollary 4.6. The construc-
tion we used does not give any evidence how one can achieve this goal.

5. A-FRATTINI EXTENSIONS

Throughout this section we fix a prime number p. For a given finite group G we
denote by &,(G) the set of isomorphism types of irreducible (left) F, [G]-modules.
For an irreducible F,[G]-module S we use the symbol [S] € &,(G) to denote its
isomorphism type.

5.1. The A-head of an F,[G]-module. Let A C &,(G) be a set of isomor-
phism types of irreducible F,[G]-modules. For short we call an F,[G]-module
M € ob(gmod,) of finite F,-dimension a A-module, if M has a composition se-
ries (My)o<k<m, 0 = Mo < My < --- < M,, = M, with each composition factor
being contained in A, i.e., [My/My_1] € A for all k = 1,..,m. We also assume that
0 € 0b(¢ mod,) is a A-module.

Let M be an F,[G]-module of finite F)-dimension. We call an F,[G]-submodule
N < M a A-kernel, if M/N is a A-module. Obviously, the intersection of any set
of A-kernels N; < M, i € I, is again a A-kernel. Hence there exists a minimal
A-kernel Ma < M. For short we call

(5.1) hda(M): = M/Ma

The A-head of M.

5.2. The universal A-Frattini extension. Let

(5.2) 1— Q(G,F,) =G 56 —1

be the universal elementary p-abelian Frattini extension of G, where ¢ is consid-
ered to be given by inclusion. Factoring by the minimal A-kernel Q3(G,F,)a of
Q2(G,TF,) yields a A-Frattini extension

(5.3) 1 — hd(2(G,F,) —= Gn 256 —1
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which is easily seen to be universal with respect to all elementary p-abelian A-
Frattini extensions of G. Thus for Gy: = G, and 7 41,;: Gi41 — G; the universal
elementary p-abelian A-Frattini extension of G;, we obtain an inverse system whose
inverse limit
(54) GAZ = m Gz
1€Ng

together with the canonical map ma: Ga — G is a A-Frattini extension of G.
The universality aswell as the uniqueness up to isomorphism follows by the same
arguments which were used to prove these statements for the universal p-Frattini
extension (cf. [6]).

At this point we have to deal with the question how one characterize the universal
A-Frattini extension among all A-Frattini extensions. This is the subject of the
following proposition.

Proposition 5.1. Let m: G — G be a A-Frattini extension of G, A C S,(G).
Then the following are equivalent:

(i) m coincides with the universal A-Frattini extension of G.
(ii) H*(G,S) =0 for all irreducible F,[G]-modules S, [S] € A.

Proof. Assume that 7: G — G is the universal A-Frattini extension of G, and
that there exists an irreducible F,[G]-module S, [S] € A, with H?(G, S) # 0. For
n € H?(G, S), n # 0, the associated extension of profinite groups

(5.5) s(i): 1—8 —X-5G—1

is non-split and thus 7o7m: X — G is a A-Frattini extension. The universality of =
implies that 7 has a section o: G — X contradicting the fact that s(n) is non-split.
Thus (i) implies (ii).

Assume that H2(G,S) = 0 for all [S] € A, and let o : Ga — G be the universal
A-Frattini extension of G. Then one has a surjective map 3: Ga — G, and thus
an isomorphism

(5.6) B~ G — Ga/ker(B).

Assume that ker(8) # 1 is non-trivial, and let U < ker(8) be a maximal open
subgroup of ker(3) which is normal in Ga. Since [ker(8)/U] € A, one has
H?(G,ker(8)/U) = 0. Hence the embedding problem

G
(5.7) e
s: 1 —— ker(8)/U —— GAJU —— Ga/ker(f) —— 1

has a weak solution (cf. [16, Prop.3.2]). This implies that s is split exact, which
contradicts the fact that s is also a p-Frattini extension. Thus ker(8) = 1, and this
yields the claim. (I

5.3. Chevalley groups over Z,. For a given Dynkin diagram D let Xp be the
simple simply-connected Z-Chevalley group scheme associated to D, i.e., if D is of
type Ay, one has Xp = Sl,,+1. It has been proved in [18, Thm.B] that

(58) D : XD(Zp) — XD(Fp)
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is a p-Frattini extension apart from possibly 11 explicitly known values of (D, p).
It was also shown that in 8 of these 11 cases (5.8) fails to be a p-Frattini extension.

In case mp is a p-Frattini extension, then it is also a Ap-Frattini extension,
where Ap consists of all the F,,[X (F},)]-composition factors of the F,-Chevalley Lie
algebra £p @ F,, (cf. [18, (2.5)]). If one has additionally

(D, p) &{ (An,p),pl(n +1),(Bn,2),(Cn,2), (Dn,2), . ..
B (Eﬁa 3)’ (E7a 2)7 (F47 2)7 (G27 2)3 (G27 3) }7
then £p ®F), is an irreducible F,[X p (F,)]-module (cf. [18, Lemma 2.10]), and thus

Ap ={[Lp ®F,}.
The question raised in [6, Prob.20.40] can now be restated in the following way.

(5.9)

Question 5.2. Assume that p is large with respect to the Cozeter number of D. Is
it true that the p-Frattini extension mp: X (Z,) — X (F,) coincide with the universal
Ap-Frattini extension?

From Proposition 5.1 one concludes that the problem of Question 5.2 is equiva-
lent to the following vanishing problem.

Question 5.3. Assume that p is large with respect to the Cozeter number of D. Is
it true that

(5.10) H*(Xp(Z,),&p ®@F,) = 0?

As we see in the following theorem both questions have an affirmative answer
for XD = Slg

Theorem 5.4. Let p be a prime number different from 2, 3 or 5. Then
(5.11) T, Sla(Zy) — Sla(F,)

coincides with the universal A-Frattini extension for all A C &,(Sla(F,)) satisfying
[Ma] € A, [Mp_3) € A, where My, k =0, ..,p—1 denotes the irreducible F,[ Sl (F))]-
module of heighest weight k and Fy-dimension k 4 1.

Proof. By the previously mentioned remark and Proposition 5.1 it suffices to show
that H?(Slx(Z,), M) =0 for all k # p — 3.

Asp #2,3, G: =S, (Zy) is p-torsionfree, and thus a p-Poincaré duality group
of dimension d (cf. [13, Prop.4.4.1]). As we assumed p # 2,3, G is perfect (cf.
[18, Prop.3.2]). Thus its p-dualizing module Hé,p is a trivial G-module. Hence by
Poincaré duality and the Universal Coefficiant Theorem one has

(5.12) H?(Sly(Z,), My,) ~ Hy(Sla(Z,), My,) ~ H*(Sl2(Z,), My)*,

where * denotes the Pontryagin dual. Moreover, from [16, Prop.3.1] and [17] one
concludes that

(5.13) HY(S1y(Z,), My,) ~ H'(Sly(F,), My) =0

for k # p — 3. This yields the claim. O

Remark 5.5. Theorem 5.4 does not hold for p = 2, 3 or 5, but in each case for a
different reason.

For p = 2 or 3, w4, is not a 2-Frattini extension (cf. [18, Thm.B]). For p = 3, 74,
is even a split extension, since in this case £4, ® F3 is isomorphic to the Steinberg
module for Siy(F3).
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For p =5, Q5(S12(F5),F5) is a A4,-module (cf. [17]). Hence the universal ele-

mentary p-abelian A 4,-extension coincides with the universal elementary p-abelian
Frattini extension ,,. However,

(5.

14) dimp, (Q2(Sl2(F5),Fs) = 6, dimg, (ker(ma,)®) = 3.

This phenomenon can also be explained by analyzing cohomology groups. Since
p — 3 = 2, Poincaré duality and [16, Prop.3.1] implies that

(5.

15)

H?(Sl5(Zs), L4, @ F5)* ~ H'(Sly(Zs), L4, @ F5) ~ H'(Sly(F5), L4, @ F5) ~ Fs.

il
[2
3
4

5

[9
[10
(11
(12
(13
(14
(15

[16

(17
(18
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