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Abstract. Combining results of J-P.Serre and L.Ribes and P.Zalesskĭi one

concludes easiliy that a profinite group Ĝ acting without inversion of edges

and with pro-p′ stabilizers on a pro-p tree Γ̂ must be projective (Thm. A). It

is shown that a finitely generated p-projective virtual pro-p group Ĝ has such

an action on a pro-p tree Γ̂ (Thm.B). However, not every such profinite group

Ĝ can act on a locally-finite pro-p tree co-compactly, without inversion of edges

and with p′ vertex stabilizers (Thm.D). This fact is deduced from the existence
of p-irrational finitely generated p-projective virtual pro-p groups (Prop.C).

1. Introduction

From a theorem of A.Karrass, A.Pietrowski and D.Solitar (cf. [8]) and Bass-Serre
theory (cf. [11, §5.1]) one obtains the following characterization of finitely generated
virtually free groups: A discrete group F̃ is finitely generated and virtually free, if
and only if F̃ has an action on a locally-finite tree Γ such that

(i) F̃ is acting without inversion of edges,
(ii) every vertex stabilizer F̃v, v ∈ V(Γ) is finite,
(iii) F̃ has finitely many orbits on the set of vertices V(Γ).

A graph Γ is called locally-finite, if every vertex v ∈ V(Γ) is the origin of only
finitely many edges. Moreover, if the group F̃ is acting on the tree Γ such that (i),
(ii) and (iii) are satisfied, one has also the following properties:

(iv) every edge stabilizer F̃e, e ∈ E(Γ̂), is finite,
(v) F̃ has finitely many orbits on the set of edges E(Γ).

In this note we study p-projective groups and their action on pro-p trees. By a
theorem of K.W.Gruenberg (cf. [7]), one knows that a profinite group Ĝ is p-
projective, if and only if its cohomological p-dimension is less or equal to 1, i.e.,
cdp(Ĝ) ≤ 1. Thus Ĝ is p-projective, if and only if any pro-p Sylow subgroup
P̂ ∈ Sylp(Ĝ) is a free pro-p group (cf. [12, §I.3.3, Prop.14; §I.3.4]). From this fact
and the characterization of pro-p groups acting regularly and without inversion of
edges on pro-p trees obtained by L.Ribes and P.A.Zalesskĭi (cf. [9, Cor.3.6]), one
concludes the following:

Theorem A. Let Ĝ be a profinite group acting on a pro-p tree Γ̂ such that
(i) Ĝ is acting without inversion of edges,
(ii) every vertex stabilizer Ĝv, v ∈ V(Γ̂), is a pro-p′ group.

Then Ĝ is p-projective.
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Theorem A raises the question whether it is true that every p-projective profinite
group has an action on a pro-p tree satisfying (i) and (ii). We say that the action
of the profinite group Ĝ on the profinite graph Γ̂ has the p-Bruhat-Tits property
(or for short the p-BT property), if

(i) Ĝ acts without inversion of edges,
(ii) every vertex stabilzer Ĝv, v ∈ V(Γ̂), is a pro-p′ group,
(iii) every pro-p′ subgroup Ĥ of Ĝ fixes a vertex.

In section 4 we establish the following theorem which answers this question for a
particular type of p-projective profinite groups (cf. §4.8).

Theorem B. Let Ĝ be a finitely generated p-projective virtual pro-p group. Then
Ĝ has an action on a locally-finite pro-p tree Γ̂ with the p-Bruhat-Tits property.

Finitely generated p-projective virtual pro-p groups can be seen as the pro-p
analogue of discrete finitely generated virtually free groups. Therefore, one might
ask whether such a group Ĝ has also a co-compact action on a locally-finite pro-p
tree Γ̂ with the p-BT property, i.e., Ĝ has finitely many orbits on the vertex set
V(Γ̂). However, in general this is not possible.

In order to answer this question we develop in section 5 the theory of Hattori-
Stallings ranks in analogy to the discrete case (cf. [2, Chap.IX.2]). As a conse-
quence, for every virtual pro-p group Ĝ of type p-FP one can define a p-Lefschetz
number Lp(Ĝ) which generalizes the p-Euler characteristic (cf. §5.5). Using the
p-Lefschetz number, one can distinguish between p-rational and p-irrational virtual
pro-p group of type p-FP (cf. (5.27)). Moreover, in case that Ĝ is a finitely gener-
ated p-projective virtual pro-p group, one can calculate the value of the p-Lefschetz
number using the p-modular representation theory of the finite group Ĝ/Φp(Ĝ),
where Φp(Ĝ) denotes the pro-p Sylow subgroup of the Frattini subgroup of Ĝ (cf.
Prop.5.5).

Let G be a finite group and let π : Frp(G) → G denote its universal p-Frattini
cover. Then Frp(G) is a finitely generated p-projective virtual pro-p group (cf. [5,
§20.7]). E.g., for G : = SL2(p) the description of the projective indecomposable
Fp[G]-modules given by R.Brauer and C.Nesbitt (cf. [1]) yields the following (cf.
Prop.5.6).

Proposition C. Let p ≥ 11 and p 6= 13. Then the universal p-Frattini cover
Frp(G) of G = SL2(p) is a finitely generated p-irrational p-projective virtual pro-p
group.

The p-irrationality of a finitely generated p-projective virtual pro-p group has
the following consequence which gives a negative answer to the previously raised
question (cf. Cor.5.4).

Theorem D. Let Ĝ be a finitely generated p-projectve p-irrational virtual pro-p
group. Assume that Ĝ is acting on the locally-finite pro-p tree Ĝ such that

(i) Ĝ is acting without inversion of edges,
(ii) every vertex stabiler Ĝv, v ∈ V(Γ̂) is a finite p′-group.

Then Ĝ has infinitely many orbits on V(Γ̂).
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2. Pro-p trees

2.1. Boolean spaces. A boolean (or profinite) space X is a topological space which
is Hausdorff, compact and totally disconnected. By bool we denote the category
the objects of which are boolean spaces. For X, Y ∈ ob(bool) the set of morphisms
mor(X, Y ) coincides with all continuous maps from X to Y .

Let prfp denote the abelian category the objects of which are abelian pro-p
groups. For A,B ∈ ob(prfp) the set of morphisms Hom(A,B) is given by all
continuous group homomorphisms from A to B. For our purpose the following
elementary property will be useful.

Proposition 2.1. For every boolean space X there exists a torsion free abelian
pro-p group Zp[[X]] and a continuous injective map of boolean spaces ιX : X →
Zp[[X]] with the following property: For every continuous map φ : X → A of X into
the abelian pro-p group A there exists a unique continuous group homomorphism
φ◦ : Zp[[X]]→ A making the diagram

(2.1) X
ιX //

φ
""FFFFFFFFF Zp[[X]]

φ◦

��
A

In other words, Zp[[ ]] : bool → prfp is the left adjoint of the forgetful functor
for : prfp → bool.

Proof. Since X is a profinite space (cf. [10, Thm.1.1.12]), one has

(2.2) X = lim←−i∈I
Xi

for some projective system of finite spaces (Xi, αi,j)i,j∈I . One checks easily that

(2.3) Zp[[X]] : = lim←−i∈I
Zp[Xi],

where Zp[Xi] is the free Zp-module generated bi Xi, has the required properties. �

From now on we will assume that the canonical map ιX : X → Zp[[X]] is always
given by inclusion. We list the fundamental properties of the functor Zp[[ ]] in the
following proposition which easy proof is left to the reader.

Proposition 2.2. Let X, Y ∈ ob(bool) and let α : X → Y be a continuous map.

(a) Zp[[∅]] = 0.
(b) If α is injective, Zp[[α]] : Zp[[X]]→ Zp[[Y ]] is injective.
(c) If α is surjective, Zp[[α]] : Zp[[X]]→ Zp[[Y ]] is surjective.
(d)

(2.4) Zp[[X t Y ]] = Zp[[X]]⊕ Zp[[Y ]],

where t denotes outer disjoint union.
(e) Let (Xi, ρi,j)i∈I be a directed system of boolean sets. Then

(2.5) Zp[[lim←−i∈N Xi]] = lim←−i∈N Zp[[Xi]]
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2.2. Profinite graphs. A profinite graph Γ̂ consists of a non-trivial boolean set of
vertices V(Γ̂), a boolean set of edges E(Γ̂) and three continuous maps: A terminus
t : E(Γ̂) → V(Γ̂), an origin o : E(Γ̂) → V(Γ̂) and an inversion ¯ : E(Γ̂) → E(Γ̂).
These maps have the following property: For every edge e ∈ E(Γ̂) one has

(i) ē 6= e and ¯̄e = e,
(ii) t(ē) = o(e), o(ē) = t(e).

If the map

(2.6) (t, o) : E(Γ̂)→ V(Γ̂)×V(Γ̂)

is injective Γ̂ is called combinatorial. If t(e) 6= o(e) for all e ∈ E(Γ̂), Γ̂ will be called
loop-free. All our definitions agree with the standard definitions translated in the
category of boolean spaces (cf. [11, §2.1]).

2.3. The Zp-vertex and Zp-edge group of a profinite graph. We define the
Zp-vertex group of the profinite graph Γ̂ by

(2.7) V(Γ̂) : = Zp[[V(Γ̂)]].

Thus every vertex v can also be considered as an element in V(Γ̂). The Zp-edge
group of the profinite graph Γ̂ will be defined by

(2.8) E(Γ̂) : = Zp[[E(Γ̂)]]/〈 e + ē | e ∈ E(Γ̂) 〉.

Here 〈X〉 denotes the closed subgroup generated by the set X. For e ∈ E(Γ̂) we
denote by e its canonical image in E(Γ̂). In particular, ē = −e.

The mappings ∂ : E(Γ̂)→ V(Γ̂), ∂(e) : = t(e)−o(e) for e ∈ E(Γ̂), and ε : V(Γ̂)→
Zp, ε(v) = 1 for v ∈ V(Γ̂) define a chain complex C(Γ̂) of abelian pro-p groups

(2.9) C(Γ̂) : 0 // E(Γ̂)
∂ // V(Γ̂)

ε // Zp
// 0

which we think is concentrated in degrees 1, 0 and −1.
One calls the profinite graph Γ̂ pro-p connected, if H0(C(Γ̂)) = 0, and a pro-p

tree1, if H0(C(Γ̂)) = H1(C(Γ̂)) = 0.

Remark 2.3. For a discrete graph Γ one can also associate a chain complex C(|Γ|) of
abelian groups, the singular chain complex of its geometric realization |Γ|. Hence,
Γ is connected, if and only if H0(|Γ|, Z) = H0(C(|Γ|)) ' Z, and it is a tree, if and
only if it is connected and

(2.10) π1(|Γ|, v)ab = H1(|Γ|, Z) = H1(C(|Γ|)) = 0.

3. Profinite groups acting on profinite graphs

3.1. Profinite Ĝ-sets. Let Ĝ be a profinite group. A boolean set X together with
a continuous left Ĝ-action will be called a profinite Ĝ-set. Morphisms of profinite
Ĝ-sets are defined in the obvious way. It is an elementary exercise to verify that a
profinite Ĝ-set is indeed isomorphic to the inverse limit of finite discrete left Ĝ-sets.
By Ĝbool we denote the category the objects of which are profinite left Ĝ-sets.
A profinite group Ĝ has an action on the profinite graph Γ̂, if V(Γ̂) and E(Γ̂) are

1Pro-p trees where introduced and studied by L.Ribes and P.A.Zalesskĭi in [9]. However, the
definition of a pro-p tree we are using in this paper is slightly more restrictive then their definition.
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profinite Ĝ-sets, and if t : E(Γ̂)→ V(Γ̂), o : E(Γ̂)→ V(Γ̂) and ¯ : E(Γ̂)→ E(Γ̂) are
mappings of profinite Ĝ-sets.

3.2. Quotients of profinite graphs. Let N̂ / Ĝ be a closed normal subgroup and
let X be a profinite left Ĝ-set. The set of N̂ -orbits

(3.1) XN̂ : = { N̂ .x | x ∈ X }

carries canonically the structure of a profinite left Ĝ/N̂ -set. Moreover,

(3.2) |N̂ : Ĝbool −→ Ĝ/N̂bool

is a covariant functor.
Let Ĝ be a profinite group acting on the profinite graph Γ̂, and let N̂ be

a closed subgroup of Ĝ acting without inversion of edges on Γ̂. Then Γ̂N̂ : =
(V(Γ̂)N̂ ,E(Γ̂)N̂ , t, o, ¯), where t, o, ¯ are the canonical maps, is a profinite graph.
Moreover, in case that N̂ is additionally a closed normal subgroup of Ĝ, Ĝ/N̂ has
a canonical left action on Γ̂N̂ .

3.3. Profinite Ĝ-sets and abelian pro-p groups with continuous left Ĝ-
action. Let Ĝprfp denote the abelian category the objects of which are abelian
pro-p groups with continuous left Ĝ-action. Then Ĝprfp is an abelian category
with enough projectives, and Ĝprfp is a subcategory of Zp[[Ĝ]] mod, the category of

left Zp[[Ĝ]]-modules, where

(3.3) Zp[[Ĝ]] : = lim←−Û/oĜ
Zp[Ĝ/Û ]

denotes the completed Zp-group algebra of Ĝ. Obviously, the inverse limit in (3.3)
has to be taken over the directed system of all open normal subgroups of Ĝ. For
further details the reader may wish to consult [10, §5.1], [13, §3.2]. One has the
following properties:

Proposition 3.1. Let Ĝ be a profinite group.
(a) Zp[[ ]] : Ĝbool −→ Ĝprfp is a covariant functor mapping finite disjoint

unions to direct sums and commuting with inverse limits.
(b) If X is a profinite left Ĝ-set such that

(i) Ĝ has finitely many orbits on X,
(ii) for every x ∈ X the point stabilizer Ĝx is a pro-p′ subgroup.
Then Zp[[X]] ∈ ob(Ĝprfp) is projective.

(c) Let X be a profinite left Ĝ-set such that Ĝ has finitely many orbits on X,
and assume that N̂ is a closed normal subgroup of Ĝ. Then one has an
isomorphism of topological left Zp[[Ĝ/N̂ ]]-modules

(3.4) Zp[[X|N̂ ]] ' Zp[[Ĝ/N̂ ]]⊗̂Zp[[Ĝ]]Zp[[X]],

where ⊗̂Zp[[Ĝ]] denotes the completed tensor product (cf. [3, §2.1]).

Proof. (a) is a direct consequence of Proposition 2.2. (b) Without loss of generality
we may assume that Ĝ is transitive on X. For x ∈ X one has isomorphisms

(3.5) Zp[[X]] ' Zp[[Ĝ/Ĝx]] = indĜx

Ĝ
(Zp).
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Since Ĝx is a profinite p′-group, Zp ∈ ob(Ĝx
prfp) is projective. As indĜx

Ĝ
( ) is

mapping projectives to projectives, this yields the claim. (c) follows by a similar
argument. �

3.4. P-perfect profinite groups. Let p be a prime number. The profinite group
Ŷ is called p-perfect, if every finite homomorphic image of p-power order of Ŷ is
the trivial group. One has the following elementary property.

Proposition 3.2. Every profinite group Ĝ has a maximal closed p-perfect charac-
teristic subgroup2 Op(Ĝ) which is given by

(3.6) Op(Ĝ) : = cl(〈 g ∈ Ĝ | p 6 | ord(g) 〉).

Proof. By definition, Op(Op(Ĝ)) = Op(Ĝ). Hence Op(Ĝ) is p-perfect. Since
Ĝ/Op(Ĝ) is a pro-p group, Op(Ĝ) is the maximal closed normal p-perfect subgroup
of Ĝ. By construction, it is characteristic. �

3.5. Pro-p trees as quotients. The following property will turn out to be useful.

Proposition 3.3. Let Ĝ be a profinite group acting on the pro-p tree Γ̂, and let
N̂ / Ĝ be a closed normal subgroup of Ĝ with the following properties:

(i) Γ̂ is locally-finite,
(ii) Ĝ acts without inversion of edges,
(iii) every vertex stabilizer Ĝx, x ∈ V(Γ̂), is a pro-p′ group,
(iv) Ĝ has finitely many orbits on V(Γ̂),
(v) N̂ is p-perfect.

Then
(I) Γ̂N̂ is a locally-finite pro-p tree,

(II) Ĝ/N̂ acts without inversion of edges,
(III) Ĝ/N̂ has finitely many orbits on V(Γ̂N̂ ),
(IV) Let πV : V(Γ̂) → V(Γ̂N̂ ) denote the canonical projection of boolean sets.

Let y ∈ V(Γ̂N̂ ) and x ∈ V(Γ̂) with πV(x) = y. Then (Ĝ/N̂)y = Ĝx.N̂ . In
particular, (Ĝ/N̂)y is a pro-p′ group.

Proof. The locally-finiteness of Γ̂N̂ , property (II) and (III) are immediate conse-
quences of the hypothesis (i), (ii) and (iv). As Γ̂ is a pro-p tree, Proposition 3.1(b)
and hypothesis (iii) and (iv) imply that the chain complex C(Γ̂) (cf. (2.9)) is a
projective resolution of the trivial left Ĝ-module Zp in Ĝprfp. Since restriction
maps projective objects in Ĝprfp to projective objects in N̂prfp, one concludes
from Proposition 3.1(c) and the identity

(3.7) resĜ/N̂
1 (Zp[[Ĝ/N̂ ]]⊗̂Zp[[Ĝ]] ) = Zp⊗̂Zp[[N̂ ]] res

Ĝ
N̂

( ),

that
(3.8)

H0(C(Γ̂N̂ )) = H0(Zp[[Ĝ/N̂ ]]⊗̂Zp[[Ĝ]]C(Γ̂)) = 0,

H1(C(Γ̂N̂ )) = H1(Zp[[Ĝ/N̂ ]]⊗̂Zp[[Ĝ]]C(Γ̂)) = H1(N̂ , Zp) = (N̂/Op(N̂))ab.

2This is the standard notation in the theory of finite groups (cf. [6, p.19]).
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Since N̂ is p-perfect, this implies that Γ̂N̂ is a pro-p tree. The conclusion (IV) is
obvious. �

4. The universal p′-cover of a finite p-perfect group

In this section we assume that Y is a finite p-perfect group.

4.1. The p′-graph of groups of a finite p-perfect group. Let V(Ξ) denote the
set of all maximal p′-subgroups of the finite p-perfect group Y , and let Ξ denote the
combinatorial loop-free complete graph over the set V(Ξ), i.e., the combinatorial
graph whose edge set is given by

(4.1) E(Ξ) : =
(
V(Ξ)×V(Ξ)

)
\∆(V(Ξ)),

where ∆(V(Ξ)) denotes the diagonal, and the origin, terminus and edge inversion
mappings are the obvious ones. The assignment AA : = A for A ∈ V(Ξ) and
A(A,B) : = A ∩B for (A,B) ∈ E(Ξ) defines a finite graph of finite groups A on the
graph Ξ, which will be called the p′-graph of groups for Y .

By construction, one has a canonical map

(4.2) β : F (A,Ξ) −→ Y,

where F (A,Ξ) is the group as defined in [11, §5.1], and β(a) : = a, a ∈ AA, A ∈
V(Ξ); β(ye) : = 1 for e ∈ E(Ξ).

Let T ⊆ Ξ be a maximal subtree of the finite graph Ξ, and let Π: = π1(A, T )
denote the fundamental group based at T , i.e., Π = F (A,Ξ)/NT where NT is the
normal subgroup generated by ye, e ∈ E(T ) (cf. [11, §5.1]). By construction, one
has a canonical map βT : Π → Y . Moreover, since we assumed Y to be p-perfect,
βT is surjective.

4.2. The tree associated to (Ξ,A). Let E+(Ξ) ⊆ E(Ξ) be an orientation of Ξ.
The universal cover Γ of (A,Ξ) with respect to (T,E+(Ξ)) is a tree with a canonical
Π-action (cf. [11, §I.5.3, Thm.12]). Since (Ξ,A) is a finite graph of groups, Γ is
locally-finite. It comes equipped with two mappings

(4.3)
σV : V(Ξ) −→ V(Γ),

σE : E(Ξ) −→ E(Γ),

whose restriction to the maximal subtree T is an immersion of graphs. The mapping
σE commutes with edge inversion, and for all e ∈ E+(Ξ) \E(T ) one has o(σE(e)) =
σV(o(e)). Moreover, im(σV) is a system of representatives of the orbits of Π on
V(Γ), and im(σE) is a system of representatives of the orbits of Π on E(Γ). In
particular, for all e ∈ E+(Ξ) \ E(T ) there exists an element γe ∈ Π such that
t(σE(e)) = γe.σV(t(e)). For e ∈ E+(Ξ) ∩ E(T ) we put γe : = 1. For the stabilizers
one has the identities

Av = ΠσV(v), Ae = ΠσE(e),(4.4)

v ∈ V(Ξ), e ∈ E(Ξ).
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4.3. The Op-vertex and edge modules of Γ. Let Op : = (Z \ p.Z)−1.Z denote
the localization of Z at p, let

(4.5) VOp(Γ) : = Op[V(Γ)] =
∐

v∈V(Γ)

Op.〈v〉

denote the Op-vertex module of Γ, and let

(4.6) EOp(Γ) : = Op[E(Γ)]/〈 e + ē | e ∈ V(Γ) 〉

denote the Op-edge module of Γ. Since Γ is a tree, one has a canonical exact
sequence of left Op[Π]-modules

(4.7) 0 −→ EOp(Γ) ∂−→ VOp(Γ) ε−→ Op −→ 0,

where ∂(e) : = t(e)− o(e), e ∈ E(Γ), and ε(v) = 1, v ∈ V(Γ).
Let A be a finite p′ subgroup of Π. The divisibility of |A| in Op implies that the

Op-permutation module Op[Π/A] is a projective Op[Π]-module. The exactness of
(4.7) implies that

(4.8)
∐

e∈E+(Ξ)

Op[Π/ΠσE(e)]〈e〉
∂−→

∐
v∈V(Ξ)

Op[Π/ΠσV(v)]〈v〉
ε−→ Op

∂(e) : = γe.ΠσV(t(e))〈t(e)〉 −ΠσV(o(e))〈o(e)〉, is a projective resolution of the trivial
Op[Π]-module Op. In particular, cdOp(Π) ≤ 1.

4.4. The profinite completion of Π. As Π is residually finite, the canonical map
ι : Π→ Π̂ is an injection. For x ∈ V(Γ) ∪ E(Γ) we put Π̂x : = ι(Πx). Let

(4.9)

V(Γ̂) : =
⊔

v∈V(Ξ)

Π̂/Π̂σV(v).v and

E(Γ̂) : =
⊔

e∈E+(Ξ)

Π̂/Π̂σE(e).e t
⊔

e∈E+(Ξ)

Π̂/Π̂σE(e).ē,

where t denotes “outer disjoint union”. Since V(Ξ) and E+(Ξ) are finite sets, V(Γ̂)
and E(Γ̂) are boolean sets. There is an edge inversion map :̄ E(Γ̂) → E(Γ̂), which
is defined in the obvious way. Moreover, the assignment

(4.10)

o(g.Π̂σE(e).e) : = g.Π̂σV(o(e)).o(e),

t(g.Π̂σE(e).e) : =

{
g.Π̂σV(t(e)).t(e) for e ∈ E(T ),
gγe.Π̂σV(t(e)).t(e) for e 6∈ E(T ),

e ∈ E+(Ξ), g ∈ Π̂, makes Γ̂ a profinite graph with a continuous left Π̂-action.

4.5. Good groups of type FP∞. The group Π is virtually free, and therefore “p-
good” (cf. [12, §I.2.6, Ex.2]), i.e., for every finite Op[Π]-module M one has natural
isomorphisms

(4.11) ιk : Hk(Π̂,M) −→ Hk(Π,M),

for all k ∈ N0. The natural isomorphisms ι• are induced by the mapping of Op-
algebras

(4.12) ι : Op[Π] −→ Zp[[Π̂]].

One has the following.
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Proposition 4.1. Let G be a discrete group which is p-good, and let (P•, ∂•, ε) be
a projective resolution of the trivial left Op[G]-module Op such that Pk is a finitely
generated left Op[G]-module for all k ≥ 0. Then (Zp[[Ĝ]] ⊗Op[G] P•, ∂

⊗
• , ε⊗) is a

projective resolution of Zp in Ĝprfp.

Proof. By hypothesis, the augmented Op-algebra Op[G] is of type FP∞. Hence
Hk(G, ) commutes with direct limits for all k and for all direct systems of Op[G]-
modules. The functors Hk(Ĝ, ) commutes with direct limits for all k ≥ 0 (cf. [12,
§I.2]).

Let Ip : = Qp/Zp and let J : = coind1
Ĝ

(Ip) denote the discrete coinduced Galois
module3. Then J is an injective Ĝ-Galois module and a discrete topological Zp[[Ĝ]]-
module. In particular, Hk(Ĝ, J) = 0 for all k > 0. Thus the previously mentioned
argument implies that Hk(G, J) = 0.

The functor F : = Zp[[Ĝ]] ⊗O[G] is mapping finitely generated projective left
O[G]-modules to finitely generated projective left Zp[[Ĝ]]-modules. Moreover, as
mappings of finitely generated left Zp[[Ĝ]]-modules are continuous,

(4.13) Qk : = Hk(Zp[[Ĝ]]⊗Op[G] P•, ∂
⊗
• ) ∈ ob(Ĝprfp).

The functor J : = HomĜ( , J) : Ĝprfop
p → ab, where ab denotes the abelian cate-

gory of abelian groups and

(4.14) HomĜ( 1, 2) : Ĝprfop
p × Ĝdisp −→ ab

denotes the Hom-functor defined by A.Brumer (cf. [3, §2.1]), is an additive con-
travariant exact and faithful functor, i.e., J(M) = 0 implies M = 0. Hence for
k ≥ 1

(4.15) 0 = Hk(G, J) = HomZp[[Ĝ]](Qk, J)

and this yields the claim. �

Proposition 4.1 has the following consequence.

Proposition 4.2. The profinite graph Γ̂ as defined in (4.9) and (4.10) is a pro-p
tree.

Proof. For every finite p′-subgroup A of Π, one has

(4.16) Zp[[Π̂]]⊗Op[Π] Op[Γ̂/A] = Zp[[Π̂/ι(A)]].

Moreover, Π is p-good and of type FP∞. Hence by Proposition 4.1, Zp[[Π̂]]⊗Op[Π]

applied to (4.7) is also exact. This shows that Γ̂ is a pro-p tree (cf. §2.3). �

4.6. The universal p′-cover of a finite p-perfect group. In the previous sub-
section we have seen that the profinite group Π̂ has a canonical action on a pro-p
tree Γ̂ with the following properties:

(i) Γ̂ is locally-finite,
(ii) Π̂ is acting without inversion of edges,
(iii) every vertex stabilizer Π̂x, x ∈ V(Γ̂), is a finite p′-group.
(iv) Π̂ has finitely many orbits on V(Γ̂).

3In [12, §I.2.5] these modules are called induced modules.
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In section 4.1 we have also seen that one has a canonical surjective map

(4.17) β̂T : Π̂ −→ Y.

We define the universal p′-cover Ŷ p of the p-perfect finite group Y to be

(4.18) Ŷ p : = Π̂/Op(ker(β̂T )).

From Proposition 3.3 one concludes the following:

Theorem 4.3. Let Y be a finite p-perfect group, and let β̂Y : Ŷ p → Y be its
universal p′-cover. Then Ŷ p has a canonical action on a locally-finite pro-p tree Γ̂Y

satisfying the p-Bruhat-Tits property.

Proof. By Proposition 3.3, the profinite graph Γ̂Y : = Γ̂Op(ker(βT )) is a locally-finite
pro-p tree, and the action of Ŷ p on Γ̂Y satisfies (i) and (ii) of the definition of
the p-Bruhat-Tits property (cf. §1). Let π : Π → Ŷ p denote the canonical map.
By construction and the Schur-Zassenhaus theorem, every pro-p′ subgroup of Ŷ p

is finite and Ŷ p-conjugate to a subgroup of π(Av) for some v ∈ V(Γ). Thus the
action of Ŷ p on Γ̂Y also satisfies (iii). �

4.7. The universal p′-cover and universal p-Frattini covers. In order to com-
plete the proof of Theorem B, one has to show that every finitely generated p-
projective virtual pro-p group Ĝ can be embedded in the universal p′-cover Ŷ p of
a finite p-perfect group Y . This goal will be achieved in the following proposition.

Proposition 4.4. (a) Let Ĝ be a finitely generated p-projective virtual pro-p
group. Then the pro-p Sylow subgroup Φp(Ĝ) of the Frattini subgroup of
Ĝ is an open normal subgroup of Ĝ. Moreover, Ĝ is (non-canonically)
isomorphic to the universal p-Frattini cover Frp(Ĝ/Φp(Ĝ)) of Ĝ/Φp(Ĝ).

(b) Let H be a subgroup of the finite group G. Then the universal p-Frattini
cover Frp(H) of H is (non-canonically) isomorphic to a closed subgroup of
the universal p-Frattini cover Frp(G) of G.

(c) Let Y be a finite p-perfect group. Then the universal p-Frattini cover
Frp(Y ) is (non-canonically) isomorphic to a closed subgroup of the uni-
versal p′-cover Ŷ p.

Proof. (a) By hypothesis, Op(Ĝ), the largest closed normal pro-p subgroup of Ĝ is
open in Ĝ, and thus finitely generated. As Φp(Op(Ĝ)) ≤ Φp(Ĝ), Φp(Ĝ) is open.
The second part follows from [5, Cor.20.32].
(b) is a direct consequence of the fact that the universal p-Frattini cover coincides
with the minimal p-projective cover (cf. [5, Prop.20.33]).
(c) Since ker(β̂Y ) is a pro-p group, the embedding problem

(4.19) Frp(Y )

π

��

π̃

{{w
w

w
w

w

Ŷ p
β̂Y // Y

has a solution π̃ : Frp(Y ) → Ŷ p. Hence X̂ : = im(π̃) ≤ Ŷ p is p-projective, and
β̂Y |X̂ : X̂ → Y is a p-projective cover of Y . As π : Frp(Y ) → Y is the minimal
p-projective cover, π̃ must be injective, and this yields the claim. �
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4.8. Proof of Theorem B.

Proof of Theorem B. Let Ĝ be a finitely generated p-projective virtual pro-p group.
Then Ĝ/Φp(Ĝ) is finite (cf. Prop.4.4(a)) and thus - by Cayley’s theorem - isomor-
phic to a subgroup of an alternating group An, n ≥ 5. In particular, Ĝ is isomorphic
to a closed subgroup of Frp(An) (cf. Prop.4.4(b)), and also to a closed subgroup
of Âp

n (cf. Prop.4.4(c)). Hence Theorem 4.3 yields the claim. �

Remark 4.5. Not every action of a finitely generated p-projective virtual pro-p group
Ĝ on a locally-finite pro-p tree Γ̂ satisfies neessarily the p-Bruhat-Tits property. Let
Ĝ : = Cr × Zp where Cr denotes a cyclic group of order r co-prime to p, r ≥ 3.
Then Ĝ acts without inversion of edges and vertex transitively on a circuit Crpk ,
V(Crpk) = rpk, k ≥ 1, and thus also on the profinite graph C : = lim←−k∈N0

Crpk .

An easy calculation shows that C is a pro-p tree, and the vertex stabilizers Ĝx,
x ∈ V(C), are all trivial. Hence the action of Ĝ on C does not satisfy the p-Bruhat-
Tits property.

5. The p-Lefschetz number for virtual pro-p groups of type p-FP

In this section we assume that R is a commutative ring with 1.

5.1. Traces. Let A be an associative R-algebra, and let Q ∈ ob(A mod) be a finitely
generated projective left A-module. Then Q∗ : = HomA(Q, A) is a finitely generated
projective right A-module. Let T (A) : = A/[A,A], where [A,A] is the R-module
spanned by all commutators ab− ba, a, b ∈ A. One has an evaluation map

(5.1)
evQ : Q∗ ⊗A Q −→ T (A),

evQ(q∗ ⊗ q) : = q∗(q) + [A,A],

where q∗ ∈ Q∗, q ∈ Q. Let cQ : Q∗ ⊗A Q → HomA(Q, Q) denote the canonical
isomorphism (cf. [2, §I.8 Prop.3]). The trace on Q is the map

(5.2) trQ : = evQ ◦c−1
Q : HomA(Q,Q) −→ T (A)

(cf. [2, §IX.2, Ex.1]). The Hattori-Stallings rank RA(Q) of the projective left
A-module Q is defined by

(5.3) RA(Q) : = trQ(idQ).

Hence, by definition RA is additive, i.e., one has

(5.4) RA(Q⊕Q′) = RA(Q) + RA(Q′),

and RA(A) = 1A + [A,A] (cf. [2, §IX]).

5.2. Hattori-Stallings ranks for projective modules of finite groups. Let
G be a finite group, and let A : = Zp[G] denote its Zp-group algebra. Then one can
identify T (Zp[G]) with the free Zp-module generated by the set { [g] | g ∈ G } of
G-conjugacy classes, i.e., if R ⊆ G is a system of representatives of the G-conjugacy
classes, one has

(5.5) T (Zp[G]) =
∐
γ∈R

Zp.[γ].
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Tensoring by an extension field K of Qp has no effect on the Hattori-Stallings rank,
i.e., one has

(5.6) RG(Q) : = RK[G](K ⊗Zp
Q) = RZp[G](Q).

In particular, if χQ : GG → Zp denotes the character associated to Q, one has

(5.7) RG(Q) =
1
|G|

∑
g∈G

χQ(g−1) · [g] =
∑
γ∈R

χQ(γ−1)
|CG(γ)|

· [γ]

(cf. [2, §IX.4, Ex.3]). Moreover, χQ(g) vanishes for every group element g which
order is divisible by p (cf. [4, Thm.18.26]). Let Rp′ be a system of representatives
for the p-regular4 G-conjugacy classes of G. Hence (5.7) implies that

(5.8) RG(Q) ∈ Tp′(G) : =
∐

γ∈Rp′

Zp.[γ].

For short we define t[γ](Q) ∈ Zp, γ ∈ Rp′ , by

(5.9) RG(Q) =
∑

γ∈Rp′

t[γ](Q).[γ].

Since every character value is an algebraic integer, one has

(5.10) t[γ](Q) ∈ intQp
(Z),

where intQp(Z) denotes the integral closure of Z in Qp. Let Sp(G) denote the set
of isomorphism types of irreducible left Fp[G]-modules. For every [S] ∈ Sp(G)
there exists a unique projective indecomposable left Zp[G]-module QS which head
is isomorphic to S. Moreover,

(5.11) dimQp(Qp ⊗Zp QS) = cS · |P |,

where P ∈ Sylp(G) is a p-Sylow subgroup of G and cS is a positive integer (cf.
[14]). In particular, if we put |G|p′ : = |G|/|P |, we obtain from (5.7) the formula

(5.12) t[1](QS) =
cS

|G|p′
.

Let A ≤ G be a subgroup of G of p′-order. Then the permutation module Zp[G/A] =
indA

G(Zp) is a projective left Z[G]-module. Moreover, from an elementary calcula-
tion using (5.7) or from an alternative description of the Hattori-Stallings rank, one
concludes easily that

(5.13) RG(Zp[G/A]) =
1
|A|

∑
a∈A

[a].

5.3. Deflation. Let π : A→ B be a surjective morphism of associative R-algebras,
and let π̄ : T (A)→ T (B) denote the induced surjective map of R-modules. Then

(5.14) π : = B ⊗A : A mod −→ B mod,

is called the deflation functor. It is an additive right-exact functor mapping pro-
jectives to projectives, and it is left-adjoint to the inflation functor

(5.15) infB
A : B mod→ A mod .

4An element g ∈ G is called p-regular, if its order is co-prime to p.
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By π : = ⊗A B : modA → modB we denote the deflation functor on right
modules. For a finitely generated projective left A-module Q ∈ ob(A mod) one has
canonical isomorphisms
(5.16)

(Q∗)π = HomA(Q,A)⊗A B ' HomA(Q, infB
A(B)) ' HomB(πQ,B) = (πQ)∗.

In particular, one has a commutative diagram

(5.17) HomA(Q,Q)

π∗

��

c−1
// Q∗ ⊗A Q

��

ev // T (A)

π̄

��
HomB(πQ, πQ) c−1

// Qπ ⊗B πQ
ev // T (B)

and π∗(idQ) = idπQ. This shows that RB(πQ) = π̄(RA(Q)).
Let π◦ : G̃→ G be a surjective homomorphism of finite groups such that ker(π◦)

is a p-group, and let π : Zp[G̃] → Zp[G] denote the induced surjective homomor-
phism of Zp-algebras. Then π̄ induces an isomorphism π̄∗ : Tp′(G̃) → Tp′(G). In
particular, from our previous discussion one concludes the following fact.

Lemma 5.1. Let π◦ : G̃ → G be a surjective homomorphism of finite groups such
that ker(π◦) is a p-group, and let π : Zp[G̃] → Zp[G] denote the induced surjective
homomorphism of Zp-algebras. Let Q be a finitely generated projective left Zp[G̃]-
module. Then for the associated characters χQ and χπQ one has

(5.18) χQ(g) =
|CG̃(g)|
|CG(π◦(g))|

· χ
πQ(π◦(g))

for all p-regular elements g ∈ G̃.

5.4. Virtual pro-p groups. Let Ĝ be a virtual pro-p group, and let Zp[[Ĝ]] denote
its completed Zp-group algebra. We put

(5.19) T(Zp[[Ĝ]]) : = Zp[[Ĝ]]/ cl([Zp[[Ĝ]], Zp[[Ĝ]]]),

where cl( ) denotes the topological closure operation. In particular, one has a
canonical map τ : T (Zp[[Ĝ]])→ T(Zp[[Ĝ]]), and a canonical isomorphism

(5.20) T(Zp[[Ĝ]]) = lim←−
U/Ĝ

T (Zp[Ĝ/U ])

Let Q be a finitely generated left Zp[[Ĝ]]-module. We define the profinite Hattori-
Stallings rank of Q by

(5.21) RĜ(Q) = τ(trQ(idQ)) ∈ T(Zp[[Ĝ]])

where trQ is the trace as described in subsection §5.1. One has the following:

Proposition 5.2. Let Ĝ be a finitely generated virtual pro-p group, and let Q be
a finitely generated projective left Zp[[Ĝ]]-module. Let π◦ : Ĝ → G be a surjective
continuous morphism on the finite group G with ker(π) a pro-p group. Then

(5.22) π̄(RĜ(Q)) = RG(πQ),
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where π : Zp[[Ĝ]] → Zp[G] and π̄ : T(Ĝ) → T (G) denote the canonical maps. In
particular,

(5.23) RĜ(Q) ∈ Tp′(Ĝ) : =
∐

γ∈Rp′

Zp.[γ],

where Rp′ ⊆ Ĝ is a system of representative of the Ĝ-conjugacy classes of elements
of p′-order.

Proof. Let U be a base of neighbourhoods of 1 ∈ Ĝ, such that every U ∈ U is an
open normal pro-p subgroup of Ĝ, and let π◦(U) : Ĝ → Ĝ/U denote the canonical
map. By (5.20) and (5.17), one has π̄(RĜ(Q)) = RĜ/U (π◦(U)Q). Hence, (5.8) yields
(5.23). The identity (5.22) follows from the fact that for U, V ∈ U, V ≤ U ,

(5.24) π̄∗(V,U) : Tp′(Ĝ/V ) −→ Tp′(Ĝ/U)

is an isomorphism (cf. §5.3). �

5.5. The p-Lefschetz number for virtual pro-p group of type p-FP . A profi-
nite group Ĝ is called of type p-FP , if the trivial Ĝ-module Zp has a finite and
finitely generated projective resolution (Q•, ∂

Q
• , ε) in Ĝprfp (cf. [13, §4.2]). For

such a group we define the p-Lefschetz number by

(5.25) Lp(Ĝ) : =
∑
k∈N0

(−1)k.RĜ(Qk) ∈ Tp′(Ĝ).

Since (Q•, ∂
Q
• , ε) is supposed to be concentrated in finitely many degrees, almost

all coefficients RĜ(Qk) are 0. The additivity of RĜ implies that the p-Lefschetz
number Lp(Ĝ) is independent of the choice of projective resolution (Q•, ∂

Q
• , ε).

A p-projective virtual pro-p group is of type p-FP , if and only if it is finitely
generated (cf. [12, §I.4.2]). Let

(5.26) Lp(Ĝ) =
∑
γ∈R

t[γ](Zp).[γ] ∈ Tp′(Ĝ) =
∑
γ∈R

Zp.[γ],

where Rp′ ⊆ Ĝ is a system of representatives of the Ĝ-conjugacy classes of elements
of p′-order. Then the coefficient t[1](Zp) coincides the p-Euler characteristic of Ĝ
(cf. [12, §I.4.1]).

As before let Op = (Z \ p.Z)−1Z ≤ Q denote the localization of Z at the prime
ideal p.Z. Then Op = Q ∩ Zp ≤ Qp. We call the virtual pro-p group Ĝ of type
p-FP p-rational, if

(5.27) Lp(Ĝ) ∈
∑

γ∈Rp′

Op.[γ].

If Ĝ is not p-rational, it will be called p-irrational. From (5.10) and Proposition
5.2 one concludes that for all virtual pro-p groups Ĝ of type p-FP one has

(5.28) Lp(Ĝ) ∈
∑

γ∈Rp′

intQp
(Z).[γ].

Moreover, t[1](Zp) ∈ Op (cf. §5.2). Hence p-rationality/irrationality can be detected
only on non-trivial conjugacy classes of elements of p′-order. For our purpose the
following property will be useful.
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Proposition 5.3. Let Ĝ be a finitely generated p-projective virtual pro-p group,
which acts on a locally-finite pro-p tree Γ̂ such that

(i) Ĝ acts without inversion of edges,
(ii) every vertex stabilizer Ĝv, v ∈ V(Γ̂), is a finite p′-group,
(iii) Ĝ has finitely many orbits on V(Γ̂).

Then Ĝ is a p-rational virtual pro-p group.

Proof. The hypothesis imply that Ĝ has also finitely many orbits on E(Γ̂), and
that every edge stabilizer Ĝe, e ∈ E(Γ̂), is also a finite p′-group. Let E+(Γ̂) ⊂ E(Γ̂)
be a Ĝ-invariant orientation of the pro-p tree Γ̂. Let V ⊂ V(Γ̂) be a system
of representatives of the Ĝ-orbits on V(Γ̂), and let E+ ⊂ E+(Γ̂) be a system of
representatives of the Ĝ-orbits on E+(Γ̂). The chain complex C(Γ̂) is a projective
resolution of Zp in Ĝprfp, and this yields

(5.29)

Lp(Ĝ) = RĜ(V(Γ̂))−RĜ(E(Γ̂))

=
∑
x∈V

1
|Ĝx|

∑
g∈Ĝx

[g]−
∑
e∈E

1
|Ĝe|

∑
g∈Ĝe

[g]

(cf. (5.13), Prop.5.2). Hence Ĝ is p-rational. �

An immediate consequence of Proposition 5.3 is the following.

Corollary 5.4. Let Ĝ be a finitely generated p-projectve p-irrational virtual pro-p
group. Assume that Ĝ is acting on the locally-finite pro-p tree Ĝ such that

(i) Ĝ is acting without inversion of edges,
(ii) every vertex stabiler Ĝv, v ∈ V(Γ̂) is a finite p′-group.

Then Ĝ has infinitely many orbits on V(Γ̂).

5.6. The p-Lefschetz number of universal p-Frattini covers of finite groups.
Let π : Frp(G)→ G be the universal p-Frattini cover of the finite group G. Thus

(5.30) ker(π)ab ' Ω2(G, Zp),

where Ω2(G, Zp) denotes the second Heller translate of the trivial left Z[G]-module
Zp. Hence using the notation of §5.2 one obtains the following:

Proposition 5.5. Let π : Frp(G)→ G be the universal p-Frattini cover of the finite
group G. Then

(5.31) Lp(Frp(G)) =
1
|G|

∑
g∈Gp′

(1− χΩ2(G,Zp)(g−1))[g̃],

where χΩ2(G,Zp) denotes the character on Ω2(G, Z), Gp′ denotes the set of elements
of p′-order in G, and g̃ ∈ Frp(G) denotes the unique element of order ord(g)
satisfying π(g̃) = g, g ∈ Gp′ .

Proof. Let P1
∂1→ P0

ε→ Zp be a minimal projective resolution of the trivial left
Frp(G)-module in Frp(G)prfp. Applying the deflation functor defπ( ) one obtains
a partial minimal projective resolution πP1 → πP0 → Zp (cf. [16, Prop.1], [15,
§3.4]). In particular,

(5.32) 0 −→ Ω2(G, Zp) −→ πP1
π∂1−→ πP0 −→ Zp −→ 0
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is exact. By Proposition 5.2, one has

(5.33) Lp(Frp(G)) = RG(πP0)−RG(πP1).

Hence, (5.7), the additvity of χ and (5.32) yield the claim. �

Proposition 5.5 shows, that in case that one knows the Brauer character of
Ω2(G, Fp), one can also compute the p-Lefschetz number of Frp(G). In the subse-
quent proposition we illustrate this for the finite group G = SL2(p).

Proposition 5.6. Let p ≥ 5, let G : = SL2(p) and let π : Frp(G) → G denote its
universal p-Frattini cover. Let

(5.34) T : = { tη : = diag(η, η−1) | η ∈ F∗p } ≤ G

be a maximally split torus, and let τ : F∗p → Z∗p denote the Teichmüller-section5.
Let Rp′ be a system of representatives of the Frp(G)-conjugacy classes of elements
of p′-order, and let

(5.35) Lp(Frp(G)) =
∑

γ∈Rp′

t[γ].[γ]

Then - using the notation of Proposition 5.5 - one has

(5.36) t[̃tη ] =

{
− τ(η)2+τ(η)−2

p−1 if tη 6∈ Z(G),
− 1

p2−1 if tη ∈ Z(G).

In particular, if p ≥ 11 and p 6= 13, then Frp(G) is p-irrational.

Proof. For short we put Ω: = Ω2(G, Zp). One has a short exact sequence

(5.37) 0 −→Mp−3 −→ Ω⊗Zp Fp −→M2 −→ 0

of left Fp[G]-modules, where Mk, k = 0, . . . , p − 1, denotes the irreducible Fp[G]-
module of heighest weight k (cf. [14]). Hence

(5.38) χΩ(tη) = 1 + τ(η)2 + τ(η)−2 +
p−3∑
i=0

τ(η)p−3−2i.

Let ξ : = τ(η)2 6= 1 and k : = p− 3. Then one verifies easily that

(5.39)
p−3∑
i=0

τ(η)p−3−2i = ξk/2
k∑

i=0

ξ−k = ξk/2 ξ−(k+1 − 1
ξ−1 − 1

= 0.

If τ(η)2 = 1, one has χΩ(tη) = p+1. Hence (5.31) yields (5.36). Let ζ be a primitive
root of unity of order (p−1)/2. Then |Q(ζ + ζ−1) : Q| = 1

2ϕ(p−1
2 ), where ϕ denotes

the Euler function. Moreover, ϕ(n) = 2 implies n ∈ {3, 4, 6}. Thus, if p ≥ 11 and
p 6= 13, Frp(G) is p-irrational. �

5This is the unique map such that τ(η) is a unit of p′-order satisfying τ(η) + p.Zp = η.
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[9] L. Ribes and P.A. Zalesskĭi, Pro-p trees and applications, New Horizons in pro-p Groups,
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