P-PROJECTIVE GROUPS AND PRO-P TREES
THOMAS WEIGEL

ABSTRACT. Combining results of J-P.Serre and L.Ribes and P.Zalesskii one
concludes easiliy that a profinite group G acting without inversion of edges
and with pro-p’ stabilizers on a pro-p tree I’ must be projective (Thm. A). It
is shown that a finitely generated p-projective virtual pro-p group G has such
an action on a pro-p tree r (Thm.B). However, not every such profinite group
G can act on a locally-finite pro-p tree co-compactly, without inversion of edges
and with p’ vertex stabilizers (Thm.D). This fact is deduced from the existence
of p-irrational finitely generated p-projective virtual pro-p groups (Prop.C).

1. INTRODUCTION

From a theorem of A.Karrass, A.Pietrowski and D.Solitar (cf. [8]) and Bass-Serre
theory (cf. [11, §5.1]) one obtains the following characterization of finitely generated
virtually free groups: A discrete group F' is finitely generated and virtually free, if
and only if F' has an action on a locally-finite tree I such that

(i) F is acting without inversion of edges,
(ii) every vertex stabilizer F,, v € B(T') is finite,

(iti) F has finitely many orbits on the set of vertices 2(T').

A graph T is called locally-finite, if every vertex v € U(T') is the origin of only
finitely many edges. Moreover, if the group Fis acting on the tree I' such that (i),
(ii) and (iii) are satisfied, one has also the following properties:

(iv) every edge stabilizer Fp, e € €(I), is finite,

(v) F has finitely many orbits on the set of edges &(T').

In this note we study p-projective groups and their action on pro-p trees. By a
theorem of K.W.Gruenberg (cf. [7]), one knows that a profinite group G is p-
projective, if and only if its cohomological p-dimension is less or equal to 1, i.e.,
cdp(é) < 1. Thus G is p-projective, if and only if any pro-p Sylow subgroup
Pe Sylp(é) is a free pro-p group (cf. [12, §1.3.3, Prop.14; §1.3.4]). From this fact
and the characterization of pro-p groups acting regularly and without inversion of
edges on pro-p trees obtained by L.Ribes and P.A.Zalesskii (cf. [9, Cor.3.6]), one
concludes the following:

Theorem A. Let G be a profinite group acting on a pro-p tree ' such that
(i) G is acting without inversion of edges,
(ii) every vertex stabilizer G, v € B(T'), is a pro-p’ group.

Then G is p-projective.

Date: November 13, 2006.
2000 Mathematics Subject Classification. 20J05.

1



2 THOMAS WEIGEL

Theorem A raises the question whether it is true that every p-projective profinite
group has an action on a pro-p tree satisfying (i) and (ii). We say that the action
of the profinite group G on the profinite graph I' has the p-Bruhat-Tits property
(or for short the p-BT property), if

(i) G acts without inversion of edges,
ii) every vertex stabilzer G,,, v € Y(T'), is a pro-p’ grou
y oy U € , is a pro-p’ group,
(iii) every pro-p’ subgroup H of G fixes a vertex.

In section 4 we establish the following theorem which answers this question for a
particular type of p-projective profinite groups (cf. §4.8).

Theorem B. Let G be a finitely generated p -projective virtual pro-p group. Then
G has an action on a locally-finite pro-p tree I with the p-Bruhat-Tits property.

Finitely generated p-projective virtual pro-p groups can be seen as the pro-p
analogue of discrete finitely generated virtually free groups. Therefore, one might
ask whether such a group G has also a co-compact action on a locally-finite pro-p
tree I' with the p-BT property, i.e., G has finitely many orbits on the vertex set
%(f‘) However, in general this is not possible.

In order to answer this question we develop in section 5 the theory of Hattori-
Stallings ranks in analogy to the discrete case (cf. [2, Chap.IX.2]). As a conse-
quence, for every virtual pro-p group G of type p-F P one can define a p-Lefschetz
number L,(G) which generalizes the p-Euler characteristic (cf. §5.5). Using the
p-Lefschetz number, one can distinguish between p-rational and p-irrational virtual
pro-p group of type p-F' P (cf. (5.27)). Moreover, in case that G is a finitely gener-
ated p-projective virtual pro-p group, one can calculate the value of the p-Lefschetz
number using the p-modular representation theory of the finite group C?/ Qp(é),
where <I>p((§') denotes the pro-p Sylow subgroup of the Frattini subgroup of G (cf.
Prop.5.5).

Let G be a finite group and let 7: Fr,(G) — G denote its universal p-Frattini
cover. Then Fr,(G) is a finitely generated p-projective virtual pro-p group (cf. [5,
§20.7]). E.g., for G: = SLa(p) the description of the projective indecomposable
F,[G]-modules given by R.Brauer and C.Nesbitt (cf. [1]) yields the following (cf.
Prop.5.6).

Proposition C. Let p > 11 and p # 13. Then the universal p-Frattini cover
Fr,(GQ) of G = SLa(p) is a finitely generated p-irrational p-projective virtual pro-p
group.

The p-irrationality of a finitely generated p-projective virtual pro-p group has
the following consequence which gives a negative answer to the previously raised
question (cf. Cor.5.4).

Theorem D. Let G be a finitely generated p-projectve p-irrational virtual pro-p
group. Assume that G is acting on the locally-finite pro-p tree G such that

(i) G is acting without inversion of edges,
(ii) every vertex stabiler G, v € U(T) is a finite p’'-group.

Then G has infinitely many orbits on %(f‘)
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2. PRO-p TREES

2.1. Boolean spaces. A boolean (or profinite) space X is a topological space which
is Hausdorff, compact and totally disconnected. By bool we denote the category
the objects of which are boolean spaces. For X,Y € ob(bool) the set of morphisms
mor(X,Y") coincides with all continuous maps from X to Y.

Let prf, denote the abelian category the objects of which are abelian pro-p
groups. For A, B € ob(prf,) the set of morphisms Hom(A, B) is given by all
continuous group homomorphisms from A to B. For our purpose the following
elementary property will be useful.

Proposition 2.1. For every boolean space X there exists a torsion free abelian
pro-p group Zy[X] and a continuous injective map of boolean spaces tx: X —
Z,[X] with the following property: For every continuous map ¢: X — A of X into
the abelian pro-p group A there exists a unique continuous group homomorphism
¢°: Z,[X] — A making the diagram

(2.1) X —>7,[X]

RS

A

In other words, Z,[]: bool — prf, is the left adjoint of the forgetful functor
for: prf, — bool.

Proof. Since X is a profinite space (cf. [10, Thm.1.1.12]), one has

(2.2) X =lim_ X,

—icl

for some projective system of finite spaces (X;, @ ;)i jer- One checks easily that
(2.3) Zp[X]: = @ieIZP[Xi]a
where Z,[X;] is the free Z,-module generated bi X;, has the required properties. O

From now on we will assume that the canonical map tx: X — Z,[X] is always
given by inclusion. We list the fundamental properties of the functor Z,[_] in the
following proposition which easy proof is left to the reader.

Proposition 2.2. Let X,Y € ob(bool) and let a: X — 'Y be a continuous map.
(a) Zp[0] = 0.
(b) If a is injective, Zp[c]: Zp[X] — Z,[Y] is injective.
(¢) If a is surjective, Zy[a]: Z,[X] — Zp[Y] is surjective.
)

Zp[[X U Y]] = Zp[[Xﬂ 2 Zp[[y]]»

where U denotes outer disjoint union.
(e) Let (Xi,pij)ier be a directed system of boolean sets. Then
(2.5) Z,tim,

en Xil =1, Zp[Xi]
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2.2. Profinite graphs. A profinite graph I" consists of a non-trivial boolean set of
vertices U(I'), a boolean set of edges ¢(I') and three continuous maps: A terminus
t: ¢() — B(I), an origin o: ¢(I') — V(') and an inversion ~: EI) — ().
These maps have the following property: For every edge e € (’E(f) one has

(i) e#£eand e =e,

(ii) t(e) = o(e), o(€) = t(e).
If the map
(2.6) (t,0): €(T) — V() x V()

is injective I is called combinatorial. If t(e) # o(e) for all e € €(I"), I will be called
loop-free. All our definitions agree with the standard definitions translated in the
category of boolean spaces (cf. [11, §2.1]).

2.3. The Z,-vertex and Z,-edge group of a profinite graph. We define the
Zy,-vertex group of the profinite graph I by
(2.7) V(I): = Z,[B(D))].

Thus every vertex v can also be considered as an element in V(I'). The Z,-edge
group of the profinite graph I' will be defined by

(2.8) E(): =Z,[e¢(D)]/(e+&|ecel)).
Here (X) denotes the closed subgroup generated by the set X. For e € ¢(I') we
denote by e its canonical image in E(T"). In particular, € = —e.

The mappings 8: E(I') — V(I'), d(e): = t(e)—o(e) fore € &T'), and e: V(') —
Zp, €(v) =1 for v € B(T") define a chain complex C(T') of abelian pro-p groups

(2.9) c(l): 0—=E@D) —2>v(@) —>7Z,—>0

which we think is concentrated in degrees 1, 0 and —1. R
One calls the profinite graph I' pro-p connected, if Hy(C(I')) = 0, and a pro-p
tree, if Hy(C(T")) = H,(C(T)) = 0.

Remark 2.3. For a discrete graph I' one can also associate a chain complex C(|T'|) of
abelian groups, the singular chain complex of its geometric realization |T'|. Hence,
T is connected, if and only if Ho(|T'|,Z) = Ho(C(|T'])) ~ Z, and it is a tree, if and
only if it is connected and

(2.10) mi (0], 0)* = Hi(|T], Z) = H\(C(|T])) = 0.

3. PROFINITE GROUPS ACTING ON PROFINITE GRAPHS

3.1. Profinite G-sets. Let G be a profinite group. A boolean set X together with
a continuous left G-action will be called a profinite G-set. Morphisms of profinite
G-sets are defined in the obvious way. It is an elementary exercise to verify that a
profinite G-set is indeed isomorphic to the inverse limit of finite discrete left G-sets.
By abool we denote the category the objects of which are profinite left G-sets.

A profinite group G has an action on the profinite graph T, if %(f‘) and @(f‘) are

IPro-p trees where introduced and studied by L.Ribes and P.A.Zalesskii in [9]. However, the
definition of a pro-p tree we are using in this paper is slightly more restrictive then their definition.
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profinite G-sets, and if t: ¢(I) — B(T), o: ¢I) — V(I') and ~: ¢I) — (I are
mappings of profinite G-sets.

3.2. Quotients of profinite graphs. Let N <G be a closed normal subgroup and
let X be a profinite left G-set. The set of N-orbits

(3.1) Xg:={Naz|zeX}
carries canonically the structure of a profinite left G / N-set. Moreover,
(32) f‘N : ébOOl — é/NbOOl

is a covariant functor.

Let G be a profinite group acting on the profinite graph f, and let N be
a closed subgroup of G acting without inversion of edges on I. Then f‘N =
(QT(f‘)N, QE(f)N,t,o, 7), where t, 0, ~ are the canonical maps, is a profinite graph.
Moreover, in case that N is additionally a closed normal subgroup of @, G / N has
a canonical left action on T X

3.3. Profinite G-sets and abelian pro-p groups with continuous left G-
action. Let sprf, denote the abelian category the objects of which are abelian
pro-p groups with continuous left G-action. Then eprf,, is an abelian category
with enough projectives, and 4prf,, is a subcategory of Z,[€] mod, the category of
left Z,[G]-modules, where

(3.3) 7,[G): =lim . 7Z,[G/U]

—U«,G

denotes the completed Z,-group algebra of G. Obviously, the inverse limit in (3.3)

has to be taken over the directed system of all open normal subgroups of G. For
further details the reader may wish to consult [10, §5.1], [13, §3.2]. One has the
following properties:

Proposition 3.1. Let G be a profinite group.
(a) Zp[-]: gbool — aprf, is a covariant functor mapping finite disjoint
unions to direct sums and commuting with inverse limits.
(b) If X is a profinite left G-set such that
(i) G has finitely many orbits on X,
(ii) for every x € X the point stabilizer G, isa pro-p’ subgroup.
Then Z,[X] € ob(sprf,) is projective.
(c) Let X be a profinite left G-set such that G has finitely many orbits on X,
and assume that N is a closed normal subgroup of G. Then one has an
isomorphism of topological left Z, [G/N]-modules

(3.4) Zp[X| 5] ~ ZPHG/NH®ZPHG]ZPHXH7
where ®Zp[[é]] denotes the completed tensor product (cf. [3, §2.1]).

Proof. (a) is a direct consequence of Proposition 2.2. (b) Without loss of generality
we may assume that G is transitive on X. For x € X one has isomorphisms

(3.5) Z,[X] = Z,[G/G.] = ndS* (2,).
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Since G, is a profinite p’-group, Zp € ob(g prf,) is projective. As indgm () is
mapping projectives to projectives, this yields the claim. (c) follows by a similar
argument. ([l

3.4. P-perfect profinite groups. Let p be a prime number. The profinite group
Y is called p- -perfect, if every finite homomorphic image of p-power order of Y is
the trivial group. One has the following elementary property.

Proposition 3.2. Every profinite group G has a mazimal closed p-perfect charac-
teristic subgroup® OP(G) which is given by

(3.6) O7(G): =dl({g € G| p ford(g))).

Proof. By definition, OP(O?(G)) = OP(G). Hence OP(G) is p-perfect. Since
G / OP(G) is a pro-p group, Op(é) is the maximal closed normal p-perfect subgroup
of G. By construction, it is characteristic. O

3.5. Pro-p trees as quotients. The following property will turn out to be useful.

Pr0p051t10n 3.3. Let G be a pmﬁmte group acting on the pro-p tree F and let
N<G be a closed normal subgroup ofG with the following properties:
(i) T is locally-finite,
(ii) G acts without inversion of edges,
(111) every verter stabilizer G, x € Q]( ), is a pro-p’ group,
) G has finitely many orbits on B(T),
)

N is p-perfect.

) r N 15 a locally-finite pro-p tree,

) G/N acts without inversion of edges,
1) G/N has finitely many orbits on EU(A )

) Let my: D) — BT 5) denote the canonical projection of boolean sets.
Let y € B(Ty) and x € V(') with my(x) = y. Then (G/N), = Go.N. In
particular, (G/N)y is a pro-p’ group.

Proof. The locally-finiteness of T 5> property (II) and (III) are immediate conse-
quences of the hypothesis (i), (ii) and (iv). As I is a pro-p tree, Proposition 3.1(b)
and hypothesis (iii) and (iv) imply that the chain complex C(I') (cf. (2.9)) is a
projective resolution of the trivial left G-module Zp in gprf,. Since restriction
maps projective objects in 5prf, to projective objects in gprf,, one concludes
from Proposition 3.1(c) and the identity

(3.7) res/ ™ (Z,[G/N1&y, 161-) = 2oy gy s (),
that
(38) o )

Ho(C(I'g)) = Ho(Zy[G/N]@y 14C(T)) =0,

HI(C(Tg)) = Hi(Z,[G/ Moy 16,C([E)  =Hi(N,Z,) = (N/OP(N)™

2This is the standard notation in the theory of finite groups (cf. [6, p.19]).
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Since N is p-perfect, this implies that I’ 5 is a pro-p tree. The conclusion (IV) is
obvious. [l

4. THE UNIVERSAL p’-COVER OF A FINITE p-PERFECT GROUP

In this section we assume that Y is a finite p-perfect group.

4.1. The p’-graph of groups of a finite p-perfect group. Let U(E) denote the
set of all maximal p’-subgroups of the finite p-perfect group Y, and let Z denote the
combinatorial loop-free complete graph over the set U(Z), i.e., the combinatorial
graph whose edge set is given by

(4.1) &(=): = (VE) x VE)) \ AV(E).

where A(U(Z)) denotes the diagonal, and the origin, terminus and edge inversion
mappings are the obvious ones. The assignment A4: = A for A € B(E) and
Aca,py: = AN B for (A, B) € ¢(Z) defines a finite graph of finite groups 2 on the
graph Z, which will be called the p’-graph of groups for Y.

By construction, one has a canonical map

(4.2) B: F(A,E) — Y,

where F(2(,E) is the group as defined in [11, §5.1], and S(a): = a, a € Ay, A €
BV(2); B(ye): = 1 for e € E(E).

Let T' C E be a maximal subtree of the finite graph =, and let II: = m (2, T
denote the fundamental group based at T, i.e., Il = F(,Z)/Ny where Nt is the
normal subgroup generated by ye, € € €(T') (cf. [11, §5.1]). By construction, one
has a canonical map fr: II — Y. Moreover, since we assumed Y to be p-perfect,
Ot is surjective.

4.2. The tree associated to (Z,2). Let ¢*(Z) C ¢(Z) be an orientation of E.
The universal cover T of (2, =) with respect to (T, €*(Z)) is a tree with a canonical
IT-action (cf. [11, §1.5.3, Thm.12]). Since (Z,2) is a finite graph of groups, I is
locally-finite. It comes equipped with two mappings

oy V(E) — Y(I),
(43) oe: €(2) — ¢(I),

whose restriction to the maximal subtree T is an immersion of graphs. The mapping
o¢ commutes with edge inversion, and for all e € €1 (Z) \ €(T') one has o(c¢(e)) =
o (o(e)). Moreover, im(oy) is a system of representatives of the orbits of II on
U(T'), and im(o¢) is a system of representatives of the orbits of IT on &(T'). In
particular, for all e € €1 (Z) \ €(T) there exists an element v, € II such that
t(cg(€e)) = Ye.ou(t(e)). For e € €T(2) N E(T) we put ve: = 1. For the stabilizers
one has the identities

(44) Q[v = Ham(’u)? Q’[e = HUe(e)7

v € Y(E), e € E=F).
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4.3. The O,-vertex and edge modules of I'. Let O,: = (Z\ p.Z)~'.Z denote
the localization of Z at p, let

(4.5) Vo,D): =000 = [[ Op-(v)
veY(T)
denote the O,-vertex module of I', and let
(4.6) Eo,(I'): = Op[€(I")]/(e+e|ecT(I))
denote the O,-edge module of I'. Since I' is a tree, one has a canonical exact
sequence of left Op[II]-modules
(4.7) 0 — Eo,(I') -2 Vo, () =~ 0, — 0,

where d(e): = t(e) — o(e), e € &(I'), and e(v) =1, v € B(I).

Let A be a finite p’ subgroup of II. The divisibility of |A| in O, implies that the
Op-permutation module O,[II/A] is a projective Op[II]-module. The exactness of
(4.7) implies that

(4.8) [T o, ele) = [ Opll/eywmlv) -0,
ecet(T) veV(E)

() : = Yooy (t(e)) (t(€)) — Hoy (o(e)) (0(€)), is a projective resolution of the trivial
Op[II}-module O,,. In particular, cdp, (II) < 1.

4.4. The profinite completion of II. As II is residually finite, the canonical map
¢: I — II is an injection. For x € Y(T') U E(T") we put 1L, : = ¢(II;). Let

B(I): = |_| ﬂ/ﬂam(v).v and

(4.9) vENE)
@(f‘) = |_| ﬁ/ﬁae(e).e U |_| ﬁ/ﬂoe(e).é,
ec¢t(E) ec¢t(5)

—_
=

where L denotes “outer disjoint union”. Since 2(Z) and €*(Z) are finite sets, V(I
and ¢(T") are boolean sets. There is an edge inversion map : &(I') — &(I'), which
is defined in the obvious way. Moreover, the assignment

o(g.ﬁae(e).e): = g.ﬁom(o(e)).o(e),
(4.10) {0 0): = { 9 Moy i(e)-tle)  forec &(T),
oele) 9Ye I,y ey -t(e)  for e & E(T),
e € ¢(B), g € I1, makes I" a profinite graph with a continuous left II-action.

4.5. Good groups of type FP,,. The group II is virtually free, and therefore “p-
good” (cf. [12, §1.2.6, Ex.2]), i.e., for every finite Op[II]-module M one has natural
isomorphisms

(4.11) o HF(IL, M) — H*(IL, M),

for all £ € Ng. The natural isomorphisms ¢* are induced by the mapping of O,-
algebras

(4.12) v: O[T — Z,[11].
One has the following.
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Proposition 4.1. Let G be a discrete group which is p-good, and let (Ps,De,€) be
a projective resolution of the trivial left O,[G)-module O, such that Py is a finitely

generated left Op|G]-module for all k > 0. Then (Z,[G] ®o,(c) P, 92,%) is a
projective resolution of Zy, in sprf,.

Proof. By hypothesis, the augmented Op-algebra O,[G] is of type F'P,. Hence
H*(G, _) commutes with direct limits for all k and for all direct systems of O,[G]-
modules. The functors H*(G, ) commutes with direct limits for all k¥ > 0 (cf. [12,

§1.2]).
Let I,: = Q,/Z, and let J: = coindg(I,) denote the discrete coinduced Galois

module®. Then J is an injective G-Galois module and a discrete topological Ly, [G]-
module. In particular, H* (G’, J) =0 for all k£ > 0. Thus the previously mentioned
argument implies that H*(G, J) = 0.

The functor §: = Z, [[é]] ®o[q) — is mapping finitely generated projective left
O[G)-modules to finitely generated projective left Z,[G]-modules. Moreover, as
mappings of finitely generated left Z, [[G']]—modules are continuous,

(4.13) Qk: = Hi(Z,[G] ®0,(c) Pe, 0F) € 0b(gprf,).

The functor J: = Homg (—, J): oprfy” — ab, where ab denotes the abelian cate-
gory of abelian groups and

(4.14) Homg (1, 2): oprf)” x sdis, — ab

denotes the Hom-functor defined by A.Brumer (cf. [3, §2.1]), is an additive con-
travariant exact and faithful functor, i.e., J(M) = 0 implies M = 0. Hence for
kE>1

(4.15) 0=H"(G,J) = Homy 14(Qx, J)
and this yields the claim. [l
Proposition 4.1 has the following consequence.

Proposition 4.2. The profinite graph I as defined in (4.9) and (4.10) is a pro-p
tree.

Proof. For every finite p’-subgroup A of II, one has
(4.16) Z,[1T] ®o,m Op[T/A] = Z,[11/:(A)].

Moreover, II is p-good and of type F'P.. Hence by Proposition 4.1, Z, [[f[]] ®o, 1] —
applied to (4.7) is also exact. This shows that I is a pro-p tree (cf. §2.3). O

4.6. The universal p’-cover of a finite p-perfect group. In the previous sub-
section we have seen that the profinite group II has a canonical action on a pro-p
tree I' with the following properties:

(i I is locally-finite,

(i) every vertex stabilizer II,, € U(I"), is a finite p/-group.

)
(ii) II is acting without inversion of edges,
)
(iv) II has finitely many orbits on (I).

3In [12, §1.2.5] these modules are called induced modules.
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In section 4.1 we have also seen that one has a canonical surjective map
(4.17) B —Y.

We define the universal p’-cover Y? of the p-perfect finite group Y to be
(4.18) YP: =11/OP (ker(fr)).

From Proposition 3.3 one concludes the following:

Theorem 4.3. Let Y be a finite p-perfect group, and let ﬂAy: YP — Y be its
universal p’'-cover. Then YP has a canonical action on a locally-finite pro-p tree I'y
satisfying the p-Bruhat-Tits property.

Proof. By Proposition 3.3, the profinite graph Iy:= f‘op(ker(gﬂ) is a locally-finite
pro-p tree, and the action of Y? on I'y satisfies (i) and (i) of the definition of
the p-Bruhat-Tits property (cf. §1). Let m: II — Y? denote the canonical map.
By construction and the Schur-Zassenhaus theorem, every pro-p’ subgroup of yr
is finite and YP-conjugate to a subgroup of m(2,) for some v € Y(I'). Thus the
action of Y7 on Iy also satisfies (ii). O

4.7. The universal p’-cover and universal p-Frattini covers. In order to com-
plete the proof of Theorem B, one has to show that every finitely generated p-
projective virtual pro-p group G can be embedded in the universal p’-cover YP of
a finite p-perfect group Y. This goal will be achieved in the following proposition.

Proposition 4.4. (a) Let G be a finitely genemted p-projective virtual pro-p

group. Then the pro-p Sylow subgroup ®,(G) of the Frattini subgroup of
G is an open normal subgroup of G. Moreover, G is (non-canonically)
isomorphic to the universal p-Frattini cover Fr,(G/®,(G)) of G/®,(G).

(b) Let H be a subgroup of the finite group G. Then the universal p-Frattini
cover Frp,(H) of H is (non-canonically) isomorphic to a closed subgroup of
the universal p-Frattini cover Fr,(G) of G.

(¢) Let Y be a finite p-perfect group. Then the universal p-Frattini cover
Fr,(Y) is (non-canonically) isomorphic to a closed subgroup of the uni-
versal p’-cover Y.

Proof. (a) By hypothesis, Op(é), the largest closed normal pro-p subgroup of G is
open in @, and thus finitely generated. As ®,(0,(G)) < ®,(G), ®,(G) is open.
The second part follows from [5, Cor.20.32].

(b) is a direct consequence of the fact that the universal p-Frattini cover coincides
with the minimal p-projective cover (cf. [5, Prop.20.33)]).

(¢) Since ker(ﬁy) is a pro-p group, the embedding problem

(4.19) Fr,(Y)
~ Ve
T™ 7
2 T
+7 5 l
vp By v
has a solution 7: Fr,(Y) — Y?. Hence X: = im(7) < Y? is p-projective, and

By|X: X — Y is a p-projective cover of Y. As m: Fr,(Y) — Y is the minimal
p-projective cover, 7 must be injective, and this yields the claim. (I
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4.8. Proof of Theorem B.

Proof of Theorem B. Let G be a finitely generated p-projective virtual pro-p group.
Then G/®,(G) is finite (cf. Prop.4.4(a)) and thus - by Cayley’s theorem - isomor-
phic to a subgroup of an alternating group A,,, n > 5. In particular, G is isomorphic
to a closed subgroup of Fry(A4,) (cf. Prop.4.4(b)), and also to a closed subgroup
of AP (cf. Prop.4.4(c)). Hence Theorem 4.3 yields the claim. O

Remark 4.5. Not every action of a finitely generated p-projective virtual pro-p group
Gona locally-finite pro-p tree I satisfies neessarily the p-Bruhat-Tits property. Let
G:=0C, x Z,, where C, denotes a cyclic group of order r co-prime to p, r > 3.
Then G acts without inversion of edges and vertex transitively on a circuit Cphs
U(¢,,x) = rp¥, k > 1, and thus also on the profinite graph €: = @keNo Cpph
An easy calculation shows that € is a pro-p tree, and the vertex stabilizers G,
x € U(¢), are all trivial. Hence the action of G on € does not satisfy the p-Bruhat-
Tits property.

5. THE p-LEFSCHETZ NUMBER FOR VIRTUAL PRO-p GROUPS OF TYPE p-F'P
In this section we assume that R is a commutative ring with 1.
5.1. Traces. Let A be an associative R-algebra, and let Q) € ob(4 mod) be a finitely
generated projective left A-module. Then Q*: = Hom4(Q, A) is a finitely generated

projective right A-module. Let T'(A): = A/[A, A], where [A, 4] is the R-module
spanned by all commutators ab — ba, a,b € A. One has an evaluation map

evQ: Q" ®a Q — T(A),
evo(q" ®q): = q"(q) + [A, A],

where ¢* € Q*, ¢ € Q. Let ¢g: Q" ®4 Q — Homa(Q, Q) denote the canonical
isomorphism (cf. [2, §1.8 Prop.3]). The trace on @ is the map

(5.2) trg: =evg océls Homu(Q,Q) — T(A)

(5.1)

(cf. [2, §1X.2, Ex.1]). The Hattori-Stallings rank RA(Q) of the projective left
A-module @Q is defined by

(5.3) RA(Q): = trg(idg).
Hence, by definition R4 is additive, i.e., one has
(5.4) RA(Q® Q') = Ra(Q) + Ra(Q'),

and Ra(A) = 14+ [A, A] (cf. [2, §IX]).

5.2. Hattori-Stallings ranks for projective modules of finite groups. Let
G be a finite group, and let A: = Z,[G] denote its Z,-group algebra. Then one can
identify T'(Z,[G]) with the free Z,-module generated by the set {[g] | g € G} of
G-conjugacy classes, i.e., if R C G is a system of representatives of the G-conjugacy
classes, one has

(5:5) T(2,(G)) = [] Zp-1r).

YER
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Tensoring by an extension field K of Q, has no effect on the Hattori-Stallings rank,
i.e., one has

(5.6) Ra(Q): = Ri(q)(K ®z, Q) = Rz, 6)(Q).
In particular, if yo: G¢ — Z, denotes the character associated to @, one has
- xo(r™)
(5.7) > xelg™) M
@ P 25 1Co ()]

(cf. [2, §IX.4, Ex.3]). Moreover, x¢(g) vanishes for every group element g which
order is divisible by p (cf. [4, Thm.18.26]). Let R, be a system of representatives
for the p-regular* G-conjugacy classes of G. Hence (5.7) implies that

(5.8) Re(Q) € Ty(G): = [] Zy.[]
YER
For short we define t,(Q) € Zy, v € Ry, by
(5.9) Re(@Q) = Y tn(Q)-hl
YER

Since every character value is an algebraic integer, one has

(510) t['y] (Q) € intQp (Z)v

where intg, (Z) denotes the integral closure of Z in Q,. Let &,(G) denote the set
of isomorphism types of irreducible left F,[G]-modules. For every [S] € &,(G)
there exists a unique projective indecomposable left Z,[G]-module Qg which head
is isomorphic to S. Moreover,

(5.11) dimg, (Qp ®z, Qs) = cs - |P|,

where P € Syl (G) is a p-Sylow subgroup of G' and cg is a positive integer (cf.
[14]). In particular, if we put |G|, : = |G|/|P|, we obtain from (5.7) the formula

(5.12) m(@s) =

Cs
Gl

Let A < G be a subgroup of G of p’-order. Then the permutation module Z,[G/A] =
ind5(Z,) is a projective left Z[G]-module. Moreover, from an elementary calcula-
tion using (5.7) or from an alternative description of the Hattori-Stallings rank, one
concludes easily that

(5.13) R (Z,|G/A]) IA\C;‘

5.3. Deflation. Let m: A — B be a surjective morphism of associative R-algebras,
and let 7: T(A) — T'(B) denote the induced surjective map of R-modules. Then

(5.14) a—:=B®4_: gmod — pmod,

is called the deflation functor. It is an additive right-exact functor mapping pro-
jectives to projectives, and it is left-adjoint to the inflation functor

(5.15) inff : pmod — 4mod.

4An element g € G is called p-regular, if its order is co-prime to p.
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By _: = _®s B: modgy — modp we denote the deflation functor on right
modules. For a finitely generated projective left A-module @ € 0b(4 mod) one has
canonical isomorphisms

(5.16)

(Q*)r = Homa(Q, A) ®4 B ~ Hom(Q, inf5(B)) ~ Homp(:Q, B) = (:Q)*.

In particular, one has a commutative diagram

(5.17) Hom(Q, Q) ———> Q" ©4 Q —=>T(A

1T

HOHIB(WQ, TrQ) i> QTK‘ ®B FQ i> T(B)

and 7, (idg) = id, . This shows that Rp(-Q) = T(Ra(Q)).

Let mo: G — G be a surjective homomorphism of finite groups such that ker ()
is a p-group, and let 7: Z,[G] — Z,[G] denote the induced surjective homomor-
phism of Z,-algebras. Then 7 induces an isomorphism 7, : Ty (G) — Tp (G). In
particular, from our previous discussion one concludes the following fact.

Lemma 5.1. Let 7o: G — G be a surjective homomorphism of finite groups such

that ker(m,) is a p-group, and let 7: Zy|G] — Z,|G] denote the induced surjective
homomorphism of Z,-algebras. Let Q) be a finitely generated projective left Z,[G]-
module. Then for the associated characters xg and x .o one has

_ 1Ca(9)]
(5.18) xq(g) = m X-@(mo(9))

for all p-regular elements g € G.

5.4. Virtual pro-p groups. Let G be a virtual pro-p group, and let Z, [[é]] denote
its completed Z,-group algebra. We put

(5.19) T(Z,[C]): = Z,[G]/ A(Z,[CT, Z,[CT)),

where cl(_) denotes the topological closure operation. In particular, one has a

canonical map 7: T(Z,[G]) — T(Z,[G]), and a canonical isomorphism
(5.20) T(2,[C]) = lim T(Z,[G/U))
U<G

Let Q be a finitely generated left Z,[G]-module. We define the profinite Hattori-
Stallings rank of @ by

(5.21) R (Q) = 7(tro(idg)) € T(Z,[G])
where trq is the trace as described in subsection §5.1. One has the following:

Proposition 5.2. Let G be a finitely generated virtual pro-p group, and let Q) be
a finitely generated projective left Z,[G]-module. Let mo: G — G be a surjective
continuous morphism on the finite group G with ker(m) a pro-p group. Then

(5.22) T(Re(Q)) = Ra(=@Q),
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where 7: Z,[G] — Z,[G] and 7: T(G) — T(G) denote the canonical maps. In
particular,

(5.23) Re(Q e Ty (G):= [T 2z,

YER,

where Ry C Gisa system of representative of the G—conjugacy classes of elements
of p’-order.

Proof. Let 4 be a base of neighbourhoods of 1 € G, such that every U € i is an

open normal pro-p subgroup of G, and let o (U): G- G /U denote the canonical
map. By (5.20) and (5.17), one has 7(R5(Q)) = Re (. (1) @)- Hence, (5.8) yields
(5.23). The identity (5.22) follows from the fact that for U,V € 4, V < U,

(5.24) T (V,U): Ty (G)V) — Ty (G/U)
is an isomorphism (cf. §5.3). O

5.5. The p-Lefschetz number for virtual pro-p group of type p-FP. A profi-
nite group G is called of type p-F P, if the trivial G-module Z, has a finite and
finitely generated projective resolution (Q.,@?,e) in sprf, (cf. [13, §4.2]). For
such a group we define the p-Lefschetz number by

(5.25) £,(G):= 3 (~)FRe(@Qi) € T (G).

keNy

Since (Q., oL ,€) is supposed to be concentrated in finitely many degrees, almost
all coefficients Ry (Qy) are 0. The additivity of R implies that the p-Lefschetz

number ﬁp(é’) is independent of the choice of projective resolution (Q., o2, €).
A p-projective virtual pro-p group is of type p-F P, if and only if it is finitely
generated (cf. [12, §1.4.2]). Let

(5.26) Ly(G) =Y t)(Zp)] € Tp(G) = Y Zp 1),
YER YER
where R,y C Gisa system of representatives of the G—conjugacy classes of elements

of p’-order. Then the coefficient #[1)(Z,) coincides the p-Euler characteristic of G
(cf. [12, §1.4.1]).
As before let O, = (Z \ p.Z)7'Z < Q denote the localization of Z at the prime

ideal p.Z. Then O, = QN Z, < Q,. We call the virtual pro-p group G of type
p-F P p-rational, if

(5.27) Ly(G)e D 0,

’YG%I)/

If G is not p-rational, it will be called p-irrational. From (5.10) and Proposition
5.2 one concludes that for all virtual pro-p groups G of type p-F' P one has
(5.28) L,(G) e D intg,(Z).[].

YER,

Moreover, t(1)(Zy) € O, (cf. §5.2). Hence p-rationality/irrationality can be detected
only on non-trivial conjugacy classes of elements of p’-order. For our purpose the
following property will be useful.
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Proposition 5.3. Let G be a finitely generated p-projective virtual pro-p group,
which acts on a locally-finite pro-p tree I such that
(i) G acts without inversion of edges,
(ii) every vertex stabilizer Gy, ve QT(f‘), is a finite p’-group,
(ili) G has finitely many orbits on B(T).
Then G is a p-rational virtual pro-p group.

Proof. The hypothesis imply that G has also finitely many orbits on @(A), and
that every edge stabilizer Go, e € @( ), is also a finite p’-group. Let et C (‘E(f‘)
be a G-invariant orientation of the pro-p tree [. Let V C Q]( ) be a system
of representatives of the G-orbits on U(I'), and let Bt c &*(I') be a system of
representatives of the G-orbits on &*(I'). The chain complex C(I") is a projective
resolution of Z, in sprf,, and this yields

ﬁp(é)ZRc(V(f)) R (E(f))

(5.29) _ Z Z Z

zeV P

(cf. (5.13), Prop.5.2). Hence G is p-rational. O

Z

€Ge

An immediate consequence of Proposition 5.3 is the following.

Corollary 5.4. Let G be a finitely generated p-projectve p-irrational virtual pro-p
group. Assume that G is acting on the locally-finite pro-p tree G such that

(i) G is acting without inversion of edges,

(ii) every vertex stabiler G, v € U(T) is a finite p’'-group.
Then G has infinitely many orbits on B(T).
5.6. The p-Lefschetz number of universal p-Frattini covers of finite groups.
Let 7: Frp(G) — G be the universal p-Frattini cover of the finite group G. Thus
(5.30) ker(m)*? ~ Oy(G, Z,),
where Q3(G,Z,) denotes the second Heller translate of the trivial left Z[G]-module
Z,. Hence using the notation of §5.2 one obtains the following:
Proposition 5.5. Let m: Fr,(G) — G be the universal p-Frattini cover of the finite

group G. Then

|761¥| Z (1- XQQ(G,ZP)(Q_l))[gL

gGGp/

(5.31) Ly(Fry(G)) =

where Xq,(a,z,) denotes the character on Q2(G,Z), Gy denotes the set of elements
of p'-order in G, and § € Fr,(G) denotes the unique element of order ord(g)
satisfying 7(g) = g, g € Gy

Proof. Let Py 9 PS5 Z, be a minimal projective resolution of the trivial left
Fry(G)-module in g, ()prf,. Applying the deflation functor def™(_) one obtains
a partial minimal projective resolution Py — Py — Z, (cf. [16, Prop.1], [15,
§3.4]). In particular,

(5.32) 0— 0(G,Zy) — PL =5 Py — 7, — 0
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is exact. By Proposition 5.2, one has

(5.33) £,(Fry(G)) = Ra(xPo) — Ra(P).

Hence, (5.7), the additvity of x__ and (5.32) yield the claim. O
Proposition 5.5 shows, that in case that one knows the Brauer character of

Q2(G,F,), one can also compute the p-Lefschetz number of Fr,(G). In the subse-
quent proposition we illustrate this for the finite group G = SLy(p).

Proposition 5.6. Let p > 5, let G: = SLy(p) and let w: Fry,(G) — G denote its
universal p-Frattini cover. Let

(5.34) T:={t,: =diag(n,n ) [n€F} <G

be a mazimally split torus, and let T7: F; — Z; denote the Teichmiiller-section®.
Let Ry be a system of representatives of the Fr,(G)-conjugacy classes of elements
of p’'-order, and let

(5.35) Ly(Fry(G) = > ti.ly

’YGER ’
Then - using the notation of Proposition 5.5 - one has

B L 24(9))
[ta] 1 ift, € Z(G).

p—l

(5.36)

In particular, if p > 11 and p # 13, then Fr,(G) is p-irrational.
Proof. For short we put Q: = Qs(G,Z,). One has a short exact sequence
(537) 0— Mp_g — Q0 ®Zp Fp — MQ —0

of left F,[G]-modules, where My, k = 0,...,p — 1, denotes the irreducible F,[G]-
module of heighest weight &k (cf. [14]). Hence

(5.38) xa(ty) =1+7(n)? 2+ZT )p=3-2,

Let £:=7(n)? # 1 and k: = p — 3. Then one verifies easily that

i ¢
(5.39) ()P fk/225 F gk/2£17 =
If 7(n)? = 1, one has xa(t,;) = p+1. Hence (5.31) yields (5.36). Let ¢ be a primitive
root of unity of order (p—1)/2. Then |[Q((+¢~1): Q| = %go(pT_l), where ¢ denotes
the Euler function. Moreover, ¢(n) = 2 implies n € {3,4,6}. Thus, if p > 11 and
p # 13, Frp(G) is p-irrational. O

s
w
|
e

Il
o

i

S5This is the unique map such that 7(n) is a unit of p’-order satisfying (1) + p.Zp = 7.
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