ELLIPTIC EQUATIONS WITH MULTI-SINGULAR INVERSE-SQUARE
POTENTIALS AND CRITICAL NONLINEARITY

VERONICA FELLI AND SUSANNA TERRACINI

ABSTRACT. This paper deals with a class of nonlinear elliptic equations involving a critical
power-nonlinearity as well as a potential featuring multiple inverse square singularities. We show
that existence of solutions heavily depends on the strength and the location of the singularities.
We associate to the problem the corresponding Rayleigh quotient and give both sufficient and
necessary conditions on masses and location of singularities for the minimum to be achieved.
Both the cases of whole RN and bounded domains are taken into account.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

This paper deals with a class of nonlinear elliptic equations involving a critical power-nonlinearity
as well as a potential featuring multiple inverse square singularities:

k
Yy .
—Av — 27121) =02 1
= |z —ail

v>0 in RN\ {ay,...,ax},

(1)

where N > 3, k € N, (A1, Aa,..., M) € R*, (ay,0az,...,a;x) € R*N, and 2* = % Among all

possible solutions of the problem, we are interested in those having the smallest energy, termed
ground states. These solutions minimize the Rayleigh quotient associated with problem (1):

/ Vu|2dz iA/ v
U — i ———=dx
RN BN [T —aif?

(2) S(A1, Mg,y M) = inf =1

ueDL2 (RN )\ {0} o\
/ |u|* dx
RN

where DV2(RY) denotes the closure space of C$°(RY) with respect to the norm

1/2
||u||D1,2(RN) = </ |VU|2dl‘) .
RN

While the exponent 2* appears in the inclusion of the Sobolev space DV2(RY) into L? (RY),
inverse-square potentials are related to the Hardy inequality (see for instance [18, 15]), which
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ensures the inclusion of DY2(RY) into the weighted space L?(RY,|z|~2 dx) and
2
(3) / &daﬁ < CN/ |Vu|? dz,
RN

where C'y = (%)2 is optimal and not attained.
Problem (1) with only one singularity has been first studied in [27] where it is completely solved.
More precisely it is shown that if A € [0, (N — 2)?/4) then problem

A .
—Au=—su+u? " zeRN,
(4) ||

u >0 in RV \ {0}, and u € DV2(RV),
has exactly a one-dimensional C? manifold of positive solutions given by

(5) Zy = {wﬁ(x):uN22w(>‘)(i), ,u>0}7

where we denote

N-—2

_9)2) ® 1/2
(6) w()\) (I) _ (N(N 2) )\) - and vy = <1 _ (]V4_)‘2)2) )

N
(lz' =2 (4 [[22)) =
As a matter of facts, all solutions of (4) minimize the associated Rayleigh quotient and the minimum

can be computed as:
N-—-1

. Qx(u) Qx(w)) 4\ "
(7) SO‘) = Dl,grgzv * 2/2* = *# 2/2x =\~ m 57
weD 2 B0} ([ ful? dr) (fan [w)]?"dz)

where we denoted the quadratic form Qx(u) = [pn [Vul?dz — X [ox %dm, see [27], and S is the
best constant in the Sobolev inequality

SH“”iz*(RN) < ||UHZD1‘2(RN)'
It turns out that the solvability of (1) is strongly related to the positivity of the quadratic form
associated with the singular potential.
Proposition 1.1. A necessary condition for the solvability of problem (1) is that the quadratic
form
o) - Q O LT ey e
u) = u) = ul|“dx — ; ———dx
ALy Ak, 15,0k . P t RN |.’17—Cli|2
18 positive semidefinite, i.e
Q(u) >0 for all u € DM*(RY).

To prove existence we shall actually require that Q is positive definite, i.e. there exists a positive
constant € = e(Ay,..., Ak, a1,...,a) such that

(8) O(u) ZE(Al,...,/\k,al,...,ak)/ |Vul|? da.
RN

In such a case, from Sobolev’s inequality
S, A2, ) > (A, A, a1, .0 ,a) S > 0.
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In general the positivity of @ depends on the strength and the location of the singularities.

Proposition 1.2. A sufficient condition for Q to be positive definite for any choice of a1, as, ..., ax
is that

‘ (N —2)?
oA
i=1 k

x>0

Conversely, if

then there exist points ay,as,...,ar such that Q is not positive definite.

The minimization of the Rayleigh quotients is a non trivial issue, as the embedding D'?(RY) —
L? (RY) is not compact. In the case of only one singularity, such a difficulty was overcome in [27]
by exploiting the invariances of the problem. This argument is no longer available in the multi—
singular case; indeed, while problem (4) is invariant by the rescaling =V =2)/#y(-/u) and by the
Kelvin transform, problem (1) is not, though it is locally almost-invariant by scaling close to each
singularity. This can cause the nonexistence of a minimizer in some circumstances:

Theorem 1.3. Let k > 2. Then the infimum in (2) is not achieved in each of the following cases:

(v —2)°
4 )

(N —2)?
.

(i) <0 foralli=1,....k—=1 and 0< X\ <

k
(i) \>0 foralli=1,....k and Y A<

i=1

To go further in the analysis, we have deepened the study of the behavior of minimizing se-
quences, with the aid of P. L. Lions Concentration-Compactness [22, 23]. There are three possible
reasons for this lack of compactness: there might be concentration of mass at some non-singular
point, at one of the singularities or at infinity. Hence, a minimizing sequence can diverge only

when S(A1, ..., Ax) takes one of the values S (concentration at a non-singular point), S(A;) (con-

centration at the singular point a;) or S ( Zle )\i) (concentration at infinity). Next result provides

sufficient conditions for the infimum S(Aq,. .., A;) to stay below all the energy thresholds at which
the compactness can be lost.
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Theorem 1.4. Assume that (A1, \a,..., \x) € R* and (a1, as,...,a;r) € R*N satisfy (8) and the
following conditions

_9\2
(9) /\IS/\QS"'S/\k<%,

i . N(N —4
>~ >0, if 0<)\k§¥,
itk |ar — ail

(10)

Y . N(N —4) (N —2)2
>0, if ——2 <A\ < —r— >,
#Zk la; — ak|\/(N72)274>\k / 4 k 4

(11) > x<o.

itk
Then the infimum in (2) is achieved. Therefore equation (1) admits a solution in D¥2(RYN).

Hence the existence of a minimizer over the whole RY heavily depends on the strength and the
location of the singularities. The result above applies, for example, when the point carrying the
largest positive mass is surrounded by other positive singularities, while negative singularities do
appear, but far away. We note that the assumptions of Theorem 1.4 exclude the case of exactly
two poles; on the other hand in such a case Theorem 1.3 implies that the infimum in (2) is not
achieved.

Surprisingly enough, and in contrast with the case of only one singularity, the phenomenon of
loss of compactness becomes less dramatic when working on bounded domains: indeed the infimum
can be achieved also in case of all positive masses, as the following existence result shows.

Theorem 1.5. Assume that ) is a bounded smooth domain, {a1,as,...,ar} C Q,

N(N — 4) A
_ d —s >0,
4 ) an Z#Zk: ‘ak; _ ai|2

A< A < S <
and the quadratic form

k 2
(12) Qa(u) :::/ |Vu|?de — E )\i/ ;(Z)de is positive definite.
@ =1 vt T

Then the infimum in
- ?(a)
Vul*dz — )\i/ T
v 2N e

_ inf _
weH (@ 0} .\
(/ |u|? dx)
Q

)
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is achieved. Therefore equation

(14) i=1
v>0 inQ\{a,...,ax}, ©v=0 on 09,
admits a solution in H}(Q).

The presence of the bound Ay < N(N — 4)/4 does not come unexpected, as it is related to
some peculiar phenomena occurring in concentration and cutting-off of our test functions at the
singularities as observed also in [19, 16, 14]. This restriction can be removed letting § containing
a sufficiently large ball. Let B(0, R) denote the ball {z € RY : |z| < R}.

Theorem 1.6. Assume that A\; < -+ < A, (12) and (10) hold. Then there exists R > 0 such
that if Q@ D B(0, R), the infimum in (13) is achieved. Therefore equation (14) admits a solution in
Hy ().

Singular potentials appear in several fields of applications and have been the object of a wide
recent mathematical research. Besides the already mentioned papers [14, 15, 19, 27], we quote,
among others, [1, 9, 10, 12, 25, 26]. Equation (1) can deserve as a model for many problems coming
from Quantum Mechanics, Chemistry, Cosmology, Astrophysics and Differential Geometry.

Equation (1) is characterized by the presence of inverse-square multi-singular potentials, whose
physical relevance is briefly described below. Potentials of the type 1/|z|? arise in many fields,
such as quantum mechanics, nuclear physics, molecular physics, and quantum cosmology. The
relevance of singular potentials in nonrelativistic quantum mechanics is highlighted in [17], where
a classification of spherically symmetric potentials V(|z|) is given by considering the limit

(15) lim 2V (r).

The potential V (r) is said to be regular at 0 if the limit in (15) is 0 and singular if such a limit
is 00. When the limit in (15) is finite and different from 0 (as in the case of inverse square
potentials) the potential is said to be a transition potential. Moreover we say that the potential V'
is attractively (respectively repulsively) singular when the limit in (15) is —oco (respectively 400).

A simple argument by Landau and Lifshitz (see [17] and[20]) explains why 1/r? can be regarded
as the transition threshold in the classification of singular potentials in a nonrelativistic context.
Let us consider a particle near the origin in the presence of a potential 1/7™. From the Uncertainty
Principle, its kinetic energy scales like 72, so that the energy is approximatively given by r—2 +
Ar~™. For A < 0 and m > 2 (attractively singular potential), the energy is not lower-bounded and
the particle “falls” to the center. On the other hand, if m < 2 the discrete spectrum has a lower
bound.

The potential 1/r? also arises in point-dipole interactions in molecular physics (see [21]), where
the interactions between the charge of the electron and the dipole moment of the molecule gives rise
to long-distance forces and to the presence of an inverse-square potential in the Schrédinger equa-
tion for the wave function of the electron. We also mention that inverse-square singular potentials
appear in the linearization of standard combustion models leading to blow-up phenomenon (see
[3, 15, 28]) and in quantum cosmological models such as the Wheeler-de-Witt equation (see [4]).

In Quantum Chemistry, multi-singular potentials arise for example when considering molecular
systems consisting of k nuclei of unit charge located at a finite number of points ai,...,a; and
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of k electrons. This type of systems are described by the Hartree-Fock model, where Coulomb
multi-singular potentials arise in correspondence to the interactions between the electrons and the
fixed nuclei, see [8, 24].

We also mention that Schodinger operators with multipolar inverse square singular potentials
are studied in [11], where estimates on resolvant truncated at high frequencies are proved.

The presence of the nonlinear term in equation (1) is motivated by the fact that in some physical
problems interaction phenomena (e.g. the presence of many particles interacting in quantum
physics or the possible joining or splitting of different universes in quantum cosmology) lead to
nonlinear terms, which are power-type in a first approximation. As far as the meaning of the
critical exponent is concerned, see [5].

Let us finally remark that (1) has also a geometric motivation as it is related to the Yamabe
problem on the sphere SV. Indeed, if we identify RY with SV through the stereographic projection
and endow SV with a metric whose scalar curvature is singular at the north pole and at a finite
number of points, then the problem of finding a conformal metric with prescribed scalar curvature
1 leads to solve equation (1), where the unknown v has the meaning of a conformal factor (see [2]).

The paper is organized as follows. In section 2 we prove that the Palais-Smale condition is
satisfied below some critical threshold involving S, S(\;), and S (Zle Ai). Section 3 contains
some interaction estimates and the proof of Theorem 1.4. Sections 4, respectively 5, are devoted
to the proof of Proposition 1.1, respectively Theorem 1.3. Section 6 deals with multi-singular
problems in bounded domains. Finally in the Appendix we prove some technical estimates stated
in Section 3.

2. THE PALAIS-SMALE CONDITION

Let us introduce the functional

k
1 by u?(x) S(A1, A2, 005 Ak) .
1 — _ 2 _ T _ 1) 9 ) 2 )
(16) J(u) 5 /RN |Vu|*dx ;:1 ) /RN P dx o /RN |ul* dz

If u is a critical point of J in DV2(RN), u > 0, then v = S(Ay, Az, ..., A\) @ =2y is a solution
to equation (1). The following theorem provides a local Palais-Smale condition for J below some
critical threshold.

Theorem 2.1. Assume (8). Let {u,}nen € DV2(RY) be a Palais-Smale sequence for J, namely

lim J(u,) =c<ooinR and lim J'(u,) =0 in the dual space (D>*(R™))*.

n—oo n—o0

If

N/2
* 1 _N . k
(A7) e<e =TS0 )] 2mln{&S(Al),...,S(Ak),s(z, 1Aj)} :

Jj=

then {un tnen has a converging subsequence.
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PrROOF. Let {u,} be a Palais-Smale sequence for .J, then from (8) there exists some positive
constant ¢; such that

erfunlBan) < / Vul2de — Z)\ /N |:Euia)2 dz = NJ(u,) — ¥<J (), 10
= Ne+ ol unllpragamy) +o(1)
hence {u,} is a bounded sequence in D2(R¥). Then, up to a subsequence, we have
up — ug in DV2(RY),  w, — ug almost everywhere, and  u,, — ug in Ly, for any « € [1,2%).

Therefore, from the Concentration Compactness Principle by P. L. Lions, (see [22] and [23]), we
deduce the existence of a subsequence, still denoted by {u,}, for which there exist an at most
countable set 7, x; € RV \ {a1,...,ax}, real numbers py,,v,,, j € 7, and pia,, Va,,vi i = 1,...,k
such that the following convergences hold in the sense of measures

k
(18) ‘Vun|2 —dp > |VUO|2 + Zﬂaidai + Z P Oz ;5
i=1 jeg
(19) un|* — dv = |up|* +Zua75 + > Va,0r),
JjeT
u? u?
(20) )\iméd%i :Aim + Yi0q;, forany i=1,... k.

From Sobolev’s inequality it follows that
2 2
(21) Svi; g, forallj € J and Svi, < g, foralli=1,... k.

To study the concentration at infinity of the sequence we also introduce the following quantities

R—oo nooo O n—oo

Voo = hm hmsup/ lun|? dz, pioo = lim limsup/ |V, |?de
|z|>R R— |z|>R

and
k 2
Voo = hm hmsup/ ( )\) —dx.
oAt | (N5
Claim 1. We claim that
S N/2
22 s finite and for j € 7 either v, =0 or v, > ( )
(22) J s finite and for j € J either v,, O Vg, > SO )

For € > 0, let ¢; be a smooth cut-off function centered at z;, 0 < ¢j(x) < 1 such that
4
i) =1 if |z —z;| < %, ¢j(x) =0 if |z —xj|>¢e, and |Vg;| < -

Testing J'(u,) with u,¢; we obtain
0= lim (J' (uy), unj)

)\ 2
= lim [/ |wn|2¢j+/ Un Vi - Vi — / Z U ¢J2 — (Al,Ag,...,Ak)/ b;lun
n—oo | JrN RN RN 7§ |z — ai RN
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From (18-20), and since a; ¢ supp(¢;) for all i = 1,...,k provided ¢ is sufficiently small, we find

that
fim [ [Vual?g; = / by, [l 6= [ o
n—oo RN RN n—oo RN RN
and
k
. )\ Niudo; / /\iU%(bj .
n=o0 Jp_(a;) S 1|f”*a|2 B.(a;) (= 1|f”*‘“‘2

Taking limits as € — 0 we obtain

lim lim ‘/ UV, Vi —
RN

e—0n—oo

Hence
0= lim lim (J' (un), un®) > pa; — S(A1, A2y ooy M)V, -
2
By (21) we have that Svz; <y, then we obtain that either v,, = 0 or v, > (m)N/z,

which implies that J is finite. Claim 1 is proved.
Claim 2. We claim that

S(N:) N/2
23 foreach i=1,2,...,k either 1v,, =0 or v, > ( ) .
(23) S(A1, A2,y Ak)
In order to prove claim 2, for each i = 1,2, ..., k we consider a smooth cut-off function 1; satisfying
0<j(z) <1
4
i) =1 if |z —ai| < % Vila) =0 iflr—al>e, and [Vl <.

From (7) we obtain that
2,2
Jan [V (i) P = N fon iz da

(S sl )

/ B |V 2dz + / 2|V da 2 / UiV, - Vipida
RN RN RN

2u2 N\ 22
zA/ e+ SO0 / i)
Ry |2 —ail? RN

hm lim sup {/ ui|VLZJi|2d:c+2/ uninun-Vz/de] =0
RN RN

n—oo

(24) > S(Xi)

hence

It is easy to verify that

Then from (18-20) we obtain
(25) fia, = i + SN2/
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Testing J'(u,) with u,1); we infer
0= lim <J/(un)7un¢z>

A2 .
:nm[/ VanPuit [ Vo= [ 2: Atnbe g SO Aaeee ) [ mmuﬂ-
n—oo | JRN RN |z — aj] RN

Hence from (18), (19) and the following fact
&ﬁwd? if i # j

lim lim su —————dx =

e—0 nﬂoop AN |.’L‘ — aj|2 Yi if ¢ =3
(which easily follows from (20)), we deduce that

(26) /’[’ai — i SS(}\],)\Q,...,)\]C)V(“.

N
2

From (25) and (26) we conclude that either v,, = 0 or v,, > (SM)

Cioeoapy) - Claim 2 is thereby

proved.

Claim 3. We claim that

S(Z§:1 )‘i) )N/Q.
Ay A2,y Ag)

In order to prove claim 3, we study the possibility of concentration at co. Let ¢ be a regular cut-off
function such that

(27) either v =0 or vy > (S(

1, if |z| > 2R 2
0<pi@) <1, wwz{o o 2R ad Vel

From (7) we obtain that

29 fon VP = (e ) o B0 o )

N\2/?
(o lounl”)
Therefore we have

(29) / w2|Vun|2dx+/ ui|vw|2dx+2/ UV, - Vipdr
RN RN RN

> (X x) /R i waL dz+S(2 n) ( /R . Wjun|2*)2/2

We claim that
lim limsup {/ u? |V |2da + 2/ U YV, - Vb dx} =0
R—o0 n—oo RN RN

Indeed using Hélder inequality we obtain

1/2 1/2
/ [t || Vuy| |V |de < (/ |un|2vw|2dx> </ |Vun|2d:17> .
RN R<|z|<2R R<|z|<2R
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Hence

1/2
limsup/ |t || V|| V| de < const (/ u02|Vw|2dx>
RN R<|z|<2R

n—oo

1/2* 1/N
< const (/ \UO\Q dﬂ?) (/ |v¢|Nd$>
R<|z|<2R R<|z|<2R

1/2*
< const (/ 2 dx) .
R<|z|<2R

hm hmsup/ [un|¥|Vu,|| VY| dz < const lim (/
N R—o0 R

R—oo n—oo

Therefore we conclude that

<|z|<2R

Using the same argument we can prove that

hm hmsup/ u? | V|2 =0
RN

R—oc0 nooco

Then from (29) we infer

(30) Moo — Yoo 2 S(Zf:l Al) Vc2x{2*'
Testing J'(u,) with u,1) we obtain
0= lm (J'(un), unt)

k

n—oo

1/2*
|u0|2*dx> =0.

= lim [/ V| ¢+/ U Vg, - Vi — /RNZPU Y SO A k) Rqun'g*].

x — aj|?

Since
2 2
us us Y _

w2 [lof ~ o= ;| _ w2
EEICRNTT:

L 1 <

for some constant ¢ independent of R, and by Hoélder’s inequality

9 2/2* C\2/N
[oetas ([ ) ([ ) —ow,
Ry |7 |z|>R |z|>R

k

Ajudep NuZp
(31) lim hmsup/RNZ Iz — a2 = lim hmsup/RNZ_: z2

R—+0c0 nooo R—+400 pnooco

we deduce that

Hence from (18), (19) and (31) we deduce that
(32) I’LOO_’YOOSS()\].)Az?"'?Ak)VOO'

; _ S(2i1 M)
From (30) and (32) we conclude that either vo, = 0 or vo, > (S()\1 S=1 A;«))
Claim 3.

N
2

, thus proving
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As a conclusion we obtain
1

(33) c=J(u,) — §<J'(un),un> +o(1)
1
:—S()\l,)\g,...,)\k)/ |, |**dx + o(1)
N RN
k
SO Az s A )
_ S k){/ Juol? dx+2”ai+ym+2”%}'
N RN = v}

From (17), (33), (22), (23), and (27), we deduce that v,, = 0 for any j € J, v,, = 0 for any
i=1,...,k, and vs = 0. Then up to a subsequence u,, — ug in DM(RY). m

3. INTERACTION ESTIMATES AND PROOF OF THEOREM 1.4

In order to prove Theorem 1.4 some interaction estimates are needed. To begin with, we state
a continuity lemma related to Hardy’s inequality, which can be proved in a standard way using
continuity properties of convolution and density arguments.

Proposition 3.1. For any ¢ € DV2(RY), there holds

2 2
(34) lim / ¢ (:E)2 dr = ¢ (g) dzx.
g1=0 Jn |z + £ =y 2]

As minimizers of problem (7), we consider

w)‘ €T _ 1—v 1+v 7¥
(35) 2Nz) = u(7) — :%NM—NJO“?‘ g ‘E’ *)

(Jon [w)]? da) H K
N—-2

where ay v = (N(N —2)v) * ||w(>‘)||£21* is a positive constant depending only on A and N. A
direct consequence of Proposition 3.1 is the following corollary.

Corollary 3.2. For any ¢ € RN and )\ € (oo, (N — 2)%/4) there holds

|23 ()2 |22 ()2
dr = B d 1 .
(36) Awu+32x 4N o O as oo

PrOOF. By the change of variable = py we have

\ZQ(I)Fd I B A G0 ENOl
o +e e T D
RN RN RN ’y_|_ ”‘

— 0 as p — 400, the corollary follows from Proposition 3.1. B

; £
Since #

As a consequence of the above corollary, we can bound S(\q, ..., ;) from above by S(Zle Ai)-

Corollary 3.3. Assume that (a1, as,...,a;r) € RFN and (A1, Mg, ..., \p) € RF satisfy Zle A €
(0,(N —2)2/4). Then

SOy M) < ST N
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PROOF. Let us set A = Zle Ai. From Corollary 3.2 it follows that

5\‘2
“w

k
- |Z
S, M) < VAQde/‘)\Z-/ el g
(13 ) k)_\/RN| Z,u| xz po RN |x—ai|2 X

- k |Z;~>|2 B |
:/RN V2 di — (Z_;)\)/R de + o(1) =SS A) + o(1)

N faf?

as u — oo. Letting u — oo, we obtain the desired estimate. B

The following lemma describes the behavior of [ |z + £|72|z3|> as u — 0. The proof is quite

technical and is contained in the appendix.

>\|2
I

Lemma 3.4. For any £ € RY there holds

2 . —
\gﬁ f]RN |22 2 dx + o (/12) if A< W,

B 2 | "
/RN |x—l|f§|2 dr =< o3 5y |‘€|2H‘ + o(p2|In p|) if A = ¥,

O&,N Ban M\/(N—2)2—4>\‘§|—\/(N—2)2—4)\ + O(M./(N—2)2—4,\) ifA> N(]\i—4),

as @ — 0, where

dx
- . e1=(1,0,...,0) e RV,
- /RN 22|z — ey N"HHVN=D7—43 1= )

From Lemma 3.4, we deduce the following corollary which provides sufficient conditions for S(Aq, ..., A)
to stay below S(A;).

Corollary 3.5. Let j € {1,2,...,k}. If A\; > 0 and one of the following assumptions is satisfied

N(N —4) A
A< T g N —
(37) 0<X < —— an Z PR—E >0,
i#]
N(N — 4) (N —2)2 by
(38) T o < and >0,
4 / 4 oy — ag VRN

then

S(/\l,...,/\k) < S()\J)
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PROOF. Under assumption (37), from Lemma 3.4 we obtain

2
S(Al,...,ms/ Y (m—a])|2dgc—)\J/ @ —ap)lP ZA/ o’ (@ —ay)P”

v o —a]? 2 Jon e af?

Aj 2
— | V()24 —A./ 2 (@) A/ I GOl
/]RN‘ 2y (CL‘)| €T J BN |a:|2 Z RN |x+ajfa,-|2 X
- Yon [ el
RN |T + a; —az|2

i7#]
A _ _ -
12 fon 1277 (Z#j ‘a]iiz‘lp —1—0(1)) it A < W
=S5(\;) —
y;,NH | I g Zz;ﬁj |aj_a7|2 +o(1)) if Aj = 5,

as u — 0. Taking p sufficiently small we obtain that S(A1,...,Ax) < S(}A;). Under assump-
tion (38), from Lemma 3.4 we obtain

by
SOs-- ) < SO) — a2 B m( = +01>'
(M k) < S(A) A],Nﬁ%N“ ; |a¢*aj|\/m (1)

Again, taking p sufficiently small we obtain that S(Ai,..., ) < S(A;). =

Proof of Theorem 1.4. By (8) the quadratic form Q is positive definite and provides an
equivalent norm on DV2(RY). Let {u,}, C DV?(RY) be a minimizing sequence for (2). From the
homogeneity of the quotient there is no restriction requiring ||u, | 2+ g~y = 1, while from Ekeland’s
variational principle we can assume that the sequence has the Palais-Smale property, i.e for any
v € DH2(RYN)

k
un (z)v(2) / 2" -2
Vn~V—E i ———dr — S(A1, A, .., A " pvdr = , .
/RN u v 2 /RN 7 — i T (A1, g k) o [t | Unpv dT O(HU”’DIZ(RN))

Hence J'(u,) — 0 in (DV2(RY))* and

11 1
J(un) — (5 - 2—*)5()\1,)\2,...,)\;6) = S0 A2, ).

From assumption (10) and Corollary 3.5, we infer that

(39) S, k) < SOw).

Since the function A — S(A) is decreasing, from assumption (9) we deduce that
(40) S(Ag) <S(\;) forall i=1,....k—1 and S(\) <S(0) =S5,

and from assumption (11) we deduce that Zf;l Ai < A hence (again by monotonicity of A — S(X))
we obtain

(41) SOw) < s(f})
=1
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Gathering (39), (40), and (41), we finally have

SOy A < min{S,S(Al),...,S(Ak),S(Z'f /\)}

j=1""

and hence

1 1 N k N/2
TSz, M) < S0 A M) F min {S,S()\l),...,S(Ak),S(ijl Aj)} .

Therefore Theorem 2.1 applies and we can conclude that {u,}nen has a subsequence strongly

converging to some ug € DV2(RY), which satisfies J(uo) = % S(A1, Az, ..., A). Hence ug achieves
the infimum in (2). Since J(ug) = J(Juo|), we have that also |ug| is a minimizer in (2) and
then vg = S(A1, A2, ..., Ae) @ =2 |ug| is a nonnegative solution to equation (1). The maximum

principle in RV \ {ay,...,ax} implies that vg > 0 in RN \ {ay,...,a;}. B

4. PROOF OF PROPOSITIONS 1.1 AND 1.2

Proof of Proposition 1.1. Let u be a positive solution to problem (1). Let ¢ € C& (RN \
{a1,...,ar}), i.e. let ¢ be a smooth function with a compact support A which is disjoint from
the set of the singularities. By classical regularity results, u is smooth in R™ \ {ai,...,as}; in
particular u is bounded from below by a positive constant on the set A. Hence we can test equation

(1) with the function ¢—2 thus obtaining
2
2 ¢V¢ Vudx—/ ¢ |Vu|2dm—2)\/ Ldm—/ $*u? "2 dz = 0.
RN U N |a: — ai\Q RN
Since
¢ ¢? 2 2
2296 Vu— 5 |Vul® <[Vl

U U

we deduce
2

/ |Vo|* — ZA / mdw > - $*u? "2dx >0 for all g € CX RN\ {a1,...,ar}).

Since O (RN \ {a1,...,ax}) is dense in DL2(RY) (see [7, Lemma 2.1]), we obtain
#?
_ 2 1,2(mN
Q(gb)f/ |Vl ZA /N|x_a|2d:r20 for all ¢ € DV2(RY),

namely Q is positive semidefinite. B
Proof of Proposition 1.2. From Hardy’s inequality, it follows that

(42) Qu) > (1_ e T IR )/ Vul? da.

>0
Hence a sufficient condition for Q to be positive definite is that

> o<

i=1,....k
Ai>0
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Assume now that Y7, _jAi > (N —2)?/4. From optimality of the constant (N —2)?/4 in Hardy’s
inequality, we have that there exists some function ¢ € C'(‘JX’ (RN) such that

|Vo|* — i / dz < 0.
Jlrwer = n )
For any p > 0, consider the function ¢, (z) = u’¥¢(:ﬂ/u). A change of variable yields

/RN\V%\Z ZA/ ¢2|d$—/RNV¢2 ZA/ Lidm for all 4 > 0.

>0 ;>0 m

Letting p# — oo, Proposition 3.1 yields

/RNIV%IQ—ZA/ |$_a|2dm—>/ V|2 — Z)\/ ||2dx<o

Ai>0 Ai>0

therefore there exists some large zi such that the function ¢ = ¢ satisfies

/R\lez > /|x—a|2d$<0

Ai>0

We now notice that since 1 has compact support, i.e. supp+ C B(0, R),

¥? 1 / 2
dx < Y*de — 0 as |a| — oo,
/]RN |z — al? (lal = R)? Jp(o,r)

hence it is possible to locate the poles carrying negative masses far away from supp ) in order to
get

2
/|v¢|2 ZA/ 72@«0,
|z — a;]

thus proving the second part of Proposition 1.2. B

5. PROOF OF THEOREM 1.3

We start by showing that if all masses \; are positive, then the inequality of Corollary 3.3 is
indeed an equality.

Proposition 5.1. Assume that \; > 0 for alli=1,...,k and Zle Ai < (N12)2. Then

SALy - M) = S8, ).
PROOF. For any u € DY2(RY), u > 0 a.e., we consider the Schwarz symmetrization of u defined as
(43) u () =inf{t>0: [{y e RY : u(y) >t} <wnlz|V}

where | - | denotes the Lebesgue measure of R™ and wy is the volume of the standard unit N-ball.
From [29, Theorem 21.8], it follows that

/RN mi‘;zdas < AN(u*(x))2[<|xjai>*}2dx.
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A direct calculation shows that <W)* I:v\’ hence
2 * 2
(44) / Y i < / M dx for any u > 0 a.e, u € DV(RY).
By |z — a;f? Ry |@]?

Moreover

(45) / [P = / P,
RN RN

see for example [29, Corollary 21.7], and, by the Pdlya-Szegd inequality

(46) [owwrs [ v
RN RN

which together with (44) imply that for all u € DM2(RY), u > 0 a.e.

u?(z) |u* (@)|?
/ IVl dx—ZA /RN|x—a|2d >/ |vu|dx—ZA/ P dx

(47) i=1

2/2* = 2/2°
(/ |u|? da:) (/ |u*|? dx)
RN RN
>s(S"
- <Zi:1 i)'
Since the Rayleigh quotient above remains unchanged when replacing v with |u|, we have that

u?( )

f i
ueDL?(Rgl)\{o}, >0 .o\ %2
(/ |u|2 dm)
RN

hence passing to the infimum in (47), we obtain S(A1, Ag, ..., Ax) > S(Zle Ai), which together
with the estimate of Corollary 3.3 gives equality S(A1, A2, ..., ) = S(X:f:1 Ai). |

S(A1,Ag, .y Ap) =

We are now in position to prove Theorem 1.3.

Proof of Theorem 1.3. We first consider case (i). In such a case S(A1, A2, ..., A\x) > S(Ax).
On the other hand by Lemma 3.4, it follows that

o pe 2 ()
SOn e h) < [V @) da =, ZA/ ol

RN |»T—ak\2 Ry |2

=S(\k)+o(l) aspu—0.
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Letting 1 — 0, we obtain S(A1, Az,...,A\x) = S(\g). Assume by contradiction that the infimum
n (2) is attained by some function ug € D%2(RY)\ {0}. Then

ud(x)
Vug|?dx — A \; Oid
L, [l / |x—ak|2 -3 Lo

S(As A2y M) = =1

2/2*
(o)
RN
2
/ |Vu0\2dx—>\k/ (@) g
RN Ry |7 —ax|?
2/2%
([ ol 2)
RN

2(
ZA/ (@) s
N |x — a;)?

R

which implies

giving rise to a contradiction with assumption (i).

In case (ii), we also argue by contradiction. Assume that the infimum in (2) is attained by some
function ug € DV2(RY) \ {0}. We may assume that ug > 0 a.e. in RV, otherwise we take |ug]
which also is a minimizer in (2). Hence we can consider the Schwarz symmetrization uf, see (43).
From (47), we have that

ud(x
/]R |Vug dx—Z/\ /legal)de
2/2%
(L)
RN
- g ()|
*|2 0
) /]RN |Vug|“dx ;Az/ﬂw FE dx

2/2
( / |uz;|2*dx)
]RN

From (48) and Proposition 5.1, we deduce that all inequalities in (48) are indeed equalities. In
particular

(48) S, A2y Ag) =

- S(Zle )\i)'

2

k k
ug(z) |ug (z)[?
Vuo|?de — Y N\ 0 g / Vi |2dx — Ai/ 0 d
[ (vt 2 Loptapt [ wuake 2N T
(49) (3 . — 7

2/2 2/2°
(/ |uo|? dw) (/ lug|? dx)
RN RN

- S<Zf:1 /\i) '
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From (49) and (45) it follows that

/ Vu |2dx—§k:x/ “‘%(m)dx—/ Vu*2dx—zk:)\-/ @I
RN ’ P ey |z —aif? RN 0 i1 “Jen oz

R

hence in view of (44) and (46) we obtain
)2

k
0< 2y — 51200 — A/ )\/ 6@ 4 <o,
< [ ko= [ Vil S, |9HL|2 ey [ O 0 <

i=1

Therefore

(50) / |Vu0\2d:17:/ |Vus | d.
RN RN

On the other hand from (49), it follows that u§ is a minimizer of (7) and solves equation (4) with
A= Zle A;. Hence in view of the classification of solutions to (4) given in [27], uf must be equal
to w;} for some p > 0 where A = Zle A; and wf; is defined in (5). In particular uj(|z|) is strictly
decreasing and hence

(51) [{z e RN : Vui(z) =0} =0.

(50) and (51) allow to use [6, Theorem 1.1] to conclude that there exists some point zq € RY
such that ug = uf(- — o), namely wuq is spherically symmetric with respect to . Since ug is a

minimizer in (2), then vo = S(A1, Ao, ..., A\x)Y 2 =2y is a solution to equation (1). Consequently
Zf 1Tz )‘a E must be spherically symmetrlc with respect to xg, which gives a contradiction. Hence

the infimum in (2) cannot be attained. W

6. THE PROBLEM ON BOUNDED DOMAINS

Let © be a bounded smooth domain in RV, N > 3. In this section we study equation (14) and the
associated minimization problem (13). The corresponding functional is given by

(52) JQ /|vu|2d$72 /Qx_a S ()\17)\27... /"LL|2 dr.

The following theorem contains a local Palais-Smale condition.

Theorem 6.1. Assume that (12) holds. Let {un}nen C HE(Q) be a Palais-Smale sequence for
Ja, namely

lim Jo(up,) =c<oo iR and lim Js(u,) =0 in the dual space (Hy)*.

If
1 N N/2
c< C;Z = NSQ()\l, )\2, ey )\k)l_7 min {S, S()\l), e S(/\k)} ,
then {un tnen has a converging subsequence.

The proof of the above theorem is analogous to the proof of Theorem 2.1. In this case, due
to boundedness of the domain, there is no possibility of loss of mass at infinity, so that the term
S( Z?Zl );) is not involved in the level at which Palais-Smale condition fails.
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Lemma 6.2. Let j € {1,2,....k}. There holds
(53) SQ(/\17"~7/\k) SS(/\J.)_FO(MVA]-(N—Q))
Aj i ' B
MQ fRN ‘Zl' ‘2 (Zi?gj mjﬁiai‘z +0(1)) if )‘j < W

_ aij,zv,tﬂ\ In g (Z#J ‘aj,a E +0(1)> if A = N(J\i—zl)

va, (N—2 , , N(N-4
a3 B )<Zi¢j |ai7a7~\\//\(jv—2ﬁ +0(1)) if Ay > MO
Moreover if and

N(N —
0< X\ < 77 and
T 4 g la; — a1|2
i#£]
then
SQ(/\l, ey /\k) < S(/\])
PRrROOF. Let w be an open set such that w C Q and a; € w and let ¥ be a smooth cut-off function
such that
0<¢(x)<1, »=0 mRY\Q, ¢¥=1 inw.

Then ¢(z )zﬂ (x — aj) € H}(Q). (53) follows from

Sa(A,. .y Ak)
Aj x)z,” (x—ay )z, (x—ay
. Jan IV(@(2) 20" (2 = a;))]? dz — X [gn %dxfzi# i Jrn W‘ix
(fRNw )2 (2 — 0 dx)

and the following estimates
(54) / V(¥ (2)2) (z — aj))* dz = / V2 ()2 dx + O(us N =2)

[Y(2)z" (x — a)]? / |2 (z)|? (V—2)
55 / : dx = L~ dx+0
(55) S e (W)

[(2)z (x — )| / |2 (z)|? va. (N=2)
56 dr = — O(p"
(56) | e [ Tt (@ —ap O )

o /RNw(x)za-f(x—aﬁﬁ*dx)w—1+0< /N

Let us prove (54). We have that
69 [ W@z e-a)Pd= [ 6@?Vee-a)Pd
RN RN
+ / |ZZ‘7 (z — a;)]*|Vep(z)|* dz + 2/ w(aj)zﬁj (x —a;)Vi(x) - szj (x —aj)dz.
RN RN
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In view of (35) we have

o) | [ varvay (x—aj>|2dx—/ V23 (@ — a)P do
RN
2
-N 1— ‘v rTa ‘ d
s /]RN\w( ( o > !
_ / (1= 92(uy + a;))| VY ()2 dy
p (RN \w)—a;)
gconst/ s NF2vy, i ds = const u"*i A (N= 2)
utr
(60) / |23 (& — a) 2|V (2) [ dir < const / 12 ()2 2 [V (g + ) dy
RN p=((Q\w)—ay)
\ 2/2* 2/N
Sconst(/ EXOIE dy> MQ(/ IVz/J(ueraj)lNdy)
p=((N\w)—ay) p= 1 (N\w)—ay)
u 'R 2/2"
< const(/ 5—1—”de8> = const i V=2,
wotr
and
(61) [ @)z = a)Vota) - V(o = o) da

-1

nw R
< const H/ s V=2 gg = const MV*J(N_Q).
m

-1,

Estimate (54) follows from (59-61). The proof of (55-57) is analogous. To show that Sq(A1,...,A\x) <
S(A;), it is enough to observe that if \; < W then vy, (N —2) > 2 and hence O(p" (N= 2)) =
o(p?) as p — 0T, while if \; = N(ﬁ_‘l) then vy, (N —2) = 2 and hence O(u” (N=2)y — o(p2|In ).
Taking ;4 sufficiently small, we obtain Sq(A1,...,Ax) < S(A;). B

Proof of Theorem 1.5. It follows from Theorem 6.1 and Lemma 6.2, arguing as in the proof
of Theorem 1.4. m

Proof of Theorem 1.6. Using a density argument it is easy to prove that

(62) for any £ > 0 there exists R > 0 such that if Q D B(0, R)
then SQ()\l, ceey )\k) < S()\l, ceey )\k) +e.

Theorem 1.6 follows from Theorem 6.1, Corollary 3.5, and (62). B
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7. APPENDIX

Proof of Lemma 3.4. Sety,=1—,/1— A For A < W we have that vy < % and

(N-2)
22 € L%(RY). Note that

oo T+ EP oo Tz + 22 wi<te Tz + €

2(1-x) + |z — 2(1—x) —(N-2)
+a§Nu(1—m<N—2)/ (1 2| ¢l (N*?)) e
’ lo—g|> 18 |z|?|z — &
Since
1 1
| -
‘/w' ' pz+ e IEP
21,12
_ 2 —(N=2) (1.]1=7x =1y —(N=2) —H |z]* —2p -z
= |x| |:E| + |:E|
b /| ( ) Pl + €
ai,N /”'2 / (|x|l—’y>\ + |x|’w—1)—(N—2)|x|2 20[%11\’“ / (|x|1—'y>\ + |x‘»y>\_1)—(N—2)|x|
€% o<l oV 2luz + € R s TR
40‘§,N p? 5 73 80@\’]\,# kl r2
- 4 =g dr + 3 ~—3 dr
€] 0 (7"1*'“ + T“Y%*l) €l 0 (rlfw + 7,%71)
and
l¢l 0o(1) if yy < N=6
” r : N—6
N—-2 d'l" = O(| log:U’D lf = N—2
0 (7,1,% +rvrl)
(= WIV-2-4) if 5, > N=t
A o(1) if 7 < ¥73
L : dr = 3 O] log ) £ 9n = N=3
T = O 1 =
o (rt=m +r'm—1)N_2 &1 TN = N2
O =512 it 5, > N=2

we deduce that

A 2 1 1 _
/ P e ) =

as p — 0 and hence, since 23 € L2(RY),

A o dm _ b A 2 _L A 2
(64 /lmkillzl(xn e = T /z|<5'zl(x) dato(t) = iz [ @) dao().
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On the other hand we have

(u2(1*7k) + |z — €|2(17%\))7(N72)
65 d
o /lx—sz'é |z[?| — g (V=2 !
< / 2IN=2)2=7) (g / AN=2)2=-7) gy
= Jlz—¢>[€]/2 WW le—&|>€]/2 WW
|| <2[€] lz|>2[¢]
o(N=2)(2—vx)  p2lé N_s o dr
_— - (N=2)(2—x) e
: |§|(N=2)E=m) /0 e /25 iy = O

From (63), (64), and (65) we deduce that

/ |Z’/>|2dmzu2/ |23 () |* dx 4 o(u?)
Ry |7+ ¢ €2 Jor

For \ — W we have that v\ = L:;l and

N
EAR |22 Bk
66 / 7 dx:uz/ 17d:v:u2/ L dx
(66) oo T+ &P o Tz + € i<l T+ €2
(ﬂ4/(N72) tlz— £|4/(N—2))*(N*2)
+a§,N,u2/ 5 NI dz.
lz—g|> 18l |z[?|z — ]
Since
1 1
A2
2 (x —— — — | dz
M NP | e )
40& NHQ % r3 80& NH % r2
S 1 / 2 2 N2 dr + 3 2 — 2 N—2 dr =0(1),
|£‘ 0 (TN*2 +7r N*2) |§| 0 (TN*2 +7r N*2)
we deduce that
(67) [ AP [ @R+ o),
o] < &L e+ &2 8P Jyg< Lo

On the other hand

Since )
3 1| (N-2) N
L. -
Qv v 3 ® T

we can conclude that

(68) [ @ e =03y mpl 400,
x| <

2p
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From (67) and (68) we then deduce that

dx o3
A2 _ AN
(69) [ RO g = g i+ 0,

As above (see (65))

~(N-2)

2(1=7x) _ £|2(=x)
(70) / (i e ¢l ) dz = O(1).
|z—&|>

g [2Ple — g2

Gathering (66), (69), and (70) we deduce that

257 12| In pi|
dz = o3 + o(p?|In pl).
/]RN |1‘—|—§|2 N ‘§|2 (/I‘ | ,u|)

For \ > W we have that vy > %7—421 and

(71)
- —a)y—(V=2)
/ |Z//> ’ dr — a2 M(l—w)(N_z)/ (M2(1 ™ 4 |z — )20 %)) -
wv o +€[2 Y " o2z — EP> D)
dx
— o2 (1=va)(N-2)
TN /RN 22z — £ (-2
- )y —(V=2)
4 a? e mW-2) (120 + o — g2 ) - 1 N
el RN |z[?|z — £V =2) 22|z — |2 | T

From the elementary inequality
(a4 b)* —a®] < C(a® "'+ b°)

which holds for some C' = C(s) > 0 where s > 1, and for any a,b > 0, it follows that

- (M2(1—~M) + |z — €|2(1—7k))—(N—2) 1
" T e B P Pl
_ _ _ —(N-2
ot p2=10) (p20-71) 4 |3 — g2a-m)) "N
- 22|z — A (V=)

+

p2=1)(N=2) (,20-7) 4 |gr — 5|2<1w>)*<N*2>
|1’|2‘(p — §|(2*’7A)(N*2) '
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Since
p20=1) (p20-71) 4 | — g20=m)) "V
/]RN |22z — &AM N =1
dx dx
2(1-7x) il 2(1=7x) -
S const ,Uz /17§|>% |$|2 +IU’ /x7§|>\i2\ |Q]‘|N(2_7>\)
|z|<2[¢] |z|>2]¢]
lel _
+ M (N=2)=N+4 2 rNtdr
o r2IW=4) (1 4 p2(1-m))N-2
= O(NQ(I_’YA)) + O(M’YA(N_2)_N+4) =o(1) as p—0F
and

pA=m(N=2) (120-7) 4 |g — 5|2<1w>)—<N—2)
RN ‘x|2|1‘ — §|(2—’)’>\)(N—2)

dx dx
2= (N-2) AT 201 (N-2)
< const |u /x%b% ||2 +u /w75|>§ |z [AN—6-31A(N-2)
Jol<2l] | >2le]
el —
4o (N-2)-N+a [ Nl dr
s o rETIIWV=2)(1 4 p2(1-7a) )N -2
lel
2(1=72)(N=2) (N—2)—N-+4 (N—2)—N+4 [ * dr
< const | p +um +p /1 =3 (N—2)+3N—7

< const [MZ(l_’YA)(N_Q) + M'YA(N_2)_N+4 + M2(1_’YA)(N—2)] = 0(1) as  pu— 0+

from (71) and (72) we deduce that

Enk 5 (1) (N—-2) dx (1=7)(N-2)
73 /]RN o+ € & O /RN 22|z — E[(N=-2=) +o(u )

Note that the function

dx
p(§) = /RN |z2|z — ¢|N-2)(2=7)

is invariant by rotation and homogeneous, more precisely
— —92)2 __
p(ng) = n~ VI 20p(g),
hence

(74) (&) = €TV R0 (g /1)) = €7V g (e).

N(N—4)

(73) and (74) yield the required estimate for A > ==
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