ON SCHRODINGER OPERATORS WITH MULTISINGULAR
INVERSE-SQUARE ANISOTROPIC POTENTIALS

VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI

ABSTRACT. Localization of binding, positivity, and essential self-adjointness properties of a class
of Schrédinger operators with many anisotropic inverse square singularities are discussed.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The present paper means to analyze spectral properties of Schrodinger operators with many
anisotropic inverse square singularities. The interest in such a class of operators arises in nonrela-
tivistic molecular physics, where the interaction between an electric charge and the dipole moment
of a molecule gives rise to an inverse square potential with an anisotropic coupling strength. More
precisely, the Schrodinger equation for the wave function of an electron interacting with a polar
molecule (supposed to be point-like) can be written as

( h? z-D

A+e

— _E|U =0,
|z [® )

2m
where e and m denote respectively the charge and the mass of the electron and D is the dipole
moment of the molecule, see [21].
In crystalline matter, the presence of many dipoles leads to consider multisingular Schrodinger
operators of the form
k

)\i (I - ai) . dz
(1) A ; T—af
where k € N, (a1,...,a;) € RN N >3, a; # a; for i # j, (A1,...,\) € RE, (dy,...,d;) € RN,
Ai>0and |d;| =1forany i =1,..., k.

From the mathematical point of view, potentials of the form /\\(;I‘?:j ) are purely angular multi-
ples of radial inverse-square functions and, consequently, share many features with inverse square
radial potentials; in particular, having the same order of homogeneity, they satisfy a Hardy-type
inequality, and can be regarded as critical due to their lack of inclusion in the Kato class.

A rich literature deals with Schriodinger equations and operators with isotropic Hardy-type
singular potentials, both in the case of one pole, see e.g. [1, 8, 10, 16, 18, 27, 30, 32], and in the
case of many singularities, see [4, 5, 7, 9, 11, 14, 15]. Concerning the case of anisotropic potentials,
we mention that the asymptotic behavior near the singularity of solutions to equations associated
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to dipole-type Schrédinger operators is described in [12]. The asymptotic analysis performed in
[12] turns out to be an important tool in the present paper which aims to discuss fundamental
properties of Schrodinger operators of the form (1), such as positivity, essential self-adjointness,
and spectral properties, following the techniques developed in [11] for Schrédinger operators with
multipolar inverse-square potentials.

A first purpose of the present paper is to study the effect of the configurations of singularities
and the orientations of dipoles on the positivity properties of the quadratic form associated to the
operator in (1) and defined as

Qx1,dedyydrsan,.ay DLQ(RN) — R,

k

QA1-,--~7)\1€,(11 ,,,,, dg,a1,...,ak (U) = /RN |Vu(x)|2d$ - Z

i=1

)\Z(x—az)dl 2
|z — ail?

where DL2(RY) is the functional space given by the completion of C°(RY) with respect to the

Dirichlet norm
1/2
||’U,||D1,2(RN) = (/ |Vu(;v)|2dx) .
RN

We recall that a quadratic form @ : DV2(RY) — R is said to be positive definite if
Q(u)

s > 0.
DL2EN\(0} [|u][ B2 gy
In the case of a simple dipole operator —A — A \(;le ), the positivity depends on the value of A with

respect to the threshold

(2) Ay = sup .
uweD1L2(RN)\{0} / \Vu(x)\Q dr
RN

We notice that, by rotation invariance, Ay does not depend on the unit vector d and, by classical
Hardy’s inequality, Ay < 4/(N —2)2. In particular Ay is the best constant in the following Hardy
type inequality

-d

(3) / TxT u?(z) dr < AN/ |Vu(z)|?dz  for all w € DH?(RY) and for any unit vector d.
RN RN

Some numerical approximations of Ay can be found in [12, Table 1].

It is easy to verify that the quadratic form associated to —A — )‘l(j‘f ) is positive definite in

DL2(RN) if and only if |A| < Ay'. Furthermore, the positivity condition for a one dipole operator
can be expressed as a condition on the first eigenvalue of the angular component of the operator
on the unit sphere S¥ 1. Indeed, letting

A e Ve WOP V) A o 0-000) V()
L pemENo\(o) Jon -1 ¥2(0) dV(0)
be the first eigenvalue of the operator —Agn-1 —\ (6-d) on SV~ it was proved in [12, Lemma 2.5]

that the quadratic form associated to —A — 2 ‘(afl'sd ) is positive definite if and only if i} > — ( %)2
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The analysis of spectral properties of Schrédinger operators with multiple isotropic inverse
square singularities performed in [11] highlighted how the positivity of the associated quadratic
form depends on the location and the strength of singularities. In the case of multiple anisotropic
singularities, the problem of positivity becomes a more delicate issue, being the interaction between
two dipoles strongly affected by their mutual orientation. Indeed, while in the isotropic case the
interaction between two singularities becomes weaker and weaker as the distance between them
increases, in the anisotropic case it is possible to orientate the dipoles in such a way that the
interaction is quite strong even if they are very far away from each other. Unlike the isotropic case
in which the interaction between two poles is either attractive or repulsive depending on the sign
of coefficients, in the anisotropic one the constructive or destructive character of the interaction is
determined by the mutual position and orientation.

The following proposition yields a sufficient condition on the magnitudes for the quadratic form
to be positive definite for any localization and orientation of the dipoles.

Proposition 1.1. A sufficient condition for Qx,.... xp.dy.....dr,a1,....ar L0 b€ positive definite for any
choice of ay,as,...,a; and dq,...,dy is that

k
Z A < A;Vl
i=1

Conversely, if Zle Ap > Afvl then there exist points a1, as, . .., ai and unit vectors dy, ...,dy such
that Qx, ... \e.di,....dg,a1,...,a 45 MO positive definite.

In this paper we deal with a more general class of Schréodinger operators with locally anisotropic
inverse-square singularities including those with dipole-type potentials introduced in (1). More
precisely, we are interested in operators with potentials exhibiting many singularities which are
locally L°°-angular multiples of radial inverse-square potentials.

For any h € L (SN¥~1), let u1 (h) be the first eigenvalue of the operator —Agn-1—h(6) on SV,

ie.
e Ao Vv W ORAVO) o b0 0)aV(0)
YEH (SN-1)\{0} Jon—1 2(0) dV (8)
We recall that ui(h) is simple and attained by a smooth positive eigenfunction 1 such that
ming~ 1 ¥ > 0. Moreover, if, for some A € R, h(f) = \ for a.e. § € S¥~1, then yy(h) = —\. On
the other hand, if h is not constant, then

—esssuph < pq(h) < — ][ h(0)dV (0),
SN—-1

SN-1

see [12]. The quadratic form associated to —A — % is positive definite if and only if
h

(4) An(h):=  sup EA N L <1,

ueDL2(RN)\{0} / |VU(I)‘2 dr
RN

or, equivalently, if and only if u1(h) > —(N — 2)?/4, see [12, Lemma 2.5]. Furthermore, it is easy
to verify that
An(h) >0 forall h e L>(SN1)
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and
Anx(h) =0 ifand onlyif h <0 ae. on SN

A necessary condition on the angular coefficients for positivity of the quadratic form associated
with multiple dipole-type potentials for at least a configuration of singularities is that each single
dipole-type local subsystem is positive definite, as the following proposition clarifies.

Proposition 1.2. Let hy,...,hi, hoo € LOO(SN_l), W e L%(RN) N L2(RY), and R,r; € RY,
i=1,....k. If there exists a configuration of poles {a1,...,ar} such that a; # a; for i # j and
the quadratic form

pL2(RN _ / Ix ail) 2
u € ( )»—> |Vu )|2dx Z o |m—a2 u”(x) dx
hm(ﬁ) 2 2
- ——y —u(z)dr — W(x)u(z)dx
RN\B(0,R) 2] RN
is positive definite, then
N —2)?
(5) ,ul(hi)>—% foranyi=1,... k,o0.

By virtue of Proposition 1.2, the following class of anisotropic multiple inverse square potentials
provides a suitable framework for the analysis of coercivity conditions for Schrodinger dipole-type
operators:

= b ()
ZXBmm > a||2 + Xen\p(o,r) (% )%er(fﬂ): keN,

ri, RERT a; € RN, a; # aj for i £ j, W € LN/2(RN) N L= (RN),

hi € L= (SN71), pa(hi) > —% foranyi=1,...,k 00

IV =) 2o E=00ds then V € V with hi(6) = Aif - i and hoo(0) = 0 (X1 \idy).

By Hardy’s and Sobolev’s inequalities, it follows that, for any V' € V), the first eigenvalue p(V)
of the operator —A — V in DL2(RY) is finite, namely

/]RN (\Vu(x)|2 — V(x)uz(x)) dx
w(V) = inf

> —oQ.
ueD12(RN)\{0} / V(@) do
RN
If the potentials are supported in sufficiently small neighborhoods of singularities, then condi-
tion (5) turns out to be also sufficient for positivity.

Lemma 1.3. [Shattering of singularities] Let a1,as,...,ar € RY, a; # a; for i # j, and
hi,...,hi, hoo € L‘X’(SN_l) with py(h;) > —(N —2)2/4, for i = 1,...,k,00. Then there ex-
ist Uy, ..., U, Uss C RN such that U; is a neighborhood of a; for every i = 1,....k, U is a



SCHRODINGER OPERATORS WITH INVERSE-SQUARE ANISOTROPIC POTENTIALS 5

neighborhood of oo, and the quadmtic form associated to the operator

“A— qu \i ZZl) quoo(x)hOO(l;il)

Ix —aif? |2

is positive definite.

An analogous result will be proved also for potentials with infinitely many dipole-type singular-
ities localized in sufficiently small neighborhoods of equidistanced poles, see Lemma 3.8.

Lemma 1.3 implies that Schrodinger operators with potentials in V are compact perturbations
of positive operators, as stated in the following corollary.

Corollary 1.4. For any V €V, there exist VeV and We LN/2 (RMYNL>® (RN such that u(V) > 0
and V(z) = V(z) + W (x).

The analysis of stability of positivity of Schrodinger operators leads to the problem of localization
of binding raised by Sigal and Ouchinnokov [23]: if —A — V; and —A — V5 are positive operators,
is —A =V — Va(- — y) positive for |y| large? An affirmative answer to the above question can
be found in [29] for compactly supported potentials and in [24] for potentials in the Kato class.
When dealing with potentials with an inverse square singularity at infinity, the problem becomes
more delicate, due to the interaction of singularities which overlap at infinity and a localization of
binding type result requires the additional assumption of some control of the resulting singularity
at infinity. Indeed, if, for j = 1,2,

V ZXB(a rJ)

then a necessary condition for positivity of —A — V; — Va(- — y) for some y is that

(6) p(hog + h3) > — (]\[2_2)27

see Proposition 5.2. In [11], the authors proved that assumption (6) is also sufficient for localization
of binding when singularities are locally isotropic, see Theorem 5.1. A lack of isotropy could produce
the failure of localization of binding even under assumption (6); in section 5, we will construct two
anisotropic potentials in the class V satisfying (6) for which no localization of binding result holds
true, see Example 5.3. On the other hand, it is still possible to prove the following localization of
binding type result under a stronger control on the singularities at infinity than (6).

hf(ﬁfﬂ) he (%)
“— + XgN\B(0,r;) (T )W‘FWJ‘(%) eV,

Theorem 1.5. Let

hzl (fe=etr) hae (a7)
ZXB(au" WJ’_XRN\B(O R1)( )W—f—wl(x) €V7

h
+ Xg~\B(0,Rs) (T )W + Wa(z) € V.

ZXB(CLL,T‘ ) |Z

Assume that pu(Vh), (Va) > 0, and ess SupSN—l(hTO)+ + esssupgy—1 (h3°)"T < (N — 2)2/4. Then,
there exists R > 0 such that p(Vi + Va(- —y)) > 0 for every y € RN with |y| > R.
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By Corollary 1.4, Schrédinger operators with potentials in V' are semi-bounded in L?(RY), i.e.
/ (|Vu(:v)|2 — V(x)uz(x)) dx
(V)= inf RY

u€H!(RN)\{0} / |’U,(I)|2 dx
RN

thus the class V provides a quite natural setting to study the spectral properties of multisingular
dipole Schrédinger operators in L2(RY).

A further key property of Schrédinger operators which turns out to be very sensitive to the
presence of singular terms is the essential self-adjointness, namely the existence of a unique self-
adjoint extension. Semi-bounded Schrédinger operators are essentially self-adjoint whenever the
potential is not too singular (see [26]). On the other hand, inverse square potentials exhibit a quite
strong singularity which makes the problem of essential self-adjointness nontrivial. We mention
that essential self-adjointness in the case of Hardy type potentials was discussed in [19] for the
one-pole case and in [11] for many poles. The following theorem provides a necessary and sufficient
condition on the magnitudes of dipole moments for the essential self-adjointness of multisingular
dipole Schrodinger operators. An extension to the case of infinitely many dipole-type singularities
distributed on reticular structures is contained in Theorem 6.3.

Theorem 1.6. Let

> *||W||LM(RN) > —00,

h (|§ a7 heo (737)
ZXB(%M) |z — a2 + XRN\B(O,R)(@T +W(z) e V.

Then the Schridinger operator —A —V is essentially self-adjoint in C° (RN \ {a1,...,ar}) if and
only if p1(h;) > 7(¥)2 +1, foralli=1,... k.

The proof of the above theorem is based on the asymptotic analysis performed in [12], where
the exact behavior near the poles of solutions to Schrodinger equations with dipole-type singular

potentials is evaluated. From Theorem 1.6, it follows that, if V € V with uq(h;) > —(%)2 +1,
for all i = 1,...,k, then the Friedrichs extension (—A — V)" defined as

(7) D((-A -V ={ue H'RY): Au—Vue L*RY)}, ur— —Au—"Vu,

is the unique self-adjoint extension. On the other hand, if u(h;) < —(%)2 + 1 for some i, then
—A —V admits many self-adjoint extensions, among which the Friedrichs extension is the only one
whose domain is included in H'(R¥), namely it is the unique self-adjoint extension to which we
can associate a natural quadratic form.

The paper is organized as follows. Section 2 contains the proofs of Propositions 1.1 and 1.2. In
section 3 we prove a positivity criterion in the spirit of the Allegretto-Piepenbrink theory, which
is used to prove Lemma 1.3 and its reticular version (see Lemma 3.8); a key tool in the proof of
Lemma 1.3 is the analysis of positivity of potentials obtained as juxtaposition of potentials with
different singularity rate, which is a nontrivial issue due to the lack of isotropy, see Lemmas 3.4,
3.5, and 3.6. In section 4 we discuss the stability of positivity with respect to perturbations of
the potentials with singularities localized at dipolar-shaped neighborhoods either of a dipole or
of infinity. In section 5 we prove Theorem 1.5 and show that condition (6) is no sufficient for
localization of binding by constructing a suitable example. Section 6 is devoted to the proof of
Theorem 1.6 and of its reticular counterpart.
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Notation. We list below some notation used throughout the paper.

- B(a,r) denotes the ball {z € RN : |z —a| < r} in RY with center at a and radius r.
- R* := (0, +00) is the half line of positive real numbers.

- For any A C RY, X4 denotes the characteristic function of A.

- S is the best constant in the Sobolev inequality S|jul|? . &Yy < llwl|%:, 2(RN)-

- For all t € R, t* := max{¢t,0} (respectively ¢~ := max{—t,0}) denotes the positive (re-
spectively negative) part of ¢.

- For all functions f: RY — R, supp f denotes the support of f, i.e. the closure of the set
of points where f is non zero.

- wy denotes the volume of the unit ball in R,

- For any open set 2 C RY, D’(€2) denotes the space of distributions in Q.

- For any f € L>(A), with either A =S¥~1 or A = R¥, we denote the essential supremum
of fin Aasesssupy f:=inf{a € R: f(x) < « for a.e. x € A}, while the essential infimum
of f in A is denoted as essinf, f := —esssup,(—f).

2. PROOF OF PROPOSITIONS 1.1 AND 1.2

This section is devoted to the proof of Propositions 1.1 and 1.2.

Proof of Proposition 1.1. From (2), it follows that

k
(8) Qxri,o dpsdrsdiar,an > (1 - ANZ/\i) /N \Vu|? dz.
i=1 R

Hence a sufficient condition for Qx,.... . ,d1,....d,a1,....ar, 1O De positive definite is that

k
=1

Assume now that Zle A > Ay and fix d € RV, |d| = 1. From (2) and density of C°(RV) in
DL2(RY), there exists some function ¢ € C°(RY) such that

k
/RN |V¢2d;ﬂ(;)\i>/ \xl?’ ¢2dx<0

For any p > 0, consider the function ¢, (z) = p~ "2 ¢(x/p). A change of variable yields

/RNVQS#deiZk;)\i/med)idx_/R \Vfb\defZ)\/ F ¢2( u)dm

for all ¢ > 0. Letting u — oo, the Dominated Convergence Theorem yields
k
VouPde—S"n [ @)l d ey, /V2d— A/ 2 da < 0
/]RN| ¢H| x ; AN \x—a|3 ¢ r — | ¢‘ xz Z ¢ xz

therefore Qx,,...a..d,....d,a1,...,ax ((bu) < 0 for p sufficiently large, thus proving the second part of
Proposition 1.1. O
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Proof of Proposition 1.2. Assume that, for some configuration {ay,...,ax}, for some € > 0,
and for any u € DM2(RY),

© [ Ivuta |dx—z/ l_l)u(a:)d

B(a;,ri)

7/ hoo(m) u?(z) dx — W (z) u?(z) do > 5/ [Vu(z)|? da.
RN\ B(0,R) RN

|z[? RN

Arguing by contradiction, suppose that, for some i = 1,...,k, ui(h;) < —(N — 2)?/4, or equiv-
alently that Ay (h;) > 1, with Ay (h;) as in (4). Let 0 < § < eAy(h;)~!. By (4) and density of
C>(RY) in DM2(RY), there exists ¢ € C°(RYN) such that

2 (|I| 2 Iml
(10) /RN Vo ()| dm—/RN i e <5/ i e

The rescaled function ¢, (z) = p~N=2/2¢(x /1) satisfies

Tr— G,J) )

(11) / Vo, (x — a;)l d:cfZ/ I‘_’Jia‘“"z (r —a;)dx

B(aj,rj)

(g 2
- /RN\B(O,R) |z|? Oplw —ai)de = | W(w)), (v —a;)d

RN
hz(L) hoo( m+ai/”)
— [ IVota)ds - | L [ e (aifi) 4201
Jo o8 [ T O [y T PO
(w (aj— al)/u)
_Z/ |z—(a;—ai)/pl ; ¢2(x)dx—,u2/ W(,ua:—i—ai)qﬁz(x)dx
J#i =t R
2 hi (\ml) 2
= |Vo(z)|*dx — 5— ¢~ (z)dr +o(1), aspu—0.
RN ry |7
Letting p — 0, by (10) and (2), we obtain

hi()
<[ Vo@pPdr< [ (VotPis— [ i'|2)<z><x>dx

2) o — (a; —a;) /|

thus giving rise to a contradiction.
Suppose now that, p1(he) < —%, or equivalently that Ax(heo) > 1, with Ay (heo) defined
n (4). Let § € (0,eAn(hoo) ™). By definition of Ay (hso) and density of C2°(RV\{0}) in DL2(RY),
there exists ¢ € C°(RN \ {0}) such that

| wotaiae— [ h""’x('

|

)

hoe (137)

2

8

$*(z) de.

¢*(z) dx < 5/

ry |7

[N~}
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Since ¢ € C°(RN \ {0}), the rescaled function ¢, (z) = p~N=2/2¢(x/u) satisfies

=)
/ |V¢;¢ |2d$_2/(a7)|z|_al|2¢2()

B / Mool 2 e [ W) 62 (@) da

r¥\BO.R) 2P " = :
T—a;/p
SR =

_/ wﬁ(m) de —p* | W(px)¢*(x) dx

v\ 5(0,2) | |2 RN

hoo (1%
:/ |V¢($)|2dx—/ Mq@(m) dx +o(1), asp— oo.
RN RN

|z[?

Letting p# — oo and arguing as above, we obtain easily a contradiction. O

3. THE SHATTERING LEMMA

The well-known Allegretto-Piepenbrink theory [2, 25] suggests us a a criterion for establishing
positivity of Schrodinger operators with potentials in V, by relating the existence of positive solu-
tions to a Schrédinger equation with the positivity of the spectrum of the corresponding operator.
For analogous criteria for potentials in the Kato class we refer to [6, Theorem 2.12].

Lemma 3.1. Let V € V. Then the two following conditions are equivalent:

@) q) = g e (VH@P - V@) (@) do

> 0;
uEDLE(EN)\ {0} Jan [Vu(@)|? dz

(ii) there exist ¢ > 0 and p € DV*(RY), ¢ > 0 in RNV \ {ay,...,ax}, and ¢ continuous
in RN\ {ay,...,ax}, such that — Ap — Vi >eV(z)p in (Dl’Z(RN))*, i.e.

(D1:2(RN))* <7Ag0 - VQD — & VQD, 'LU>D1,2(]RN) = / [V(p -Vw — (1 + 5)V(p ’UJ] dx > 0
RN

for any w € DY2(RY) such that w > 0 a.e. in RY.

Moreover, if (ii) holds, p(V) > 1=.

PROOF. Let V(2) = 3Ly Xp(a,.r)(2) 2S00 4 X g0,y (2) 2262 + W (z) € V and

lz—a;
set h = Zle hill oo sn -1y + [[hoo| oo (s -1y From Hardy’s, Holder’s, and Sobolev’s inequalities
there holds

4h _
(12) V(x)u2(1’) dr < m + 9 1 ||W||LN/2(RN):| / |VU(1~)|2 dx,
RN

RN
for every u € DL2(RY).
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_ -1
Assume that (¢) holds. If 0 < & < ”(V) {(N‘l_hmz + S_1||W||LN/2(RN):| , from (12) it follows that

2 2 n(V) 2
/RN (IVu(@)]? = (1 + &)V (z)u*(z)) dz > — /RN [Vu(z)|* dz.

As a consequence, for any fixed p € LN/2(RV) N L= (RY), p(x) > 0 a.e. in RV, the infimum

Jan (IVu(@)]? = 1 + &)V (2) u(z)?) da

VeV =
vp(V+eV) wEDL2(RN )\ {0} Jen p(x)u?(z)

is strictly positive and attained by some function ¢ € DL2(RY)\ {0} satisfying
—Ap(x) = V(z)p(r) = e V(z)p(z) + 15, (V +eV)p(z)p().

By evenness we can assume ¢ > 0. Since V € V, the Strong Maximum Principle allows us to
conclude that ¢ > 0 in RV \ {ay,...,ax}, while standard regularity theory ensures regularity of ¢
outside the poles. Hence (#7) holds.

Assume now that (ii) holds. For any u € C®(RN \ {ai,...,ax}), testing the weak inequality
satisfied by ¢ with u?/p we get

2 Muz xT)ar — UZ(:C) ZEQQT u:z:2x
(+e) [ Viaptyde <2 Z8Vu@) - Vo) o — [ SENp@)Pdr < [ Vala)P .

~ % ()
By density of C° (RN \ {a1,...,ax}) in DH2(RY) we deduce that, for every u € DV2(RY) \ {0},
1
2 2
| v@ee < o [ vue)ia,
implying
(13) / (|Vu(z)]* = V(z)u?(z)) dz > L/ |Vu(z)? da,
RN 1+¢ RN

and hence (V) > > 0. O

5+1

The above positivity criterion allows to extend to multiple dipole Schroédinger operators the
Shattering Lemma in [11, Lemma 1.3] yielding positivity in the case of singularities localized
strictly near the poles.

Let us start by observing that, evaluating the quotient minimized in the definition of u(V') at
functions concentrating at the singularities, u(V) can be estimated from above as follows.

Lemma 3.2. For any

i(fo=ag) hoo (77)
(14) ZXB(%”) iz I_ “2 + XRN\B(O,R)(x)Tlg‘ +W(z) eV,

there holds
,u(V) S 1 — max {O, AN(hl), NN 7A]\/(hk), AN(hoo)},
where Ay (h;) is defined in (4).
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PROOF. Let us first consider the case Ay (h;) = 0 foreveryi = 1,...,k,00. Let us fix u € C°(RY)
and P € RV \ {ai,...,a;}. Letting uﬂ(x) =~ NEQu(””;P

Jan W (z) dx
e
Letting  — 0 we obtain that u(V) < 1.

Assume now that max;—1_._ k.o An(hi) > 0. Suppose An(h1) < An(h2) < ...An(h) and let
e > 0. From (4) and by density of C>°(RY) in DL2(RY), there exists ¢ € C°(RY) such that

), for yu small there holds

=1+0(1) aspu—0".

p(V)<1-

T—Aajg

/RN IVo(z)|2dx < [AN(hk)l +€M@ M&(@ da.

N |z —akl?

—2

Letting ¢, (x) = p~ 3 ¢(“ a’“) for any p > 0 there holds

Jp M (i) | — PG @) dr = e, 0 (=)l — ail i (e) de

V)<1- -
av) < f]RN |V¢u(:p)|2d:c i1 IRN |V¢u r)|? dw
_ fRN\B(o,R) hw(ﬁ)|x|72¢i(x) dx fRN (z) dx
fRN ‘V¢H(x)|2 dx f]RN |V¢,u( )|2dm
o () 2] 2% () d
zl—f]R k(m)m ¢ (@) w—l—o(l) as pu— 0T,

Jen [Vo(2)]? da
Letting u — 0T, by the choice of ¢ we obtain

w(V)<1-— [AN(hk)—1 + g] -

for any € > 0. Letting ¢ — 0 we derive that u(V) <1 — Ax(hi). Repeating the same argument,
we obtain a function 1., € C°(RM \ {0}) such that

[ 9o < [aaon v e] [ o

Setting ¥, (z) = [T s (%) and letting y — 400 we obtain also that u(V) <1—An(he). The
required estimate is thereby proved. O

The proof of Lemma 1.3 is immediate if Ay (h;) =0 foralli=1,...,k, 00, ie. if h; <0 a.e. in
SN=1 for all i = 1,...,k, 00, as the following lemma states.

Lemma 3.3. Let a1,as,...,a;, € RN, a; # aj fori # j, and hy,... hy ke € L‘X’(SN_l) with
pi(hy) > —(N —2)2/4, fori=1,...,k,00. Then, if Axy(h;) =0 for alli=1,... k, oo, for every
Ui, ... Uy, Uss C RN such that U; is a neighborhood of a; for every i = 1,...,k and U is a
neighborhood of co, there holds

(ZXZ/{ 'i Zz'Q) +xux(a:)h°|°$(§')> —1.
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PrROOF. The inequality M(Zle Xy, (x)% + X, (x)%) < 1 follows from
Lemma 3.2, whereas the reverse inequality comes immediately from the assumption h; < 0 a.e. in

SN foralli=1,...,k, cc. O

When dealing with isotropic potentials, it is quite easy to study the positivity of potentials
obtained as juxtaposition of potentials with different singularity rate. If, for example, 21 C Qo,
then the operator —A— @ﬁXQl - @%XQQ\SM is positive definite whenever max{\y, Ao} < (N—2)?/4.
On the other hand, the positivity of a potential obtained as juxtaposition of two potentials with
changing sign angular components is more delicate to be established. The analysis we are going
to develop shows how juxtaposition of potentials giving rise to positive quadratic forms produces
positive operators if their contact region has some particular shape (which resembles a sphere
deformed according to dipole coefficients).

For any h € L>(SV~!), let ¢} denote the positive L?-normalized eigenfunction associated to
the first eigenvalue y;(h) of the operator —Agn-—1 — h(f) on S¥~1. Let us notice that, for h = 0,
) = 1/y/wn, where wy denotes the volume of the unit sphere SN=1 je wy = fSN71 av(9).

For hy, hsy € LOO(SN’l), o >0, and R > 0, let us denote

(15) el = {x eRN: |z| < R(M) }

Let us notice that

B(O,R[eensl}vnl JZEZHU) c&ht B(O R{ max, z:EZHU

We also set, for a € RV,

Egﬁw(a) = {x eRN: z—ac 8,2’1{22}.

Lemma 3.4. Let h; € LOO(SN_l), w1 (hy) > —(H)Z, i1=1,2, 01,09 > 0 such that

2
(16) N_2<1<1—i—1<N_2—|—1rnln\/(N_Q)Q—i—m(hi)7
2 o1 o1 o9 2 i=1,2 4
and Ry, Ry € (0,+00) such that &' e 5,(:227’,%. Then
(i) the function
A ver
(17) ule) = { Ry/™ e 77T (o f2]), in &7 \ €7l

RY7 Ry~ Gt e e (o |2), i RN\ E72 0,
belongs to DV2(RN);
(i) the distribution

ha(z/|z]) ha(z/|z])

H=—-Au— XU2R2 o1, Ry U — ———=X o9,Ry U
EE E\EN |22 RN\E;21.5

belongs to the dual space (DLQ(RN)) ;
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(1ii) there exists a positive constant C (depending only on N, o1, o2, hy, and hy) such that
. * .
H > CXRN\&T}]? nr in (DY(RY)), de.
uw
DL.2(RN *<H,w>D1,2 RN > C T 9
(Dr2(RY) (&) ez Jaf?
for any w € DV2(RYN) such that w > 0 a.e. in RY.
PRrROOF. Let us consider the function
71/2 in 50’1,R1

WN h1,0 >
u() =S pi(x), in ET N\ ETH,
pa(x), in RN\ £,
where
pi(@) = R e TTru (@/lal), and o(e) = Ry/T Ry el (T (o al).
By definition of the sets 5;1722”512 and 5,‘:11”(?1, it follows that u € DV2(RN) N C°(RY). Moreover

—Apy — % o1 = [(%)2 + () = (5 — ¥)z] g RV {0},

g1

— Ay — 2ol oy — [(252)% 4 (ko) = (& + & - 252F°] g, i RY\ {0},

Let us denote as v4(z) the outward normal derivate to 82117’(?1 and as vo(x) the outward normal

derivate to 5,‘322”51 2. A direct calculation shows that

o — T T p
agh;7’§1 — {J) S RN D1 (.’17) = le/Q} and V(PI . m _ _(‘Z—llir) <0 on agh;7,§17
hence vy () = — ;iigg‘ for all x € 85;:117’5’1. In a similar way

) T p2(x 7
85h§,7lﬁ2 ={z eRY: ¢i(z) = pa(x)} and V(o1 —p2)- Jz] N Uix? e 85}122:5127
v p— xr
hence vy(x) = LiEizeala)
in RY, there holds

for all z € 3525’512. Therefore, for any w € DV2(RYN), w > 0 ae.
<Dl’2<RN>>*< - QP e T T RN Y

= _/8 o1 R (le : Vl)’UJdS“r/ (V((,Ol — (,02) . VQ)'UJdS
Entlo

R
8502’ 2
ho,hq

ho,hq

A — Ine/l2D) ha(z/|2]) >
D1.2(RN)

N -2V 1 N-2V 1w
+ ( 5 >+N1(h1)—(_ 5 )1/013 PR
71 EnZi\ER ot x
N — 2>2 1 1 N-2V P2 W uw
+ +u1(h2)(+) / ZC/ T
< 2 o1 02 2 RN\SZ;:;IL? |.’);‘|2 RN\‘nglfl ‘$|2
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where € = min {(252)° 4 () (& — 552, (552) £ ha) — (& + & ~ 252} > 0. The

o1 g2
proof is complete. 0

The Kelvin’s transform yields the counterpart of Lemma 3.4 in the case of singularities located
at finite dipoles, as we prove below.

Lemma 3.5. Let h; € LOO(SN‘l), pi(hy) > —(772)2, i =1,2, 01,09 > 0 satisfying (16), and
71,72 € (0,+00) such that £, C 7. Then

(i) the function

||~V =2 M2, in RN\ £757,
(18) v(z) = Vo e TN gl (1)), in EGLT\ EREr2,
T;I/GIT;1/02‘$| (N—=2)++ +U2 wh2($/|$‘) in 5;:12:}7;27

belongs to DV2(RY);
(i) the distribution

ha(z/|z]) ,_ ha(@/lz])

H= —Av — 7)(501 71\562 T2

|{E|2 0,hy hi,hg \x|2 hi,ha

belongs to the dual space (DLQ(RN)) ;
(iii) there exists a positive constant C (depending only on N, o1, o9, h1, and hs) such that
H=CXgnm g in (D" 2(]RN)) , i.e.
EELN S

vw
(DL2(RN))* «(H,w)p. 2(RN) 2 C/

01 71 |£L‘|2
for any w € DV2(RYN) such that w > 0 a.e. in RN,

PROOF. Let us consider the function u defined in (17) with Ry = 1/r; and Ry = 1/r9. Then the
function v defined in (18) is the Kelvin’s transformed of u, i.e.

u(z) = |z|” NP/ |2)?).

Since Av(z) = |z|~N¥"2Au(x/|z|?), the conclusion follows from Lemma 3.4. O

Lemma 3.6. Let hy,..., hg, hoo, H1, ..., Hi, Hoo € L™ (SN_l) satisfying
0< max {AN N(Hz)} <1,

i=1,...,k,00

O<e’:‘<(l mgx {AN(h:i),An(H )})7—1,l~1i:(1—|—e)hi,}~li:(1+6)Hif07“alli:1,...,k;,oo,

i=1

01,09 > 0 such that
— - . _ N—2)2 5 N—2)2 -
N2l <l 2 < N2 fminiey o {%2\/(4) + (), 02 +u1(HZ-)},
{ai,az,... a5} CRY, a; # a; fori+# j, and Ry > 0 such that

{a1,asq,... ak}CB<O RO[ min \/71/;1 ()} )CEUlf)O
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Then there exists 6 > 0 such that for all 0 < 6 < 6, for any R such that SUI’RO C 502’ , and for

any r > 0 such that 502;1 C Eg{_ foranyi=1,... k, there holds

h z—a; H( T—a; )

|;v a1| lz—a;|

“(;ngy%’j(ai)\egjgi (ai)( T) |z — a;? + ZXS 5 (a:) \m — a;]?
1=

) ),

-|—XEU2,R \£71 R0 +XRN\£U2 R (:E) =k

“200 2 2
Hoo hoo ' hoo,0 |J3‘ Heoo hoo x

PRrOOF. By scaling properties of the operator and in view of Lemma 3.1, to prove the statement
it is enough to find ¢ € D2 (RN ) positive and continuous outside the singularities such that

(19) —Ap(z ZV —Veo(@) p(x) >0 in (DM*(RM))",
where -
hoo (2/2]) Hoo (/]])
Ve = X e e T e T el
and
hi(fa= 5%33‘) i (=a53)
‘/Z(l') = Xf&};:(%/5)\555,’215(%/5) |{L’ + X }02 I:‘{/O( i/9) (I) |$ _ % )

and ¢ > 0 depends neither on R nor on r (but could depend on €).
Let us consider the function ¢ (2) = u(dz), where

thil/Q’ 50;’130,

1 - R T
ule) = 3 Ry al =l (/). n & N

Ry/7 RV || "o gl (a/fa)), i RN\ E2F

From Lemma 3.4, we have that, for some positive constant C' (depending on N, 01, 02, hoo, Hoo,
€, but independent of R and 9),

oo\ T . *
- Aae(@) ~ Viol2) 90 (2) = C X ernors 228 i (D12(RY))"

||
Let us also consider the functions ¢;(x) = u; (:c — %), i=1,...,k, where
—(N— —1/2 : o1,
|~ 2)"‘)N/ ) 1n]RN\50h )
wi(w) = { ol ], in £71\ E727%,

Z
~1/o2, | —(N-2)+Lt+L [, ; /8
(5) el G 2 a)), msgjgf :

From Lemma 3.5, we have that, for some positive constant C' (depending on N, oy, o2, h;, H;,
and ¢, but independent of 6 and r) and for all i =1,...,k,

7A901 Viwi > Cx c’1 I(CLL/(S) |<Pz2 in (DI’Q(RN))*.
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We notice that, if SZi’H - E&%’f , then & < mingv—1 (w(f)gl (1/){{")02 (z/;i”)fgrgl. Hence, by

definition of ¢;, there exists some constant Cy > 0 (depending on N, o1, o2, h;, H;, and €, but
independent of § and r) such that, for all i =1,... k,

1 a; |~ (N=2)+5+55 1
. > e 2t I1, . ]
(20) pi(x) > o ’33 5 , forallze Eo’hi (ai/d)
Moreover, by the definition of ¢,
1 (AL o
(21) Poo(@) > |0 Grta) forallz € RN\ £70700
1 hos,

where C7 > 0 depends on N, 01, 02, heo, Hso, €, and Ry, but is independent of R and §. Let
k
@ = 1 ¢i+ NP for some 7 such that

_ —1/2 71+ZL —6;(N—2
0<n< min = Cven = [max wz\,/] R .
=Lk | 2C0 max { || Ayl poo v -1y, [ Hil| poe s -1y } LOESY =1 qphi ()

Then we have
k

—Ap(z) = Y Vi(z) p(x) = Voo (2) () = f(2)

i=1

n (DY2(RV))", where

%‘
=C ZX ko) 1

k
=) Vil@)poo (@) = Voo(@) 3 i(a).

In particular a.e. in the set Efl’RO/é \Uk, o ! (a;/9), we have that f(z) = 0. Let us consider

i=1 Oh
gk 1(al/é) Since, for § small,
o1,l o1,R0/d 01,1 01,1 . .
£70 (aifd) C 7V and €70 (ai/5) C RN \ &7 (a;/6) for j # 1,

from (20) it follows that, in £7%"(a;/9),

~ Pi
flz)>CX glhl(alﬂs)‘_i& (321LPJ z) + 1 ¢oo(x ))
i#j
’ a; |2 C_" ai‘_(N_2)+711+£
>le——=| |Alr— =
= 5 Co 4
~1/2 7 ] ; aj [~
—wy maX{HhiHLm(SN—l)v||Hi||L°°(SN‘1)} Z( s B
:1
i
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. . 1
It is easy to see that, for § small, in 5(‘;1;” (ai/9d)

max —N and

-3
1) fpeSN -1 ¢i"z ()

| —(N-2) N-2
‘x_aJ S(L) 6N_2<L
la; — a; k

‘ (N 2)+ + 1 |: w 1/2:| f—Ul(N—2)

1) —-1’
and hence the choice of 1 ensures that f > 0 a.e. in 6”1:1(&1- /9), provided ¢ is sufficiently small.
Let us finally consider R \ Egl RO/J From (21), we deduce that in RY \ 501 RO/J

fla) > —

On | sul~Frtas) _ - (N2
_W{Cﬁwx‘ 172 —wN maX{HhooHLoo(gN 1y, ||HOOHLOO(SN 1)}2‘ .

It is easy to see that, ~in RN \5;;%0/6, |z — %[ > (1 - 5%)lz| where a = max;{|a;|} and
0= [miIlaEgN—l JWN ’(/)ilw (0)] Ul, hence

9.2 _a [ C (14
fw) > fa] 277 [01775 )

—(N-2)
1/ . . o (N—2)4 L L
_le/ max{”hooHLoo(gN—l),||Hoo||Loo(§N—1)}k’(1 — [3R0) (Roﬁ) (N 2)+a1 t5; >0
a.e. in RV \501 o/ % provided § is sufficiently small (notice that the choice of § is independent
of R and r). The proof is thereby complete. O

Lemma 3.7. Let a1, as,...,ay € RN, a; # a; fori # j, and h; € LOO(SN_l), i=1,...,k,00,
with py(hi) > —(N —2)%/4, fori =1,...,k,00, and max;—1, koo An(h;) > 0. Then for every
0 < a<1l—maxi=1,. koo An(h;) there exist Uy, ..., Uy, Uss C RY such that U; is a neighborhood

of a; for everyi=1,...,k, U is a neighborhood of oo, and
Zx 'i Z:‘)+x (x)% >1— max An(hi)—a >0
U a; Uoo |z|2 - =1, koo VAT '
PrROOF. Forany 0 < a<1-— maxz 1,... k.00 An(hi), the statement follows from Lemma 3.6 with
€= (a + max;=1, . koo An(h 2)) —land Hy=h;,t=1,...,k, 0. O
Proof of Lemma 1.3. It follows by Lemmas 3.3 and 3.7. O

Lemma 1.3 can be extended to infinitely many dipole-type singularities distributed on reticular
structures.

Lemma 3.8. [Shattering of reticular singularities] Let {h,}nen C L (SV™1) such that

(22) sup [|hnllpoegn-1y < +00  and 0 <supAn(h,) <1,
neN neN
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and {an}n C RN satisfy

o o0
(23) Z lan| V2 < 400, Z | — an| "N =2 s bounded uniformly in n,
n=1 m=1
m#n

and |a, — a,,| > 1 for all n # m. Then there exist € > 0, ¢ > 0, and § > 0, such that, for all

0<d<d,

. /]RN (|Vu(1’)\2 — V(x)u2(:17)) dx

UED;;(SRN) / |Vu(z)|? dz
]RN

>0

where

V(I):ihn(\i:ZZ\)

n=1

)5 .
|z — an|? " %0 aten, (@n)

PRrROOF. Taking into account the characterization of Ay (h) given in [12, Lemma 2.4], a direct
calculation yields that, for any h € L™ (SN_l)7

: sH1(h).

(24) An(h) > TIN—22

Letting 0 < & < (sup,en AN(hn))f1 —1 and hy, == (1 4 €)hy,, from (24), it follows that
, " N —2Y
o> (252).

hence there exists ¢ > 0 such that

N -2 1 N -2 N -2 N —2)2 ~
(25) —— < —-< ——+min ,\/( ) +12gu1(hn)

2 o 2 2 4

Moreover, classical elliptic regularity theory and bootstrap methods (see also [12, Lemma 2.3])
yield that 7,!1?” is bounded in C%« (SN *1) uniformly with respect to n, thus implying that the

sequence {w?"}nel\l is equi-continuous and, by Ascoli-Arzeld’s Theorem, compact in C° (SN _1).
We deduce that, for positive constant C' > 0 independent on n,

1 ~
(26) < Y (9) <O forall e SNTL.
Let i
_(N— 1 . o,
o) |~ i (), n £
n\T) =
|x|*(N*2)w;,1/2, in RV \ Eg’;: )

Arguing as in Lemma 3.5, one can easily verify that 1, € DV?(RY) and

2/ |])

—A n — - n > ~ Tn - : D1,2 RN *
bam TR Xep, Yn 2O e W (PURT)
for some C' > 0 depending on N, inf,ey i1 (hy), and o.
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Let ¢(z) = > 0" ¥n(z—%). Due to estimate (26), for any open set Q C RY such Q is compact,
1/2{ 7an| (N an| (N-2) and

—(N—

we have that there exists i such that |1/1n (x — —) | =wy
[V (2 = )| = w2V = 2)[a — 2|77V

ROE ﬁzlwn (e-)+ iwn (¢- ) e '@+ 17(@)

and V(<p|Q) € L*(Q). In particular ¢ € L2 (RV), p € HL_(RY), and 307 | ¢, (z — %) converges
to o in H}(Q) for every Q € RY. Moreover

< const |

an

D for all n > n and z € Q. Then

< const

~ an

:)

- |$_* : *
—Ap(x Z —ap Xgm (an/5)¥ o(z) > f(z) in (Hy(Q))* for all @ € RV,

_ oy Ualr = %) = b (EE) m
flz) = Z 72X5"’.1n (an/5) () — ngl Wxggﬁn(a"/é)wm (x — T)
T’n;én

Ace. in the set RY\ U2, 55’5 (an/0), we have that f(x) = 0. From the definition of v, and

. . . o,1
estimate (26), it follows that in each SO,EH (an/0)
—(N=2)+1/c Z ‘ —(N— 2)>

__ Qm
=75

Z |amg(ln‘ —const Z |am2;an|

for some constants C1,
provided § small enough, we deduce that

—(N-2)
e [T @)D S < comsta 2

m#n m#n

Hence, we can choose 0 small enough independently of n such that f(z) > 0 a.e. in Sg’}% (an/9).
Hence we have constructed a supersolution ¢ € L _(RY), ¢ > 0 in RN \ {a,/0}nen and ¢

continuous in RY \ {a,,/0}nen, such that

loc

an

>, (;:E\) hn <|i:g) ) Leirs
—Ap 2_:1 o — G2 Xead (a,/0)¥ 2 62 R Xegd (a,/9)% I (Hg ()",

for all Q € RY. Therefore, arguing as in Lemma 3.1 and taking into account the scaling properties
of the operator, we obtain

/RN (|Vu(:c)|2 — V(x)uQ(x)) dx
a(v) = inf

we0® (BN \fan bner) / V(o) de
uZ0 RN

>0,
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i.e.

(27) Viape)de < (0= p) [ 1Va@)Pda
RN RN
for all u € C (RN \ {an}nen). By density of C2° (RN \ {an}nen) in DV2(RY) and the Fatou
Lemma, we can easily prove that (27) holds for all u € DM2(RY).
g

Remark 3.9. Taking into account the characterization of Ay (h) given in [12, Lemma2.4], we can
easily prove that, for any h € L™ (SN_l),

) < = (T3 )+ (AN ) ™ = 1] I amiony,

which, together with (24), implies that, for {h,, },,eny bounded in L*°(SV~1),

N —2Y
supAn(h,) <1 if and only if inf uq(hy) > <) .
neN neN 2

4. SPECTRAL STABILITY UNDER PERTURBATION AT SINGULARITIES

In this section we discuss the stability of positivity with respect to perturbations of the potentials
with a singularity sitting at dipolar-shaped neighborhoods either of a dipole or of infinity.

In order to analyze the stability of the sign of p(V') under perturbations at singularities, it is
useful to investigate its attainability. Due to inverse square homogeneity, it is easy to verify that
M(M) = 1—Ay(h) is not attained if h € L°°(SNV~1) is positive somewhere, i.e. if Ay(h) > 0.

|]?
If h <0 a.e. in RY, then u(%) = 1 could be achieved, as it happens for example if h vanishes
in a nonempty open set.
The best constant in the Hardy-type inequality associated to a multisingular potential V' € V

is attained if p(V') stays strictly below the bound provided in Lemma 3.2.
Proposition 4.1. Let V €V be as in (14). If

(28) (V) <1—max{0,An(h1),...,An(hi), An(hoo)}
then w(V) is attained.

PROOF. Let us assume that (28) holds. Hence there exists @ > 0 such that u(V) =1—-A — «
where A = max {0,An(h1),...,An(h), An(hoo) }. From Lemmas 3.3 and 3.7, there exist V € V
and W € LV/2(RV) 0 L>°(RY) such that V = V + W and

~ et

(29) u(V)zl—A—E.

Let u,, € DV2(RY) a minimizing sequence for y(V'), namely

/ |V, (z)|*dz =1 and / (IVun(2)]? = V(2)u2(z)) dz = (V) +o(1) asn — oo.
RN RN
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Being {u,, }, bounded in DY2(RY), we can assume that, up to a subsequence still denoted as u,,
u,, converges to some u a.e. and weakly in D12(RY). Since

1-A-gsu) < / (IVun(@)? = V(@)u (@) do + | W) (x) da
RN RN

=u(V)+ [ Wl de+o(l)=1—A—a+ [ W()(z)ds
RN RN

as n — oo, we obtain that [o W (z)u2(z)dz > S > 0, thus implying v # 0. From weak
convergence of u, to u, we deduce that

Jan (Vu(@)]” = V(@)u’(2)) de
fRN |VU($)|2 dx

_ Ly (Vun(@)? = V(@)ui(2) da] — [ fen (IV(un —u)(@)]* = V(@) (un — u)*(2)) dz] + o(1)
Jen Vun (@) de = Jou [V (un = u)(@)]? dz + o(1)

1= fon [Vt — w)(@)[? do + o(1) o(1)
< u(V R =u(V)[1+ as n — oo.
M) ¥ e — 0@ Fdr + o)~ L FutR de 5 o(1)
Letting n — oo, we obtain that u attains the infimum defining p(V). O

Let us now study the stability of the sign of x(V') under perturbations at infinity.
Theorem 4.2. Fori=1,...,k, letr;, R€ R, a; e RN, a; # aj fori # j, hi,heo € LOO(SN_l)
with p1(hy) > —(N —2)2/4, py(he) > —(N —2)2/4, and

Nl Sr=r)) hoo (737)

ZXB al,n) ‘LL’ — |2 + X]RN\B(O R)( ) |$|2 + W(‘T) eV

where W € LN/2(RN) 0 L®(RN). Assume that u(V) > 0 and let h € L>(SV~1) such that
p1(h+hoo) > —(N —2)2/4, € > 0 such that, setting H :== h + hoo,

e < ) maxioi k,oo{Al/\N(hi)qAN(H)} -1, Zf max;=i,..., koo{AN ) AN(H)} >0,
+o0 if max;—1,.. koo {AN(h:i),AN(H)} =0,

and o > 0 such that 0 < 1 < minj—1 .0 {\/(Nf 2)2/4 + pu1(hy), \/(N— 2)2/4+p1(ﬁ)},
where h; == (14 ¢)h; and H := (1 +¢)H. Then there exists R such that

h(z/lx)
(v M ) >0
for all R > R, where 513,1200 is defined in (15).

PROOF. Let o1 > 0 such that

N2 L L Ny (OESP0[O )

2 o1 o1 o 2 i=1,...,k,00
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Assume, by contradiction, that there exists a sequence R,, — 400 such that, setting

h(z/|z|)
Vo=V + WXRN\SE,I;:O7
there holds u(V;,) < 0. By Lemmas 3.3 and 3.6, V,, = V, + W, where u(\N/n) > 7 >0and
- () e ()
_ "\ z—ai] o\ [z
W) = ZXB(ai,ri)\Egvli.l’f(ai)<x) |z — a2 + ng;’f?\B(o,R) () [z]2 + W)

i=1
for some & > 0 and Ry > 0 independent of n. By Proposition 4.1, u(V,,) is attained by some
¢n € DV2(RY) such that

[ ve@pPa =1 [ e @Pi- [ Vi@ d =),
and
(30) —Apy — Vipn = (Vi) Ap, in RV,
Up to a subsequence, ¢,, — ¢ weakly in D2(RY) for some ¢ € DV2(RY), and hence

13
e+1

<u) < [ Ven@Pdo— [ Vi@)d@do+ [ W) ) da
RN RN RN
= u(V,) +/ W ()2 (z) do < / W(z)?(x)dx + o(1) asn — +oc.
RN RN
Therefore [py W (2)¢2(x) dz > 0 and we conclude that ¢ # 0. We claim that

(31) lim V(@) (x)p(r) de = / V(x)p? () da.

)7 JRN RN

Indeed for any 1 > 0, by density there exists ¢ € C2°(RY) such that [|¢ — ¢ pr2y) < 7. Since
1 has compact support, from Hardy’s inequality we have that, for large n,

[ va@en@p@yde— [ Vie)a)da
RN

RN

<

/RN(Vn(x) = V(@))pn(2)(p(2) - ¢(z)) dz

i ‘ /RN V(@)(pn(2) = p(a))p(z) da

=constn 4+ o(1) asn — oc.

<const+| [ Vi)ena) - ple)pte)da
R
1s thereby proved. From , multiplyin; v ¢ and passing to limit as n — oo, we obtain
31) is thereb d. F 31 Itiplying (30) by ¢ and ing to limi btai
wv) [ Ve@Pdo< [ (Ve - V@) ds <o,
RN RN

a contradiction. O

The following theorem is the counterpart of Theorem 4.2 as far as the possibility of perturbing
singularities at dipoles is concerned.
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Theorem 4.3. Fori=1,...,k, let r;;, R € RT, a; € RN, a; # a;j fori#j, hi,he € L‘X’(SN_l)
with 1 (h;) > —(N —2)2/4, p1(heo) > —(N —2)2/4, and

h (\i Zi\) hoo (157)
ZXB (as,r) (T + X3\ B(0,R) (T )W +W(x) €V

where W € LN/2(RN) N L°(RY). Assume that p(V) > 0 and let h € L>=(SN=1) such that, for
some ig € {1,...,k}, u1(h+ hiy) > —(N —2)2/4, ¢ > 0 such that, setting H := h + h;,,

e < { maxXi=1,.., k,m{}\N(hi)aAN(H)} -1 i MaXi=1,....k,00 {AN . H)} >0,
+00 Zf maxi;=1,....k,oco {AN AN<H)} = 0,

and 0 > 0 such that 0 < 2 < min—1,_koec {\/(N— 2)2/4+u1(ﬁi),\/(N— 2)2/44-#1(1{[)},
where h; == (14 ¢)h; and H := (1+¢)H. Then, for every i € {1,...,k}, there exists 7 such that

=
M(V + ﬁx (am)) > 0,
forallO <r <.

PROOF. Let o1 > 0 such that

N—2<i<i+l<N_2+v min {\/M+M1(ﬁi),\/w+u1(ﬁ)}.

2 01 g1 g 2 i=1,...,k,00 4 4

Assume, by contradiction, that there exists a sequence r,, — 0" such that, setting

=)

ST .
5~7‘0 ‘I:I(a,,o )

w( >—i>< <>—h(‘i Zz')+>< ()—h”(‘%')wm
x) = £ B(ai,m)\gl‘)’}ﬁf(al 1z — a2 7110\ B(0,R) x [z]2 z
for some 6 > 0 and Rog > 0 independent of n. By Proposition 4.1, u(V,,) is attained by some
¢n € DV2(RY) such that [on [Von(@)?de =1, [on [Von(@)?do — [on Val(@)e2(2) de = p(V,),
and (30) is satisfied. Up to asubsequence, ¢, — ¢ weakly in DV2(RY) for some ¢ € DM2(RY),
and hence

< w(Vy) + W ()2 (x) da < W(z)?(x) dz + o(1) as n — +oc.
e+1 RN RN

Therefore [ W(m)g@z (z) dz > 0 and we conclude that ¢ # 0. We claim that

(32) lim V(@) on () p(x) d:c:/ V(x)p? () da.

)X JRN RN
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Indeed for any 7 > 0, by density there exists ¢ € Cg°(R™ \ {a;, }) such that [ — 1||pr2gsy < 7.
Since the support of 1 is detouched from a;,, from Hardy’s inequality we have that, for large n,

Va(@)en(2)p(x)de — [ V(x)p*(x)da

’ RN RN

[ @) = V@)pn(@)eta)  via) da

<

i ‘ /JRN V(@)(pn(2) = p(2))p(x) de

=constn 4+ o(l) asn — oo.

<const +| [ Vi)ona) - ple)pte)da
RN
(32) is thereby proved. From (32), multiplying (30) by ¢ and passing to limit as n — 0o, we obtain

w) [ IVe@Pde< [ (96 = Viaya) de <o,

a contradiction. O

5. LOCALIZATION OF BINDING

This section deals with the localization of binding of Schrodinger operators with potentials in
the class V. The theory of localization of binding was first developed by Simon [29] who proved
that if V7 and V5 are compactly supported potentials such that the corresponding Schrodinger
operators are positive, then also the operator —A — V; — V5 (- — y) is positive definite provided |y
is sufficiently large. Pinchover [24] extended the above result to the case of potentials belonging
to the Kato class.

We notice that both Simon and Pinchover consider potentials which are lower order perturba-
tions of the Laplacian, thus excluding the case of potentials with inverse square type singularities.
Such a case presents an additional difficulty due to the interaction of singularities at infinity. In
[11], the following localization of binding result was proved for locally isotropic inverse square
potentials under some additional assumptions to control the singularity at infinity:

Theorem 5.1. [11, Theorem 1.5] Let

o hE ) )
Ba T‘) |x7a ‘2 R \B(O Rl) ‘,’1}|2 1 Y

() nE
ZXB (a2,r2) (T | 22 + XN\ B(0,R) (T )W‘F 2(7) €V,

Assume that the functions hg are constant for all j =1,2,i=1,...,k;, u(V1), u(Va) > 0, and that
(6) is satisfied. Then, there evists R > 0 such that, for every y € RN with |y| > R, the quadratic
form associated to the operator —A — (Vi + Va(- — y)) is positive definite.

For general anisotropic inverse-square potentials, condition (6) is necessary to have a localization
of binding type result, as the following proposition states.
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Proposition 5.2. Forj =1,2, let

V ZX a7,7‘

If there exists y € RN such that u(Vi + Va(- —y)) > 0, then
N -2V
pr(hl, +h2) > — <2> :

PROOF. Assume that, for some y € R, for some ¢ > 0, and for any u € DV2(RY),

(33) [, (V@R = Va@ya) = Valo = )it@) da == [ V(o) do.

Arguing by contradiction, suppose that ui(hl, + h2) < —(N — 2)2/4, or, equivalently, that

An(hl, +h%2) > 1. Let 0 < 6 < eAn(hl, + h2)~!. By (4) and density of C(RM \ {0}) in

DL2(RY), there exists ¢ € C°(RM \ {0}) such that
)

1 h2 T héo hgo L
/ |V¢(m)|2dx — / M (;52(1') dr < § w ¢2($) dr.
RN RN

|z[? RN |[?

+ XrM\B(0,R,) (T )W + Wj(z) € V.

Let ¢, (z) = p~N=2/2¢(x/u). A direct calculation (similar to that performed in the proof of
Proposition 1.2) yields

[ vslar— [ V@s@— [ v - i i

hl (&) h2, (Z=w/m))
— Vo(z)|da — 21/ 52 (2) da — Do o=/l 4201 4 ,
fuo o= [ SRR G@ae [ T s o)

as p — 0o0. From continuity of ¢ and the Dominated Convergence Theorem, we deduce that

e (u/u)
W2 (=ain)

PG )00 D o
/RN\B(W o= /RN\B(O,?) AL

h2, (&
:/ (‘5”')¢2< Jde +o(1), as p— oo,
ry |7

hence

[ Vo= [ vi@ei@de— [ Vale =i do

W +h2)(E)
- / V() Pdi — / oo+ 1) E1) 4 01,
RN RN |$|

as u — oo. Letting u — oo we obtain that

L

2 2 (ho + % )(\ I) 2
e [ vo@pPis < [ Vowpde - [ et B ) ao

< SAn(hi, +Rh2) /RN |Vo(x)|?dr < a/RN |Vo(x)|?dr,
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thus giving a contradiction. (]

On the other hand, the control at infinity required in (6) is no sufficient to obtain a localization
of binding result for potentials which are anisotropic at infinity, as the following example shows.

Example 5.3. For N > 4, there exist V1,Va € V such that p(Vy), u(Va) > 0, (6) holds, and for
every R > 0 there exists yr € RN such that |yr| > R and the quadratic form associated to the
operator —A — (Vi + Va(- — yr)) is not positive semidefinite, i.e. u(Vi + Va(- —yr)) <O.

For N >4, lety = (0,...,0,1) € RY and %(%)2 <A< (%)2 From [28], scaling invariance,
translation invariance in the g-direction, and density of C2°((RV~1\ {0}) x R) in D2(RY), it
follows that, for any 0 < e < 2\ — (%)2, there exists ¢ € C°((RV =1\ {0}) x R) such that

x V3 T—7 - \/§}

suppt C Q =<z eRY: = .5> " and — .y
|z| 2 ] 2

and

(1\1—3)2 § /RN Vo)l da ) (N—3)2+€’

/|2

Ry |2
where a generic point # € R¥ is denoted, from now on, as * = (2/,2y) € RV~1 x R. Since

¢ e C(RV\ {2/ =0}),

= min {\ 1= (- 0" 1= (2 0)7 o suppurf 0.

Hence
wppp Q= {aem¥ s e L p o VIm R and - Vi@ < 2L g < Y]
Let
Vi(z) = A X () — )\Xc/+2(96) and  Va(z) = AXc- () _ /\XC/*2($)7
|x|2<1 — (a1 ~37)2) || |z[2 (1 ~ (& .g)z) |z/|
where
C+:{x€RN: \é§<|z|y<M} and
C{xGRNi ﬂ<|ﬂ-g<“f}c+.
X
We notice that CT N (g +C- ) (. Moreover, we can write Vi, Vy as
hl = AX L. ._ — 9
Vi(z) = |:(g|?) with iy (0) = —L0€5% .\/§/2<97y<\/ﬁ}( ),
(1 - (9-9)2)
ha (1 AX N—1._ V) e 0
Va(x) = Ti’z') with by () = —AOESNTLoVIZR<O-y< Va2 ( ).

(1-0-92)
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Being A < (NT) from [3, 28] it follows easily that u(V1),u(V2) > 0. Moreover, Ct NC~ =0
and
hal) Fhalz)  A(Xes (@) +Xe- (7)) AXerue-(x) A

Vi(z) + Va(z) = |z[2 = |2/ |2 - |2/ [2 RPIER

hence, from A < (%)2 and [3, 28], it follows that u(Vi+V2) > 0, and thus pq (h1+he) > —(7_2)2.
For any p > 0, let ¢, (z) := ,u_¥1/}(x/u). Since

A (Xe+ (@) + Xgro-(2))
|| ’

Vi(z) + Va(z —9) =

a direct calculation yields, for all p > 0,

Jev (Vi(@) + Vol — pg))vi(@) de fon (Vi(z) + Va(z — §))¢*(z) da

f]RN |V, ()|? dz o f]RN |V (z)|? dex
P (x P (x
> 2\ Jo 'I’('Q)d — 2 Ju '“”('Q)d L S
B fRN |V (x)|* do f]RN |Vip(x)|? dz (%)2 +e€ ’

thus implying that u(Vl + Va(- — uzj)) < 0 for all g > 0. Hence, for every R > 0, it is enough to
choose > R and yr = py to obtain the example we are looking for.

Theorem 5.4. Let

1
i

= ag) heo (|i\)

h
ZXB i 1) | ‘_xaj +X]RN\B(ORl)( )W+W1( ) V?

2
ZXBa r)

= ()
_lemail” ‘ + XN\ B(0,Rs) (T )TP + Wa(z) €V,

where W; € L¥(RY), Wi(z) = O(|x|_2_5), i =1,2, with 6 > 0, as |x| — oo. Assume that

w(V1), u(Va) > 0, and that

N —2)?
(34) esssup(h$°) ™ + esssup(hs®)t g
SN—l SN—l 4

Then, there exists R > 0 such that, for every y € RN with |y| > R, there exists ®, € DV?(RY),
®, > 0 and continuous in RN\ {a},a? + y}iz1. kj.j=1,2, such that
~A®, — (Vi 4+ Va(- =)@, >0 in (DVRY))"

PROOF. Let us set h; = (esssupgnv—1 h3°) — h3°, j = 1,2 and, for any j = 1,2 and i = 1,...,k;,
let us choose max{0, i1 (h))} < ¢/ < py(h?) + (852)2.

In view of Theorems 4.2 and 4.3 and by assumption (34), there exist N7 and /\/2 neighborhoods
of infinity and ./\fj neighborhoods of aj j =1,2and i =1,...,k;, such that ,u(V) >0,7=1,2,
where IN/J(m) = Vj(z) + Z 1XN]( x) + |z|72h, (x/|x|)X/\/( ). We notice that Vj >V ae.

in RV,

lz— a\2
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Let 0 < e < (852)% — esssupgn 1 (h§°)* — esssupgn—1 (h$°) T and, for j = 1,2, set

N -2V
A=|——] —¢ and ~v;=A—esssuph:°.
2 svot

Let us also choose 0 < 7 << 1 such that

(35) esssup hs® < v1(1 —2n) and esssuphi® < y2(1 —27).
SN-1 SN-1
We can choose R > 0 such that, for j = 1,2, [J[?, B(a!,7?) C B(0, R), and define
|z —al|72*7 in B(al,r?),
(36) pie) = {1 in B(0, ) \U}Z, B(a.r)).
0 in RV \ B(0, R),

with 0 < 7 < min; ; {1, % — \/(%)2 + ul(hg) — cf} In view of Theorem 4.2, there exist ]:Ej
such that the quadratic forms associated to the operators —A — 17J - \;Zif?XRN\B(O,Rj) are positive

definite. Therefore, since p; € LN/2_ the infima
_ - Jan [IVu(@)]? = Vj(@)u*(z) - ’Yj|5€|72XRN\B(0,Rj)u2($)} dx
17 wepra@ o) T 0 (@) () da

are achieved by some ¢p; € DV2(RY), 4; > 0 and continuous in RM\{d],... ,aij }, DL2(RY)-weakly
solving

(37) — Ay (x) — Vy(@)ibs () = pyps () () + %%N\B(o,éﬁ% ().

From the asymptotic analysis of the exact behavior near the singularity of solutions to Schrodinger
equations with inverse square potentials proved in [13] (see also [22] and [12]), there holds

N -2 N -2V
limood)j(xﬂx\N*H“ =/{; >0, where op:=— + < > — A,

|z|—+ 2 2
hence the function ¢; = %j solves (37) and ¢;(z) ~ |o|~(V=2+94) at co. Then there exists
p > max{Ry, Ry, R} such that, in RN \ B(0, p),
(38) (1 =)V < () < (14 )] "N
and that
(39) (Wi(2)| < mplel™  and  [Wa(2)| < nyile| 72
Moreover, from [12, Theorem 1.1], we can deduce that for some positive constant C
(40) l|33 —al ol < 9;(z) < Clz —al °! in B(al,rl), i=1,...,kj,

c
4 B 3 , ,
where o = =82 4 \/(%) +ui(hl) —cl.
For any 3 € RY, let us consider the function

D, (z) := v2001(2) + 1102(x — y) € DA(RY).
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Then @, satisfies, in the weak DV?(RY)-sense,
—A®, — (Vi +Va(- — )@, = f

where

1Y
f(x) =pmvapr(z)er(z) + ﬁXRN\B(o,Rl)SDl(x) + p2mip2(z — y)pa(z — y)

+ %xw\m,wg(z —y) ~ Vi (@)p2(z — y) — 12Va(x — y)¢1 (@),
From (35), (38), and (39), it follows that in RV \ (B(0, p) U B(y, p))
Y172 7172

ess supgn-—1 h$° ess supen-—1 hS°
- (Tillé” + Wl(r)>soz(x —y) — 72 (m + Wa(z — y))%(x)

=) mr-r") mrel-) mpld-n’)
T x| Ntoa [z —y[Nton [a|z —y[N=2oa oz — y2a[N-2toa

12 1 1 1 L Vg
BT P ANE A P

For |y| sufficiently large, B(0, p) N B(y, p) = 0. In B(a;,r}), for i =1,..., ki, from (36), (38), (40)
and the fact that o/ < —7 for all j =1,2 and i = 1,..., k;, we have that

J(@) 2 pep @)1 (@) + (@ = y) = 1V @)pa(e = y) =22Vl — )i (0)

> |z — a}|_2+7+‘73 [ng + 0(1)} , as|y| — oo.

In B(0,p) \ Ugl B(a},r}), from (36), (38), (39) and since ¢; > ¢ > 0, we obtain that
f(@) = e +o(1),  as |yl — oc.

In a similar way we can prove that, if |y| is large enough, f(z) > 0, a.e. in B(y,p). Since
Vi(x) + Va(xz —y) > Vi(x) + Va(x — y), we conclude that

~AD, — (Vi + V(- —y) @, >0 in (DM2(RV)*.

U
Proof of Theorem 1.5. Let us fix € € (0,1) such that, for j = 1,2,
NTA( S8 (B2 oo gnv—1y = 1B || oo g1 W =
| vy [ ey + I limey) W e,
(41) 5<m1n{25,u(Vj), 1 L + 5
and
(N —2)?
p((l+¢e)V;) >0, (1+e¢) [esssup(hf")+ + esssup(hgo)q <

SN— 1 SN— 1
see the proof of Lemma 3.1. Fix R > 0 such that

. E €
(42) Wi Xgan 0. l vy < mln{i, ZS}'
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Denoting V; 7 := V; — W;Xgw\ g, f)> from (41) and (42), there results

/RN (IVu(x)? - V,’E(x)zf(x)) dx

_ w(V;
> [0V = WX oy a5 [ IVat@Pae = 200 [ 19w as,
RN RN

therefore, from (41), it follows

/]RN (|Vu(:v)|2 -1+ s)Vjﬁ(x)UQ(:zz)) dx

. 4 E kJ ||hj|| co(§N—1Y + ||hj || oo (§N—1 .
‘u(‘/J) ( i=1 ll"% [[Lee(SN—1) collLee(SN-1) ||[/[/]||LN/2(RN) / 9
> + V
= c (N —2)2 S o |Vl de

2—/ \Vu(z)[? d.
4 Jan

Hence the potentials (1 + ¢)V; j satisfy the assumptions of Lemma 5.4, which yields, for |y| suffi-
ciently large, the existence of ®,, € DV2(RY), &, > 0 and continuos in RV \ {a}, a%+y}i:17___k_7. G=1,2,
such that

—A®, — V5 @, >cVy ®y(z) in (DM2(RM))*,

where Vi () :=V]| g(2) +V, p(z —y). From Lemma 3.1, we deduce that u(V3
from (42), for any u € DV2(RY), there holds

g
7y) Z +1- Hel’lce7

[, (Vul@) = (h(@) + Vale = )(a) da

_ / (IVu(@)? = Vg, ()6 (z)) dz — / W (2)u2(z) de — / Wa(z — y)2(x) da
RN : RN\ B(0,R) RN\ B(y,R)
g _ _
> {€+1 - ||W1X]RN\B(07§)||LN/2(RN)S - ||W2XRN\B(O7E)HLN/Q(RN)S 1} /]RN |Vu(x)|2 dz
€ € 9 e(l—e) / 9
> [ e .
= L+1 A/RN Vala) e = 50233 |, V@)l de

Therefore p(Vy + Va(-—y)) > ;E;ig > 0 for |y| sufficiently large. The theorem is thereby proved.
U

6. ESSENTIAL SELF-ADJOINTNESS

By the Shattering Lemma 1.3, Schrédinger operators with potentials in V are compact perturba-
tions of positive operators, see Corollary 1.4. As a consequence, they are semi-bounded symmetric
operators and their L?(R™)-spectrum is bounded from below.

In the present section, we discuss essential self-adjointness of operators —A — V' on the domain
CX(RN\ {ay,...,ax}), for every V € V.
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From Corollary 1.4 (see also Lemmas 3.3 and 3.6), we can split any V € Vas V(z) = V (z)+W (z)
where

(*ﬁ a7) hoo (137) -
(43) j{jxu oo V@ s >0,
U; C B(a;,1/2) is a neighborhood of a; for every i = 1,...,k, U is a neighborhood of oo, and
W e LN?@®RN) N L=(RY).
The following self-adjointness criterion in V is as easy consequence of the Kato-Rellich Theorem

(see e.g. [20, Theorem 4.4]) and well-known self-adjointness criteria for positive operators.

Lemma 6.1. [Self-adjointness criterion in V] Let V. € V and V. = V + W, with V as
in (43) and W e LN2(RN) N L®°(RN). Then the operator —A —V is essentially self-adjoint in
Ce(RN\{ay,...,a,}) if and only if Range(—A—V +b) is dense in L2(RN) for some b € L®(RY)
with essinfpy b > 0.

As a consequence of the above criterion, the following non self-adjointness condition in V holds.
We refer to [11] for more details.

Corollary 6.2. Let VeV and V =V + W, with V as in (43) and W € LN/2(RN) 0 L (RY).
Assume that there existv € L*(RN), v(z) > 0 a.e. inRY, Ly v? >0, a distribution h € H*(RY),
and b > 0 such that

(44) H—l(]RN)<h,'LL>H1(]RN) <0 foralue Hl(RN), uw>0 aeinRY,
and

~Av—Vuvt+bv=h inD R\ {ay,..., a}).
Then the operator —A —V is not essentially self-adjoint in C° (RN \ {ay, ..., ai}).

We now prove Theorem 1.6.)

Proof of Theorem 1.6.

Step 1: if py(h;) > 7(%)2 +1forallie{l,...,k}, then —A —V is essentially self-adjoint.

Fori=1,...,k, let ¢; € C(RY) such that ¢; =1 in U;, ¢; =0 in RN \ B(a;,1), and 0 < ¢; < 1,
and let o, € C°(RY) such that supp ¢oo € RV \ {0}, ¢poo = 1 in Uy, and 0 < ¢oo < 1. Then,

setting
(e hoo (137)
Ezwxfaz A TE e

we have that V —V e L®(RN).

For o > max{0, —essinfgn (V — V) and b(z) := V — V 4 a, there holds b € L>®(R"Y) and
essinfpv b > 0. Let us fix f € CX(RYN \ {ay,...,a;}). Since (RN \ {ai,...,a;}) is dense
in L2(RY), in view of Lemma 6.1, to prove essential self-adjointness it is enough to find some
g € Range(—A — V +b) = Range(—A — V 4 a) such that g is arbitrarily closed to f in L2(RY). To
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this aim, we fix ¢ > 0 and claim that there exist h; € C®(SN=1,i=1,...,k,00, and and 7; € R,
i=1,...,k, such that, setting

o ) o (11
=y MEEED 0 ) oo |x('2')

)

there holds
~ 1 -~
(45) / (IVul* = Vu? + au?) de > min {i,u(V), esﬂglivnfb}HuH%p(RN), for all u € H*(RY),
RN

46)  pa(hi) + 7 > —(%52)° 1, foralli=1,... k,

(47) H(‘A/—V)UHH(RN) <g,

for every u € HY(R") solving

(48) —Au(z) — V(z)u(z) + au(z) = f(z).

In order to prove the claim, for every i = 1,...,k, 00 let !, € C°°(SN~1) such that k!, — h; a.e.
in SN and | (0)] < ||hil|pe@n-1) for ae. 0 € SN We notice that the existence of such
approximating sequences can be proved using convolution methods in local charts. From Lemma
A1, it follows that lim,, o p1(h%) = p1(h;), while, from the Dominated Convergence Theorem,

limy, 4 oo fon—1 (hE —hi)?> = 0, hence, for any i € {1,..., k} such that p(h;) = —(%)2 +1, there

exists a sequence {6’ }nen C (0,00) such that
N —2y? 1. -
1= (55) = ] Jowes (0, = hi)? )

5L >0, lirf 6t =0, and d’ > max {0, 5

Hence, setting, for i =1,...,k,

0 if o (h) > —(452) + 1,
"y:l p— . .
() — (Y52 4 148 i (h) = —(Y52F + 1,
and
. N-2 N -2) ) i
ol = — +\/( ) + pa(hy) +5
2 4
o TT ) = - (352)7 1,

B —9)2 . . - 2
N2y %er(h;), if g (hi) > = (852)" + 1,

there holds o? + ¥ > 1 for n sufficiently large. Let us set
N bRl (=) — hee (%)
n\|z—ail n n \lz]
(49) Va(z) := $i(7) + Poo () :
2 P EE

From [12, Theorem 1.2] and taking into account i—ii) of Lemma A.1, there exists a positive constant
C independent on n, such that every solution v € H'(RY) of equation

(50) —Au(z) = Vo () u(@) + auz) = f(x)
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can be estimated as
u(z)| < Clz — @i lull @~y in Blag, 1), foralli=1,...,k.

From iii) of Lemma A.1, it follows that V, — V in LN/2°° hence it follows that

/ (IVul® - vV, uZ+ au?)dr > [min {u(f/),essinf b} + 0(1)} ||u||%11(RN)

RN RN

1 ~
5 min { (V). essinf b flulf: )
for all w € H*(RY). Moreover, by testing (50) with u, every solution u € H*(RY) of (50) satisfies

2| fll L2y

u 1pNy < 17 ’
[l 22 vy min{u(V),essinfgn b}

Then for every solution u € H'(RY) of (50), there holds

(hiy — hoo) (1) 9ot <(/ |u(x)2*dm)2/2*< [ |hz°hm|N<;>¢z<x>dx>2/N
RN RN

||? |2V
L2(RN)
51 12 ey (/ 103 — hool ™ (157) 950 () dx>2/N = 0(1)
(min{p(V),essinfrn b})2 \ Jr~ |2

as n — +o00. Furthermore for all i = 1,...,k, 00 and for any solution u € H*(RY) of (50), there
holds

3 T—a; 2

(hzl - hz) ( |a:7a:\ )Qslu

1 .
R SCzlull%wm( / Nl(h;w)—mw»?de)) / pN=5427 gy
v L2(RN) S 0

Hence, if py(h;) > — (%)2 + 1, we have that

2

(i, — o) (=2 b

|z — a;]?

) A1 F1172 @y
(min{u(V), ess infgn b})2

L2(RN)
1

<[ [, 080 - orae) [2 ) +o(n)| =ol1),

as n — +oo, while, if pq(h;) = — (%)2 + 1, by the choice of &, there holds

; . 2
(hy, — ha) (=) diu 4 VI+0 +1
|x_|a'|21‘ < C2u||%11(RN)(/N 1(h;(9) —hAH))QdV(@))w
i L2(RN) SN—= n
<lee AN Nzzry |hE — byl (VI+3: +1)=o(1)
- = n — Ni||L2(sN-1 " =
“ 2 (min{u(V),essinfpn b})?2 LEry
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as n — +oo. Furthermore, for all ¢ € {1,...,k} such that u(h;) = — (#)2 + 1, we have that

, 2
T biu

1 .
— < C*(~y )2 ||ul|? / N-5+20}, 4
|z — a;|? < C0m) Ml vy o r T

20° I ze @y () (V1+ 6 +1)
B (min{u(f/),essinfRN b})2 Oy,

L2(RN)

=o(1)
as n — 4oo. Therefore, it is possible to choose n large enough in order to ensure that every
solution u of (50) satisfies

(Vo = V)ull L2y < e

For such an n, let us set V= ‘7,“ h; = B;, i=1,....,ko00, and 7, = 4, i = 1,...,k, so that
conditions (45-47) are satisfied and the claim is proved.

Hence, by the Lax-Milgram Theorem, there exists w € H'(R") satisfying
(51) —Aw(z) — V(@)w(z) + aw(z) = f(z).

Since V' is smooth outside poles, by classical regularity theory w € C*® (RN \ {ay,...,ax}). From
[12, Theorem 1.1] we deduce the following asymptotic behavior of w at poles

(52) w(z) ~ |z - a; %?i(;jjq), as & — a;,

where
o = N —2 N —2)2 -
hi:=hi = and 0;=— +\/( ) + 1 (hi) + i

2 4

Hence the function g(z) := V(2)w(z) — aw(z) + f(z) satisfies

inU; foralle=1,... k.

Since, by (46), o;+ 52 > 1, it turns out that g € L*(RY). Writing w by its Green’s representation
formula and using well known properties of differentiability of Newtonian potentials, the following
asymptotic estimate for the gradient of w near the poles can be deduced

as r — ag,

_ a.loi—1 if 7 N—1
(53) Vo(e) = | Ol —ail™ ), i (k) <N -1,
Oz —ai|™7), if pa(hs) > N =1,

for some 0 < 7 < &2 see [11] for more details in the Hardy case.



SCHRODINGER OPERATORS WITH INVERSE-SQUARE ANISOTROPIC POTENTIALS 35

For all n € N let 1, be a cut-off function such that 7, € C(RYN \ {a1,...,ar}), 0 < n, <1,
and
k k 1
= N — 1 P
= L_J (al, )U(R \ B(0,2n)), nn(z)=1in B(O,n)\HB(al,n),
1
2n

Vinu(z)| < Cm in L_J( (al, Y\ B(an ). |Vnn(x)|§%inB(O,2n)\B(0,n),

| A, ()| < Cn? in 0( (al, )\B(al,%)), |Ana(2)] < % in B(0,2n) \ B(0,n),

for some positive constant C' independent of n. Setting f,, := 0, f — 2Vn, - Vw — w An,,, we notice
that 7, f — f in L2(RY), while (52) and (53) yield

/ V()P Va) ? e

const
< const n? Z/ |Vw(x)|2 dx + n2 / |Vw(z)|? d
B(ai,+)\B(a n B(0,2n)\B(0,n)
t
<constn® | Y 27 2dr Y |27 dar | + e w2
. B(0,1 . B(0,L n?
p1(hi)<N—1 " p1(hs)>N—1 "
< const Z n=20i+4-N | Z p2t2r=N +n2]
p1(hi)<N-1 pa(hi)>N—1
and

/ A () ()2 dix
RN

St
<constn4Z/ (@) do + / w(@)[? do
B(ai,1)\B(ai,5) n B(0,2n)\B(0,n)
k
t
> [ peae+ 2 ||wH1<RN><Const[Zn 20 +4=N |y
B(0,1/n)

i=1

Since —20; +4 — N < 0, we conclude that f, — f in L?(RY). Hence, for n large enough,
| fn — fllL2®yy < &. The functions wy, := n,w € C2(RY \ {ay,...,ar}) solve

—Aw, (z) = V(2)wn (x) + bw, (z) = gn (),

where g, (x) := fn(z) + (V(w) —V(2))wn(z), i.e. gn € Range(—A —V +b). Moreover, from (47)
and |n,| < 1, we deduce that

llgn — fn||L2(RN) =[|(V _V)wnHLZ(]RN) <|I(V - V)w||L2(RN) <g,
hence [|gn, — fl|L2m~) < 2¢ for large n. The proof of step 1 is thereby complete.

Step 2: if u(h;) < —(%)24—1 for some i € {1,...,k}, then —A—V is not essentially self-adjoint.
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Let V =V + W, with V as in (43) and W € LN/2(RN) 0 L°(RY). Let us fix i € {1,...,k} such
that p(h,) < 7(¥)2 +1 and o < 0, and consider the solution ¢ € C*((—o0,1nd]) of the Cauchy
problem

9" (s) —wi p(s) = be* p(s),
p(Ind) =0, ¢'(Ind) = a,

where wy, 1= \/(%)2 + p1(h;) and § is such that B(a;,d) C U;. From the Gronwall’s inequality
(see [11, Lemma A.2] for more details), we can estimate ¢ as

(54) 0<¢(s) <C e @i® forall s<Ind,

for some positive constant C' = C(h;, 0, a, b). Let us set

_{|zaif%gw(lnwaiw?f(;_g;x if o € B(a;, 0) \ {ai},
v(x)

0, if z € RV \ B(a;,9).
From (54) we infer that

(55) 0<o(z) < Cle—ai|~ 7 VEZ)H00) iy Ba,, ).

The assumption p(h;) < —(%)2 + 1 and estimate (55) ensure that v € L?(R"™). Moreover the

restriction of v to B(a;,0) satisfies

hi(a=e)

—Av(x) — o — a2 v(z) +bv(xz) =0, in B(a;,0),
v=0 and ?:aé’%w{“(liigl), on 0B(a;,9).
v b

As a consequence the distribution —Av — Vv +bv € D'(RN \ {a1,...,ax}) acts as follows:

7 _N hi Tr — a;
DR {ar,...ax ) (—Av =V v+ b, <'0>C3°(RN\{a1,..‘7ak}) =4z a/{gB(a. 6)1/)1 <$c—az|>¢(x) ds.

Hence h = —Av—Vv+bv € H-L(RY) and satisfies (44) as a < 0. From Corollary 6.2, we finally
deduce that the operator —A — V is not essentially self-adjoint in C° (RN \ {ay,...,ax}). O

The following theorem analyzes essential self-adjointness of anisotropic Schrédinger operators
with potentials carrying infinitely many singularities on reticular structures.

Theorem 6.3. Assume that {hy}nen C C*°(SN™1) satisfy (22) and {a,}, C RY satisfy (23) and

|ty — @m| > 1 for alln #m. Lete >0, 0 >0, and § > 0 as in Lemma 3.8, 0 < § < min{1/4,4},
and

> h ( T—an ) B
_ "\ z—an| —
Vie) = 30 I ety where o = (L2

Then —A —V is essentially self-adjoint in C2° (RN \ {an}nen) if and only if

N -2V
w1 (hy) > —(2) +1 forallneN.
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PrOOF. For n € N, let ¢, € C>°(RY) such that ¢, = 1 in Eg’g (an), » =0 in RY \Eg’;é(an),
and 0 < ¢,, < 1. Then, setting o o

we have that V € C®(RY \ {a, }nen) and V —V € L®(RV).

For @ > max{0, —essinfgy (V — V) and b(z) := V — V + «, there holds b € L*®(RY) and
essinfgry b > 0. From the Kato-Rellich Theorem the operator —A — V' is essentially self-adjoint in
C2° (RN \ {an}nen) if and only if —A =V +b=—A —V + a is essentially self-adjoint. In view
of Lemma 3.8, —A — V + b is positive. Hence essential self-adjointness is equivalent to density of
Range(—A — V +b) in L2(RY).

Let us first prove that, if inf,,en p1 (hy) > — (%)2 + 1, then —A —V is essentially self-adjoint.
Let f € C (RN \ {an}nen) and € > 0. Then there exists 0 < v < 1 satisfying

, N—2Y
inf pua(hn —7) > (2> +1

and such that if u € H'(RY) solves

= (=) =

(56) —Au(z) — Vy(x)u(r) + au(zr) = f(x), where V,(z) = Z o —an? On(2),
n=1 n

then

(57) (Vs = V)ull 2@y < e

If inf, ey g1 (hy) > —(%)2 + 1 it is enough to choose v = 0. If inf, ey p1(hy) = —(%)2 +1,
from [12, Theorem 1.2], there exists a positive constant C independent on v € (0,1), such that all
solutions of (56) can be estimated as

u(z)| < Clz — a,|~ "% +VIFT in €72 (ay),

HUHHl(S(;’g;(an)) 0,hn,

for some 2§ < ¢’ < 1/2 and for all n € N. We emphasize that, thanks to assumption (22), the
constant C' in the above estimate can be taken to be independent of n, as one can easily obtain
by scanning through the proof of [12, Theorem 1.2] and checking the dependence of the estimate
constant of the angular coefficient of the dipole. Consequently

2

Y Pnu ~ 2 Y
< t C7N7 9 0,8/ 9
7 anl? |y an, const ( £ 0)||U||H1(50:§n (@) VI +7 — 1

and hence
v

———lullm @~
NN =
S — —0 asvy—0.
vVvi+y-—1

|V, — V)u”Lz(RN) < const (C’,N,E, o)

< const || f[| L2z
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Therefore it is possible to choose v small enough in order to ensure that all solutions of (56)
satisfy (57). For such a 7, the Lax-Milgram Theorem provides a unique w € H'(RY) weakly
solving

—Aw(z) — Vy(2)w(z) + aw(z) = f(z) in RY.

Being V., € C*°(RY \ {a, }nen), from classical elliptic regularity theory, w € C®(RN \ {ay }nen).
From [12] and arguing as in the proof of Theorem 1.6, we deduce that

(58) w(z) ~ | — ap|, and
O(lz —an|o71), if pr(hy) +v <N —1,

(59) Vuw(z) =
O(|x—an|_"), if pi(hp)+vy>N—1,

as T — a,, where o, = — =2 4 \/(¥)2 + p1(hy) +7 and 0 < 7 < X2 Since

N
6:=inf o, >2— —,
neN 2

for all j € N, we can choose N; € N such that N; — 400 as j — oo, N;j4 V=20 — 0, and
N;727~N+2 — 0, and let R; > 0 such that R; — 400 as j — oo and B(an, 1/]) C B(0, R;) for all
n=1,...,N;. Let n; be a cut-off function such that n; € C2° (RN \ {an}nen), 0 < n; <1, and

N N
. ’ 1 . ! 1
nj(z) =0 in U B(am Z) U (RN \ B(0,2R;)), nj(z)=1in B(0, R;) \nL_JlB<an, 3>,

|Vn;(z)| < Cjin U ( (anj) \B<an>2ij))7 |Vn;(z)| < ]gj in B(0,2R;) \ B(0, R;),

|An;(z)] < C 4% in U ( (an, )\B(an,ij)), |An;(x)] < % in B(0,2R;) \ B(0, R;),

for some positive constant C independent of j and n. Setting f; :=n; f —2Vn; - Vw — w An;, we
have that n;f — f in L*(R"), and, from (58),

@)Vl ds
RN

< const j° Z / |z — an 2 da
B(ll»,“])\B an:gj)

pa(hn )+’)’<N 1
t
+ const j? Z / |z — an| ™" dx + %/ |Vw(x)|? do
B(an })\B(an.2) Ri JB02r)\B(O,R))

w1 (hn )+’Y>N 1

< const [N; j* N2 4 N; 527 N+2+R 2{Jw]| g1 ®Y)]
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and, in a similar way,

/RN |An;(2)*|w(z)|* dz < const [N; gAN-2e Rj_4].

By the choice of N, we deduce that f; — f in L*(RY). Hence, for j large, || f; — fllr2@y) < €.
The functions w; := n;w € C°(RN \ {a, nen) solve
—Aw,;(x) = V(x)w;(z) + bw;(z) = g;(z),
where g;(z) := fj(z) + (V4 (z) — V(2))w;(z), i.e. g; € Range(—A —V +b). Moreover, from (57)
and |n;| <1, we deduce that
lg; = fill L2y = (Ve = V)wjll 2@y < (Vs = V)w|l 2@y < e,

hence ||g; — f| 2@~y < 2¢ for large n. The density of Range(—A — V +b) in C° (RN \ {an}neN)
and consequently in L2(RY) is proved.

The proof of non essential self-adjointness in the case p1(hy) < —(%)2 + 1 for some n € N can

be obtained just by mimicking the arguments of the proof of Theorem 1.6 and Corollary 6.2. [

Remark 6.4. If {h, : n € N} is finite, i.e. if only a finite number of possible angular coefficients

is repeated in the reticle, then the assumption of C*°-smoothness of h,, required in Theorem 6.3

can be removed, as one can easily check arguing by approximation as in the proof of Theorem 1.6.
APPENDIX

Lemma A.1. Let {hy}neny C L®(SV™1) and h € L= (SN~1) such that

hy — h ae. in SV and  sup [ Al Loo sn-1) < +o00.
n

Then
i) lm_ pi(h,) = pa(h);

n—-+oo

ii) ¢i‘" converge to Y% uniformly in SN and in HY(SN1);

i (37)

>

h(-Z
iii) converge to |(T2|) in the Marcinkiewicz space LN/
x
Proor. For all n € N, let ¢, = wf " be the positive L?-normalized eigenfunction associated to

the first eigenvalue pq(hy), i.e.

(1) — APy, — hpthy = pa(hn)bn, in SV and Vo =1.
SN*I

Since {h,}, is bounded in L>=(SNV~1), it is easy to verify that {su;(h,)}, is bounded in R, hence
it admits a subsequence, still denoted as {u1(hyn)}n, such that pi(h,) — @ as n — +oo for
some i € R. By a standard bootstrap argument, it follows that {1, }, is relatively compact in
H'(SN~1) and bounded in C%*(SN~1) for some positive a. In particular the sequence {1, }, is
equicontinuous and hence, by the Ascoli-Arzeld Theorem, there exists » € HY(SV 1) N CO(SV—1)
such that v,, — ¢ in H*(SV~1) and uniformly in S¥~1.
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Passing to the limit in (1), strong H'-convergence of 1, to ¢ and Dominated Convergence’s
Theorem yield that 1 satisfies

A —hp =), inSNY7! and / 2 =1,
SN—I
and therefore
i = (h).
On the other hand, for all ¢ € HY(S¥=1)\ {0}
fSN—l ‘VSN*IW(H)P dV(G) - fSN—l hn(0)<p2(9) dV(e)

i (ha) < Jors P(0) AV (6) |

hence, letting n — 400,
i< Jon—1Ven-19(0)[*dV (0) — Jsn—s h(0)*(6) AV (6)
a Jon—1 ©2(0)dV () ’
which implies that i < pq(h). Then ui(h) = fi and ¢ = 9%, Statements i-i) follow from above

and the Uryson property.
A direct calculation shows that

(e — 1) (%)

= N72/N||hn — h”LN/Z(SN—l)

||
LN/2,oo(RN)
and hence statement iii) follows from the assumption on {h,}, and the Dominated Convergence
Theorem. ]
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