ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO SCHRODINGER
EQUATIONS WITH SINGULAR DIPOLE-TYPE POTENTIALS

VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI

ABSTRACT. Asymptotics of solutions to Schrodinger equations with singular dipole-type poten-
tials is investigated. We evaluate the exact behavior near the singularity of solutions to elliptic
equations with potentials which are purely angular multiples of radial inverse-square functions.
Both the linear and the semilinear (critical and subcritical) cases are considered.

Dedicated to Prof. Norman Dancer on the occasion of his 60th birthday.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In nonrelativistic molecular physics, the interaction between an electric charge and the dipole
moment D € RY of a molecule is described by an inverse square potential with an anisotropic
coupling strength. In particular the Schrédinger equation for the wave function of an electron
interacting with a polar molecule (supposed to be point-like) can be written as

LN s A L )
2m |z|3

where e and m denote respectively the charge and the mass of the electron and D is the dipole
moment of the molecule, see [11].

We aim to describe the asymptotic behavior near the singularity of solutions to equations asso-
ciated to dipole-type Schrédinger operators of the form

Az -d)
|z[?

in RV, where N > 3, A = 2m+|D|, being |D| the magnitude of the dipole moment D, and d = D/|D|
denotes the orientation of D. A precise estimate of such a behavior is indeed an important tool
in establishing fundamental properties of Schrédinger operators, such as positivity, essential self-
adjointness, and spectral properties, see e.g. [7].

L,\,d = —A —

We emphasize that, from the mathematical point of view, potentials of the form ’\‘(fl'sd ) have

the same order of homogeneity as inverse square potentials and consequently share many features
with them, such as invariance by scaling and Kelvin transform, as well as no inclusion in the
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Kato class. We mention that Schrodinger equations with Hardy-type singular potentials have been
largely studied, see e.g. [1, 6, 9, 10, 16, 17] and references therein.

More precisely, in this paper we deal with a more general class of Schrodinger operators includ-
ing those with dipole-type potentials, namely with operators whose potentials are purely angular
multiples of radial inverse-square potentials:

oo A/l

|2

in RN, where N > 3 and a € L>=(SV1).

The problem of establishing the asymptotic behavior of solutions to elliptic equations near an
isolated singular point has been studied by several authors in a variety of contexts, see e.g. [13]
for Fuchsian type elliptic operators and [5] for Fuchsian type weighted operators. The asymptotics
we derive in this work is not contained in the aforementioned papers, which prove the existence of
the limit at the singularity of any quotient of two positive solutions in some linear and semilinear
cases which, however, do not not include the perturbed linear case and the critical nonlinear case
treated here. Moreover, besides proving the existence of such a limit, we also obtain a Cauchy
type representation formula for it, see (4) and (8).

We also quote [12], where asymptotics at infinity is established for perturbed inverse square
potentials and in some particular nonradial case. Holder continuity results for degenerate elliptic
equations with singular weights and asymptotic analysis of the behavior of solutions near the pole
are contained in [8].

As a natural setting to study the properties of operators L, we introduce the functional space
DL2(RYN) defined as the completion of C2°(RY) with respect to the Dirichlet norm

1/2
||'LLHD1,2(]RN) = (/]RN |Vu(:c)|2 d:v) .

In order to discuss the positivity properties of the Schrédinger operator £, in DV2(RY), we consider
the best constant in the associated Hardy-type inequality

/ 2] ~2a(z/|2]) v (z) da
(1) An(a) = sup RY .
ueD2(RN)\ {0} / V()| de
RN

By the classical Hardy inequality, Ay (a) < ﬁ esssupgn -1 a, where esssupgy -1 a denotes the
essential supremum of ¢ in SV~!. We also notice that, in the dipole case, by rotation invariance,
AN(%'c . d) does not depend on d.

It is easy to verify that the quadratic form associated to L, is positive definite in D'2(RY)
if and only if Axy(a) < 1. The relation between the value Ay(a) and the first eigenvalue of the
angular component of the operator on the sphere S™V—1! is discussed in section 2, see Lemmas 2.4

and 2.5. More precisely, Lemma 2.5 ensures that the quadratic form associated to L, is positive

definite if and only if
L (N-2 °
H1 2 ;
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where p11 = py(a, N) is the first eigenvalue of the operator —Agn-1 — a(f) on SV~ (see Lemma
2.1). We denote by 1; the associated positive L?-normalized eigenfunction and set

2) o =o(a,N) = —? + (N2_2)2 + .

In the spirit of the well-known Riemann removable singularity theorem, we describe the behavior of
solutions to linear Schrédinger equations with a dipole-type singularity localized in a neighborhood
of 0.

Theorem 1.1. Let Q C RN be a bounded open set such that 0 € Q and let ¢ € LS.(Q\ {0}) be

such that q(z) = O(|z|~3~9)) as |z| — 0 for some ¢ > 0. Assume that a € L®(SN~1Y) satisfies
An(a) <1 andu e HY(Q), u>0 a.e. inQ, u#0, weakly solves

(3) —Au(x) — a(z/|z) u(z) = q(x)u(z) in Q,

. w\r T — Mumwx xXr = T)ulx )wlx i or att w 1
/me)vmd / (@)w(z)d /q<><><>d,f w e HY(Q).

|| Q
Then the function
- u(z)
|27 (/)

18 continuous in  and

. u(r) — B8l sOVuls0) ds
) |il|rilo el () _/SM (R (RGH/O 20+N—2q< O u(s0)d

R 5N71+0'
- [ s onutso) ds i (0) v 0),
0 -

for all R > 0 such that B(O,R) := {z e RN : |z| < R} C Q.

We notice that (4) is actually a Cauchy’s integral type formula for u. Moreover the term at the
right hand side is independent of R, see also Remark 4.2. In the case in which the perturbation ¢
is radial then an analogous formula holds also for changing sign solutions to (3), see Remark 4.3.

If the perturbing potential ¢ satisfies some proper summability condition, instead of the stronger
control on the blow-up rate at the singularity required in Theorem 1.1, a Brezis-Kato type argu-
ment, see [2], allows us to derive an upper estimate on the behavior of solutions. For any ¢ > 1,
we denote as Lq(ch*, Q) the weighted L?-space endowed with the norm

- 1/q
- ::< /Q . <x>|u<z>|5dx) ,

2N is the critical Sobolev exponent and and ¢ denotes the weight function

N-2
() p(x) = || (x/]z]).
The following Brezis-Kato type result holds.

where 2* =
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Theorem 1.2. Let Q C RY be a bounded open set such that 0 € Q, a € L>®(SN™1) satisfying
An(a) <1, and V € L*(¢*,Q) for some s > N/2. Then, for any Q' € Q, there exists a positive
constant

C =C(N,a,||V| s (p220), dist(Q', 0Q), diam Q)
depending only on N, a, ||V p(p2nq), dist(,09), and diamQ, such that for any weak HY(Q)-
solution u of

(6) —Au(x) — a(@/|z) u(z) = * 2 (x)V(x)u(z), inQ,

|z[?

i.e. for any u € HY(Q) satisfying

a(m/\ml) _ 2% 2
/QVu(x) -Vw(x) dat:—/Q FE u(z)w(z)de = /an (2)V(z)u(z)w(z) dz,

for all w € HE(SY), there holds ze L () and

u

14

< O lull 2= (-
Le= ()

The Brezis-Kato procedure can be applied also to semilinear problems with at most critical
growth, thus providing an upper bound for solutions and then reducing the semilinear problem to
a linear one with enough control on the potential at the singularity to apply Theorem 1.1 and to
recover the exact asymptotic behavior.

Theorem 1.3. Let ) be a bounded open set containing 0, a € L>=(SN™1) satisfying Ay (a) < 1,
and f : Q xR — R such that, for some positive constant C,

TED| o2 forac (wuwyeaxr

Assume that u € H* (), u >0 a.e. in Q, u Z 0, weakly solves
™ @) - L o 0) — s ul@), o,

a(z/|x|) 1
/QVU(:L’) -Vw(z) dz /Q e u(x)w(x)de = /Qf(x,u(:c))w(a:) dx, for all w € Hy(2).
Then the function
o ul@)
|74 (/ |2])

18 continuous in £ and

i 7u(x) = r%u(r Tisl—a s0,u(s s
© ) [ (e [ S o) a

2N+ / o, us 0) ds)w (6)dV(6)
0 20+N -2 ’ 1 ,

for all > 0 such that B(0,7) :={x € RN : |z|<r} C Q.
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Notation. We list below some notation used throughout the paper.

- B(a,r) denotes the ball {z € RY : |z —a| < r} in RY with center at a and radius r.
- dV denotes the volume element on the sphere SV—1.

- wp denotes the volume of the unit sphere SN=1 je wy = fstl av (6).

- for any a € L'(SN™1), fonv_1 a(0) dV(0) denotes the mean of a on SV, i.e.

][ a(e)dV(e):i/ a(0) dv (0).
SN—1 WN JsN—-1

- the symbol ess sup stands for essential supremum.

2. SPECTRUM OF THE ANGULAR COMPONENT

Due to the structure of the dipole-type potential of equation (3), a natural approach to describe
the solutions seems to be the separation of variables. To employ such a technique, we need, as a
starting point, the description of the spectrum of the angular part of dipole Schrédinger operators.

Lemma 2.1. Let a € L>®(SN~1). Then the operator —Agn—1 — a(6) on SN~1 admits a diverging
sequence of eigenvalues p1 < po < -+ < pp < -+ the first of which has the following properties:
(i) w1 is simple;
(ii) w1 can be characterized as
i Jsn—1 [Ven-19p(0)[2dV (0) — [sn—1 a(0)0*(0) dv(0)
YEH (SN 1)\ {0} Jsv—1 ¥2(0) dV (0) ’

(iil) p1 is attained by a smooth positive eigenfunction 11 such that mingnv-1 1y > 0;

(9) H1 =

(iv) if, for some k € R, a(0) = K for a.e. 0 € SN71, then py = —
(V) if a is not constant, then —esssupgn—1 a < 1 < — fynv_, a(6) dV (0).

PROOF. We prove assertion (v), being (i), (i), (iii), and (iv) quite standard.
Since the function 1 = 1 satisfies

[ Wovsw@Pave) - [ a@ur@)ave)=- [ aeave)
SN—l SN—l SN—l

we deduce that py < — fSN71 a(0)dV(0). In order to prove the strict inequality, we argue by
contradiction and assume that p1 = —fv_y a(@)dV(0). Then 1 = 1 attains the minimum
value in (9) but, since a is not constant, it does not satisfy equation —Agn-197 — a(0)y; = 0, a
contradiction. We can thereby conclude that p; < — fov_, a(6) dV(6).

From (9), [17, Lemma 1.1}, and the optimality of the best constant in Hardy’s inequality, it
follows that

Jon—1 [Vsv—1p(0) > dV (0) — esssupgn -1 a fon—1 1p?(0) dV (0)

> in
M2 e @) Jsn—1 ¥2(0) AV (0)
f]RN |Vu(z)|? do — ((N2—2) + esssupgn-1 a) f]RN % dz
= inf 77 = —esssupa,
uEDL2(RN)\{0} S 8 V-1

thus proving the left part of the inequality stated in (v). O
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The asymptotic behavior of eigenvalues ux as k — +oo is described by Weyl’s law, which is recalled
in the theorem below. We refer to [14, 15] for a proof.

Theorem 2.2 (Weyl’s law). For a € L>=(SN™1), let {ur}r>1 be the eigenvalues of the operator
—Agn-1 —a(f) on SN, Then

(10) pe = C(N,a)k?/ N-1) (1+o0(1)) ask— +oo,
or some positive constant C(N,a) depending only on N and a.
[ P ) P g only

The following lemma provides an estimate of the L®-norm of eigenfunctions of the operator
—Agnv-1 — a(f) in terms of the corresponding eigenvalues.

Lemma 2.3. Fora € L®(SV~1) and k € N\ {0}, let ¢, be a L?>-normalized eigenfunction of the
Schrédinger operator —Agn-1 — a(f) on the sphere associated to the k-th eigenvalue uy, i.e.

{—ASlek(e) —a(0) Yi(0) = per(0), in SN,
Jon—1 [r(0)]2dV(0) = 1.
Then, there exists a constant Cy depending only on N and a such that
[k (0)] < Co fpug YD/,
where |-] denotes the floor function, i.e. |z| :=min{j € Z: j < z}.

(11)

ProOF. Using classical elliptic regularity theory and bootstrap methods, we can easily prove that
for any j € N there exists a constant C(N, j), depending only on j and N, such that
- < ' (e’
Hiﬁknwg,%(smw < O(N, ) (ke + llall oo v -1))

N—-1

Choosing j = L 1

J + 1, by Sobolev’s inclusions we deduce that
W?,%(SNfl) PN CO,a(SNfl) PN LOO(SN*l)

for any 0 < @ < 2(1 — % + L%J), thus implying the required estimate. O

)

Arguing as in the proof of [17, Lemma 1.1], we can deduce the following characterization of
An(a).
Lemma 2.4. For a € L>®°(SVN~1), let Ax(a) be defined in (1). Then
o fon 1 a0) 62(0) dV (6) |
GEHLENTINO} [ [Vn19p(8)[2dV (8) + (Y52)° fun ., ¥2(6) AV (6)

(12) An(a) :

We notice that the supremum in (12) is achieved due to the compactness of the embedding
HY(SN=1) — L2(SM~1). As a direct consequence of the above lemma, it is possible to compare
An(a) with the best constant in Hardy’s inequality

4 Jan v?(2)]x]| 72 da

= sup

(N —2)? B weD1L2(RN)\{0} fRN |Vu(z)|? de .

Indeed, if a is not constant, there holds

4 4
et ]gM (0)dV(0) < Ax(a) < esssupa o
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whereas, if a(f) = k for a.e. # € S¥~! and for some x € R, then Ay (a) = 4r/(N — 2)%.
Let us consider the quadratic form associated to the Schrédinger operator L, i.e.

Qalu) := /]RN |VU(:Z:)|2dx - /RN de_

The problem of positivity of @, is solved in the following lemma.
Lemma 2.5. Let a € L=(SN~1). The following conditions are equivalent:

S | Qu(u) |
i) Q. is positive definite, i.e. ueplﬂl(rllgN)\{O} W >0
i) An(a) <1

i) pg > —(%)2 where w1 is defined in (9).
PRrROOF. The equivalence between i) and ii) follows from the definition of Ax(a), see (1). On the

other hand, [17, Proposition 1.3 and Lemma 1.1] ensure that i) is equivalent to iii). O

Remark 2.6. We notice that in the case of dipole potentials, namely if a(6) = A %, then, rewriting
(12) in spherical coordinates and exploiting the symmetry with respect to the dipole axis, An(a)

can be characterized as

. ™ cos 0 w? () df
AN<)\ r< d) =\ sup fo cosfw () .
2] werd o) [ juw(0)[2 + BN (sin 0) 2w (0)] o

In dimension N = 3, a Taylor’s expansion of Ay (/\ %) near A =0 can be found in [11].
An approzimation of Ay ()\ %) can be performed numerically with a finite difference method,

see table 1.

3. A BREzIS-KATO TYPE LEMMA

In this section, we follow the procedure developed by Brezis and Kato in [2] to control from
above the behavior of solutions to Schrodinger equations with dipole type potentials, in order to
prove Theorem 1.2.

Let us consider the weight ¢ introduced in (5) and define the weighted H'-space H}(Q2) as the

closure of C*°({2) with respect to
iy ey 2= | &%) (ul? + uf) da,

and the space D*(Q2) as the closure of C2°(2) with respect to

ull3z2 ) :=/Q<p2(a:)|vu|2dm.
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N | (An(1) "= (=2 [AN(%)T1 N | (An(1) 7t = (2 [AN(%)Tl
3 | 025 1.6398 12 | 25 70.4636
4 |1 3.7891 13 | 30.25 84.6417
5 | 225 7.5831 14 | 36 100.1187
6 |4 12.6713 15 | 42.25 116.8948
7 | 625 19.0569 16 | 49 134.9698
8 |9 26.7407 17 | 56.25 154.3439
9 | 1225 35.7231 18 | 64 175.017
10 | 16 46.0044 19 | 72.25 196.9891
11 | 20.25 57.5845 20 | 81 220.2603

TABLE 1. Some numerical approximations of Ay (ﬂ) obtained by finite difference with 10000 steps.

z|

By the Caffarelli-Kohn-Nirenberg inequality (see [3] and [4]) and the definition of ¢, it follows that,
for any w € D,?(Q),

2/2*
(13) ([ @@l @) <cv [ P@ve?
Q Q
for some positive constant C,, depending only on N and a.

Lemma 3.1. Let Q be a bounded open set containing 0 and v € HL(2) N Li(p*,Q), ¢ > 1, be a
weak solution to

(14) —div(p*(2)Vo(z)) = % (2)V(z)v(z), in Q,

where V€ L*(¢*,Q) for some s > % Then, there exists a positive constant C = é(a,N)

depending only on a and N, such that for any Q' € Q, v € L%q(cpy, Q) and
~ o(2—2%)

1, -
(15) ||U||L2;7q(¢2m/) < Ot (diam Q) X

8 4 4(q+2) 20,
x (O(q) (dist(Q,00Q))2 * (dist(€V, 99))2 + C(q)> ollzaeza),

where C(g) := min {1, (;ﬁ} and

N
2s/N q+ 4 2s/N 2N
Lé(¢2°Q) 3 L*(p79) '

Cn.allV]

by = [max {SCN,GV|
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PROOF. Holder’s inequality and (13) yield for any w € D?(12)

(16) Aﬁ@mmw&mm<@/wﬁmﬂmM+/wﬁmmwm&mwwwx

[V (z)|<tq

[V (z)|>¢€q
z/ dx+</ggo2*(x)w2*(x)dx);( / o @)V (@) F dmy
[V(z)| >4y
a/ dx+cNa(/Qg02(:c>|vw|2dx)< / <p2*(:n)|V($)|J2VdJ;)]2V.

[V (2)124,
By Hélder’s inequality and by the choice of ¢, it follows that

" /’gﬁ@mmm¥m<(4¢ﬁ@Wmeoﬁ< / wﬂmm)%N
V(@) 3,

[V (z)|=>4q

N
2

<( [ & @V@rd) V@I 2 yar) T
(frremera)’( [ (%

[V (z)|24q

—1 —1 N
—s+ X . CN,a 20N7a 2
SIVIZ- 2oy ba 2 gmm{ 8 "q+4)

and hence from (16) we obtain that for any w € DL*(Q)

1) [ @@t <t [ & @ {5 2 ([ 2@ ).

Let 1 be a nonnegative cut-off function such that

2
supp(n) € 2, n=1onQ, and |Vn(x)| < Tsh( @, 09
Set v™ := min(n, |v]) € DL*(Q) and test (14) with v(v

m—a@&mfmwwmmwww*m+/ﬁ

Q

=/Q<P (z)V (z)n* (2)v* () (v™ ()9~ d:v—Q/

Q

")472n? € D (Q). This leads to
(@) () (v" ()" |Vo(2)[* dz

©* (2)n(@)v(z)(v" (@) V(@) - Vi(z) dz.

We use the elementary inequality 2ab < 1/2a? + 4b% and obtain

(19) (q—2)/Qs@z(»’v)nz(x)IW"(%)IQ(v”’(ﬂc))q_2 d + %/Q902(@772(96)(0”(1:))"_2IW(l’)IQdw

</Qs02*(ﬂﬁ)V(l‘)nz(ﬂ?)vz(%‘)(v"(fC))"‘zda?+4/Q<ﬂ2(ﬂv)IV77(x)IQUQ(%‘)(vn(l‘))‘z_2 da.
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Furthermore, an explicit calculation gives

ny<— 2 q_|_4 q_2 n\q— n n\q—
. V() E )| < T2 2o 4 oy gy
nyg— q_2 n
+2(0") T Vnl® + = (") V.

Letting C(q) := min {1, qij}’ from (19) and (20) we get

m\»n

(21) C(o) / )|V ((6") 4 on) ()] dz < 22 + C(g)) / () (0" ()7 20(2)2 V() [ di
q—2

+C() 2 /Q‘PZ(QJ") " () Vn( )|2de+/Q 2 (2)V (@) (2)0? (z) (V" (x)) 72 da.

Estimate (18) applied to n(v™)2 ~'v gives

@ [ Fer@heoe et tiwe < L [ Fovaeite)

Tl ) p? (@) (0" (2)) 120 (@) () de.

Using (22) to estimate the term with V' in (21), (13) yields
2

2 (@) v ()| VY u(@) | n? (z) da = _2,Cna
(/Qw()l() ()In()d> < 2l
M 2(2) o™ (2)|9 20% (2 2)12 da

Clq) /Qs0(>l ()| (2)|Vn(z))? d

+ Cnalg—2) / (@) [0 () 1| V()| .

N

/ & ()P (@)™ (@) 1202 (2) de
Q

Letting n — oo in the above inequality, (15) follows. O

Proof of Theorem 1.2. Let u be a weak H!(Q)-solution to (6). It is easy to verify that
o(z) == |z|7¢1(x/|z]) € HY(Q) satisfies (in a weak H'({)-sense and in a classical sense in Q\ {0})

~apte) - L (@) o

Then v:= 7 € H}(£2) turns out to be a weak solution to (14). Let R > 0 be such that
Q' € Q'+ B(0,2R) € Q.

Using Lemma 3.1 in Q; := Q' 4+ B(0,R(2 —r1)) € Q' + B(0,2R), r1 = 1, with ¢ = ¢1 = 2*, we
*12 «
infer that v € L2 (¢%,€1) and the following estimate holds

1

o2=2") < 8 4 4(q1 +2) 204,
e +

~ 1 q1
v . < Ca (diam)) = + ) V| 2% (2% -
” ”L#(Lﬂ*ﬂl) ( ) (Ch) (er)z (er)Q O(Q1) ” HL2 (£2%Q)
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Using again Lemma 3.1 in Qy := Q' + B(0,R(2 — 1y — 12)) € Qy, 1o = I, with ¢ = g2 = (2*)?/2,
*33 .
we infer that v € L7 (92, Q2) and

~1 o(2-2%) 8 4(q2 +2) 20, >qz
. < 0 (diam Q) = e
HU”LLQS (92%Q0) (diam <C(CI2 ) (Rry)? (Rrs)? Cl(q2) [ollzes o)
1 1 L
~ . o(2—2" ) ate( 8 U +2) | 20, )ql
< |C(diam Q2 + + X
(€ (diam ) (C(q @2 " (R T Cla)

1

8 4 AM@+2), Ay YT
<c< S e o) Mo

Setting, for any n € N, n >

1/24\" - 1
qn:2<2), Qn::Q’+B<O,R<2—ZTk)>, and ™= g

k=1
and using iteratively Lemma 3.1, we obtain that, for any n € N, n > 1,

(23) vl pansr (p2ary < V]l pantr (p2n0,)
1

~ o (2—2%) i * 4 g +2) | 205, \*
< 2% (2% Q - :
ol o5 (2 b At

We notice that

(24) H< Rm y 42%:)22) " gqu,’i))% — o {Zb"}

k=1

where
1 16k* 4k M qe +2) 24,

b, = —lo ,
T <320(f1k) R? C(Qk))
and, for some constant C' = C(N, a, 2+ ), dist (', 09)) >0

k 2
2 2" -
w() e leG(3))

o0 oy .
Hence )~ ; b, converges to some positive sum depending only on
and a, hence

1 as k — +oo.

2rqy, dist(2,00), N

n L

B T PRI b - 8 4 A(g+2) 2, \n
1 Q =
| Ceam )™ H(c*(qk) ®r? T (Rr)? | Clay)

2+ ), and dist(Q’,0Q). Hence, from (23), we deduce
i La(p20), dist(Q,0Q), and

diam €2, such that
[l Lans1 20y < C vl p2r (p2rqy  for all n € N.

Letting n — +o0o we deduce that v is essentially bounded in €’ with respect to the measure p? dx
and

[0l oo 20y < Cllvll L2 20y = C llull L2 (@),
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where [|v]| s 4270y denotes the essential supremum of v with respect to the measure ©*'dx. Since
% dx is absolutely continuous with respect to the Lebesgue measure and viceversa, there holds
[0[[ oo (p2%02) = [[V]| oo (@), hence v € L°(€') and

||”||L°°(Q') <C HUHLQ*(Q)a
thus completing the proof. O
If the potential V in equation (6) belongs to L™¥/?(¢?,Q) (but to L*(¢*,Q) for no s > N/2),

although we can no more derive an L°°- bound for u/p, we can obtain for u/¢ as high summability
as we like.

Theorem 3.2. Let 2 be a bounded domain containing 0, a € L>®(SN~1) satisfying An(a) < 1,
and V € LN2(p*¥,Q). Then, for any Q' € Q and for any weak H'(Q)-solution u to (6), there
holds ¢ € Li(p?, Q) for all 1 < ¢ < 400.

PROOF. The proof follows closely the proofs of Theorem 1.2 and Lemma 3.1. However, since we
only require V € LN/?(¢?) Q), we have that for any ¢ there exists ¢, such that

Oyl 205 \%
8 ) q+4 9

cpz(:c)|V(:c)|% dz < min{
V(@) >

but we can no more estimate ¢, in terms of ¢, as we did in (17) thanks to the summability
assumption V € L*(¢?, Q) for some s > N/2. Hence we still arrive at an estimate of type (23) but
we have no control on the product in (24) as n — +oc. O

4. BEHAVIOR OF SOLUTIONS AT SINGULARITIES

The procedure followed in this section to prove Theorem 1.1 relies in comparison methods and
separation of variables. Indeed we will evaluate the asymptotics of solutions to problem (3) by
trapping them between functions which solve analogous problems with radial perturbing potentials.
To this aim, the first step consists in deriving the asymptotic behavior of solutions to Schrédinger
equations with a potential which is given by a radial perturbation of the dipole-type singular term.
In this case, it is possible to expand the solution in Fourier series, thus separating the radial and
angular variables, and to estimate the behavior of the Fourier coefficients in order to establish
which of them is dominant near the singularity.

Proposition 4.1. Let a € L=(SN~1) be such that Ax(a) <1, R >0, andu € H*(B(0,R)), u >0
a.e. in B(0,R), u# 0, be a weak H*'-solution to

(25) ~au(e) = [ ()| ute)in B0, R,

where h € L (0, R)NLP(0, R) for some p > N/2. Then, for any r € (0, R), there exists a positive

loc

constant C' (depending on h, R, r, a, €, and u) such that
1
6|$|‘7 <u(z) < Clz|”  for allz € B(0,r)\ {0},
where o is defined in (2). Moreover, for any 6 € SN=1 and r € (0, R)
(26) 11I(I)1+ u(pe)p70 = f(ra U, h7 N7 a) 1/’1 (0)7
p—



SCHRODINGER EQUATIONS WITH DIPOLE-TYPE POTENTIALS 13

where

(27) f(r,v,h,N,a) = /SN_l (r_”u(m) + /07" 205% h(s)u(sn)ds

e | T s)ulsm) ds ) () AV ()
0o 204+ N —2 ! Y ”

and there exists a positive constant C (depending on h, R, v, a, €, but not on u) such that
(28) w(p8) < Cllullg(so,r)p”,  for all0<p<r.

PrROOF. Let r € (0, R). We can assume, without loss of generality, that R > 1 and r = 1. Indeed,
setting w(z) := u(rx), we notice that w € H*(B(0, R/r)) and weakly solves

—Aw(z) = ‘WM(W w(z) in B(0,R/r),

where h(p) := r2h(rp) satisfies h € L. (0, R/r) N LP(0, R/r). Hence, it is enough to prove the
statement for R > 1 and r = 1, being the general case easily obtainable from scaling.

Let R>1,r=1and u € H(B(0,R)), u > 0 a.e. in B(0, R), u # 0, be a weak solution of (25).
By standard regularity theory, u € C°(B(0,1) \ B(0,s)) for any s € (0,1). For any k € N\ {0},
let 15, be a L?-normalized eigenfunction of the operator —Agny-1 — a(f) on the sphere associated
to the k-th eigenvalue py, i.e. satisfying (11). We can choose the functions 1, in such a way that

they form an orthonormal basis of L?(SV~1), hence u can be expanded as

(29) u(e) = u(p0) = 3 ge()in ),
k=1
where p = |z| € (0,1], 0 = z/|z| € S¥~1, and
(30) eulo) = [ uo0yn0) v o).
The Parseval identity yields
[ 0P ave) =S e, orano<p<i,
- k=1

and hence

1 oo 0 .1
(31) 2 50,y = / pN-l(Zwk(p)P) dp=3" / N on(o) 2 do.
k=1 k=1

Equations (25) and (11) imply that, for every k,
N -1 Lk .
(o) = (o) = h(p)on(p),  in (0,1).

A direct calculation shows that, for some c¥, ck € R,

on(p) +

B2 el =0 (4 / L e s) 45 (o + / T shen(s) is).

O — Ok O — Ok
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where
(33) y_ _N-2 N—22+ { oo N2 1\1—22+
= — N —_— - .
Tk 2 2 Hr o and oy 2 2 H
For the sake of notation, we set
o 1 8_0';:"1‘1
(34) ) =% [ T hpn(s) ds
p Ok — Ok
and
_ 1 57‘71;+1
Bk(p) = pgk (62 —|—/ — T h(s)(pk(s) ds),
p 9k — Ok
so that
o_+
(35) () = cip™ + Ax(p) + Bi(p)-
Without loss of generality, we can assume that
<p< N
5 p ’
2 _9\2
2= 5V (72)
so, setting e = 2 — %, 0<e<z(of+ %), for every k. From Holder’s inequality and Lemma 2.3,

it follows that

+

(36) |4k (p)] = p7*

/,,1 ﬁh(s)(/gm u(s 0)¢(0) dV(e)) ds

o LNTJJFl 1 _ _ _ _
< Chp% ‘,uk‘ / S—az,r-i-l—Npl—NQ*I (/ SNpl-i-Nz*l h(s)||u(59)|dV(9)) ds
o SN—-1

+ —
O — 0

N—-1
4

N2 . L J+1 1 1—1_1
2N o - h _ _ . Pk
< o Cur M- 0. ”u”LQ*(B(OJ))(/ s S e ds) P

N + -
O, — 0y wWN

nNi2 + N-1 2% _ 4+ _N-2 ., N I
_ w]\?N Clpak |pk|t 1 J+1 ||h||Lp(B(O)1)) ||uH z*pfgzl,p( [e4% > +2 p) P2
= 2% =
o~ wn OOV = (2ol + N52)
o2 N-1 N-2
o Ol BT Phlsony %
O’I—: —0']: oy UllL2*(B(0,1)) |: o ( . Noo ) 17%72%7
—=P (gf +8=2_¢ }
2%p—2*—p k 2

where wy = [on_1 dV/(0). In particular

(37) Ap(p) = o(p™) as p—0*.
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Moreover
(38)

1
/|57"k_+1h(5)¢k(5)|d5
0
LMJH ! T4l N=1_ N-1 N—1, N-1
<01|Mk| I s %k P PR s » PR
0 SN—I

N2 - h 1 - _ . 1-5 — 3
< Oy e 27 1 Lm0y “L:(B(O’l)) lull 22 (Bo.1y) [/ SO S S ds}
N 0

h(s)||u(s8)] dV(G)) ds

A2 voa| g [[hlle(so 1
=wy" Cl|#k|L * JH # 1wl 2 (B(0,1)) 2

— _oy71-1--L
] G | I

due to inequality o, < —%. As a consequence,

1 S*U;Jrl
39 lim —— h(s s)ds
(39) Jim [ et
is finite. Since u € L? (B(0,1)), from (37), (39), and the fact that p7x ¢ () & L* (B(0,1)), we
conclude that there must be

1 Sfa']:+1
(40) ok _ / I h(s)pnls) ds,
0 O — 0y
hence
_ p 370;+1
(41) Bulp) =" [ S —hlopn(s)ds,
0 O — 0y

Since u € C°(B(0,1) \ B(0, s)) for any s € (0,1), it makes sense to evaluate ¢ at p = 1 and, from
(32) and (40), we have that

L 1 S*U;Jrl
(12) d=a)+ [ el ds.
0 0 — 0
From (32), (41), and (42), we deduce that
N 1 g—op+1 1 S—a,j+1
(43) er(p) = p7r (@k(l) +/ ——— h(s)pk(s) d5+/ ———h(s)px(s) ds)
0 0 — 0y p 9k — O

_ P S—O‘; +1

+ 7 / ———N(s)en(s) ds.
0 T — 0y

From above, (38), and standard elliptic estimates (which allow to estimate u outside the singularity

in terms of its H!'-norm) we obtain that, for some positive constant ¢ depending only on N, R, a,
and h,

_ No1 . _ o] rtEE
@) 1 < elmd ETI ull oy [+ [ e — o — 852)] |
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Arguing as in (38), we find that

(45)
Nt2 N-1 _
B < Wn C1|M1c|L 72+ Il e (B(0,1)) pr
| Br(p)| < P » lull 2= (B(0,1) p—- P
bk N [z le—0op =552 7

From (35), (36), and (45), we can estimate ¢y, as

N—1
o BT Bl s

o 1)) =2
(46) len(p)| < \Clﬂp b+ oF o o ||UHL2*(B(0,1))PE 2
k k
where
N+20 N+2C
Ww32N | w2N |
A= 2+p + N N—2 1-1—5 * 2*p N* N-2\11-3 3
[m(ak + 852 —¢)] [2*;;72*7;;(5_% - 552)]
Claim 1: there holds
(47)
jr—1 i
4000) + Bl < ekt S (Llermony 2 )
= wN(cf,': —0y;) 5
No1 120l e (B0 \** e n=2 jk 2
+O¢k\ﬂkw R J+1||u||L2*(B(O,1))<wN(O_+(_(J))) A H 1
k k

SRS -]

. 1 N —2\2
Jk=|= (7) +pe | — 1,
€ 2

i.e. ji is the unique integer number such that

where

N —2\2 . N —2\2
(2 e <iie < () e
2 2
Notice that € < %(a,j + %) implies ji > 2.
To prove the claim, we observe that, from (34) and (46) it follows that
kot Mllor@wony (1 a-n=ny e N5
(48) |44(p)] < [eh]prt Wermony ¢ [ a5
wn (o) —op )\,

p—1

R ”hHLP B(0,1 2 ot 1 _ot _N-2_ N-1 e
‘*‘ak\ﬂkw 1 JHH“HB*(B(OJ))(M p°x (/ s(onHlte= T =)ty ds)
wn (o —oy) P

ot IhllLr(B(0,1 1
<Jeflpmt SO
N(o) = 0) (e27) "

|22 1Bl Le (0.1 \° pre
+ ag|pp |l 2 || fon < = >
i B e (o [
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In a similar way, from (41) and (46) we deduce that

o 2l e (B(0,1 1
(49) |Bi(p)] <|cklp B —
WN(Uk Uk) I:(€+o'2_ 70’;)L} ?

7l Lo B0y \2 i
JrozkluklL J+||“|L2*(B(Ol))( L [

T _ p=1
wn (o — o) (26_02_1\12—2)%} »
Summing up (48) and (49), we obtain
o+ IPllLr(B01)) 2
[Ak(p) + Bi(p)] < [efp7+ ——ZLPO0
wn(oy —oy) &%
267N72

-1

P2
;+M—25) v

7]l (B0,1) >2 2p% "2
<) (o 2

+ ak‘ﬂkw J+ ||U||L2* (B(0, 1))< N —o
k k

and hence, from (35),

hl r» 2
(50)  lew(p)| < Ieflp™ (1+ Wollar 0. p1)+
wn(og —op) 5

Al e (B(0,1)) > 2% 52

N(oy —oy) ,/(#)%ruk_gg)’%l'

Using (50), we can improve our estimates of Ay (p) and By (p) thus obtaining

+ | IPllzeB0,1)) 1 0l e By \° 2
[Ar(p)| < |cf]p7r =+ — =
! LUN(O'Z— —Uk)ng wN(UZ' —0L) 25

hl| r»
Al (1301)))) y

N-1
0<Ic|Mk|L J HU||L2*(B(0 1)) (

JrOék|Nk|L J+ HU”L2 (B(0, 1))( N —o
k k

3e—N=2

P z 2

V2 e =3e] 7[5+ m—2e] T

X

and

A 1 h 2 9
Bu(o)] < k|7 [n HLTB(MP 1 ( [ ||LP<B(0,D)> : ]
£

wn(of —o,) 5 WN(UIJCF_%)

+ ol P70+ ) (Do ),
L2* (B(0,1 =N
(B(0,1)) N(U;j_gk)

p357 ;2 2

X

p—1 p—1"

VO 4 3e] 7 [ (2 + e — 2

17
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Summing up we find that

ot | Illr B,y 2 IRl o0y \° 4
|Ak(p) + Bi(p)] < |k PO~ PR
wn(o) —o,) ™% wn(oy —o,)) 2%

T A T @ L LU
= @00 u(of —a)
4p3€_N2—‘2

VO =27 [ 2]

An iteration of the above argument (j; — 1) times easily leads to estimate (47). Claim 1 is thereby
proved.

Claim 2: the function s — s~% *1h(s)¢y(s) belongs to L'(0,1) and
. —O'+ k 1 S_O-:Jrl
(51) lim p™ 7 pp(p) =i + | ———=h(s)px(s)ds.
p—0t 0 O — Oy

Indeed, from (47), (35), (44), and the choice of ji, it follows that

(52) ok (p)| < dillull B0y’ =
for some positive constant dj depending on k (and on a, R, h N). We distinguish now two cases.
If jre < (%)2 + pg — €, then from (34), (41), and (52) we derive that

—2

] N
| Ak (p) + Br(p)| < dpljullmrr(po.1ypP V"=
for some other positive constant dj depending on k (and on a, R, h, N), and hence, by (44) and
the choice of jg,
1 N—-2
(53) lor ()| < dillull i (mo,ay PtV

Estimate (53) and the choice of ji imply that the function s — s_"k++1h(s)<pk(s) belongs to
L'(0,1). Moreover, from (41) and (53) it follows that

N—-2

. +
(54) B < Al (500, P9 TP = 0ph ) as p - 07,
and the claim is proved. If jre = 4/ (%)2 + p — €, then from (34), (41), and (52) we derive that

|Ak(p) + Bi(p)| < vellullm1(B(0,1))p7* |logp| 7,
for some other positive constant v; depending on k (and on a, R, h, N), and hence,

o =1
(55) lek(p)| < villullgr(so,a))p 7 [log p| 7 .

Estimate (55) implies that the function s — s“’lj'*‘lh(s)gpk(s) belongs to L'(0,1). Moreover, from
(41) and (55) it follows that

p—1

+_

- L - p__ 3 ot
56) Buo)| <l oo™ ([ s8I logslds) T = o) as p— 07,
0

and claim 2 is proved also in this case.
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Let us fix k such that

hllz» 2 hllLe + _
om Ploeon 2 Wewen % oot vhsh

1
wN(U]:__O-I;)&‘pp;l ngpp%l (%)24’}1% 33

o >4 and

From (47) and (57), it follows that, for all £ > k and for some positive constant Cy (depending
only on N, h, and a),

| Ai(p) + Bi(p)| < |cf]p7% > (1)1

o 3
Bl I N pjkE* N2—2 2 Jr—1
+02||uHH1(B(O,1)) (m) ‘ k‘\‘ 4 J+1 : (8)2 ,
Wik~ % = (|5 ] - i)
which yields, for all & > k,
1 ot ot
(58) |Ak(p) + Br(p)| < §|C'f|p k o+ bepTs /2,
where 4 -
1Pl (50,1 )j’“ |21 (3™
b — C’ 1 PRANL St Sl Sk e’V 4 ~&/
k= Collull g (B0,1)) (WN(U;L - |12 Gr =11

From (10), pg ~ k¥ N=1 and jj, ~ kN1 as k — +o00. Hence we have that
(59) ‘bk| < CSHUHHl(B(O,l)) exp ( - C4 kl/(N_l)),

for some positive constants C5 and C4 depending only on N, h, and a. In view of (35) and (58),
we deduce that

1 _
S1X 7 < low(p)| + bulp 2, for all k > ,

and consequently

1 1 N - 0 1 B e L 3
EZIC’fIQ/ pPoe N 1dp<22/ low(p)*p™ 1dp+2Z|bk|2/ p7e TNV dp.
k=k 0 k=k "0 k=k 0

Hence, from (31) and (59), we obtain that
il

c 2 o~ Jo?
60 g —— <8 +8 E < +o0.
(60) k:EN+2O—;: ||U||L2(B(o,1)) a N+02‘ o0

From (29),

k—1

(61)  u(p®)p™ = p " or(p)n(0) + > p7F " pT or(p)k(0) + 3 o on(p)tn(6).
k=2 k=k

From (51) we deduce that
S—U;r—&-l

(62) T o (0) = [+ [ neea(s)as] a0

0y — 0y
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and
ht +_ o+ +
(63) lim >~ p% =7 p=7% oy (p) o (0) = 0.
p—>0+ 2

From (35), (58), (60), (59), and (57), we deduce that there exists some positive constant Cj
depending only on N, h, and a, such that, for all p € (0,1/2),

= _ot = —ot (3 oF oF _
6 STl lon@] < O30 o (Sl + b2 YD
k=Fk k=Fk

-

2

k=k

1
3 T g |c]f|2 2 (& +_ ¥ _
<2 oy —0 N + 25+ 2(o) —o5) 2[(N—-1)/4]+2
5 C1p7 1<kaN+2"’j D (N 42070k =) |y
+ b=
+ Crpl Tk DTN b pag | LN DA
k=k

< Csllull (50,1 (P 7720 + pl7 /2770,

which implies

R
(65) lim, > 0 or(p)ii(6) = 0.
P =k
Collecting (61), (62), (63), and (65), we finally obtain that
+ 1 ogmol+1
(66) i w(p0)ot = e+ [ 2T )55 0r(0)
p—0+ 0 01 —0q

We notice that, in view of (32), (30), and (40),

1 Sfaj'Jrl
(67) C%‘F/O ———h(s)pi(s)ds

0 — 0

1 S—o';r—}-l
— (1)t / P h(s)p(s) ds
0 01 —0q

- [ umwmaven+ [ ][ 1wh(8)U(sn) W] mavn

The limit in (26) follows now from (66) and (67) in the case r = 1 and by a change of variable
inside the integral for » # 1. Moreover estimates (44), (53), (55), (54), (56), the definition of j,
and (64), imply that, for some Cs > 0 depending only on N, R, h, and a,

+ 1 gmof+1 + >
(68) w0y = (bt [ ZT a9 )0n(0) + 07T [ Brlohin (0)+ 3 en(prun(0)]
1Y k k k>1

< Csllull g1 (B0, RY)>
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for all 0 < p < 1/2. On the other hand, standard elliptic estimates in B(0,1) \ B(0,1/2) yield, for
some C7 > 0 depending only on N, R, h, and a,

ot
(69) u(p®)p~ 7t < Crllullgr(po,ry), forall - <p<L1

N | =

Estimate (28) follows from (68) and (69).
Lot
From (66) and the positivity of u, it follows easily that [C% + fol = " h(s)p1(s)ds| > 0. Since

0 < min ¢1 <¥1(0) < maxyy, forall 6 € SN,

and, by standard regularity theory, u € C°(B(0,1) \ B(0,s)) for any s € (0,1), the proof of
Proposition 4.1 will be complete if we show that
1 S—Ufr—i-l
(70) c1 —|—/ ———h(s)pi1(s)ds > 0.
0 01 — 0y
In order to obtain (70), we need to prove the following

Claim 3: if k € N\ {0} and

A 1 s—a;r+1
ey +/ ——h(s)pr(s)ds = 0.
0

oy — oy
ot
then ¢ (p) = 0 for all p € (0,1). Indeed, if c + fol ﬂiktlh(s)@k(s) ds = 0, then
(Tk —O'k
. [P sfa,jwl _ [P g o tl
(71) olp) == [ Z sl s+ [ k() ds
0 0 — 0y 0 0 — 0y

From claim 2 and (51), we know that there exists a constant ¢, depending on k (and on a, R, h,
u, N) such that
o (p)| < ™.
Using the above estimate in (71), we can improve such an estimate as
ot 20l zrB0,1) P°
wy(of —oy) e

Using the above estimate in (71), we can obtain the following further improvement

ot QHh”L” B(0, ? £)?
lor(p)] < €rpn ( +( 0.1) (p )pi1 .
wn(op — oy )e 2-1)%

lok(p)| < Lep

Arguing by induction, we can easily prove that, for all j € N,

lor(p)| < fkp”:— ( 2||Al| e (B(0,1)) >3
(

)

(r°)’
N
and letting j — 400, we deduce that ¢ (p) =0 for all p € (0,1). Claim 3 is thereby proved.

wn(of — o) )e
We are now in position to prove (70). Arguing by contradiction, let us assume that

1 S—Uf—}—l
(72) cl —|—/ ———h(s)p1(s)ds =0
0

+ —
01 — 0y
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and let ky > 1 be the smallest index for which

1 S—J;ro—i-l
o+ / S h(s)pk () ds # 0.
0

ng O'ko

—ot
Such a kg exists in view of claim 3; indeed if c& + fol sk = h(s)pr(s)ds =0 for all k, then ¢ =0
G'k 70”€

for all k and u would be identically zero, thus giving rise to a contradiction. Moreover, from (72),
we have that kg > 1, and, by claim 3, ¢ =0 in (0,1) for all 1 < k < kp — 1. Repeating the same
arguments we used above to prove (66), it is now possible to show that

. kot+my, —1 1 og—oi+1
(73) lim+ u(p@)p” ko = Z {c’f +/ ———=(s)pr(s) ds | (0),
p—0 k=ko 0 O — 0

where my, is the geometric multiplicity of the eigenvalue p,. We notice that the sum at the
right hand side is a nontrivial function in L?(SV~!) which, being ko > 1, is orthogonal to the first
positive eigenfunction v;. Hence the right hand side of (73) changes sign in SV 1. Therefore the
limit in (73) implies that u changes sign in a neighborhood of 0, which is in contradiction with
the positivity assumption on u. Condition (70) follows and the proof of Proposition 4.1 is now
complete. O

Remark 4.2. Let us consider the function f(-,u,h,N,a): (0,7] = R, s — f(s,u,h,N,a) given
in (27). From the proof of proposition 4.1 and suitable change of variables, we have that

s tlfo _ 8720'7N+2 t(rJerl

(74) F(s,u b N,a) = s~ Wo(s) + /

h(t) T, (¢) dt,
o 20+ N —2 (B)¥u(?)

where
U, (t) := /stl u(t9)1(0)dV (6).

Arguing as we did in the proof of proposition 4.1 to deduce (43), we can infer that

o+N—1

U, (1) = s Ot0W, (1) 4+ 527~ N+20 /S’)ih U, (p)d
(75) (t)=s (t)+s . To0 N 12 (P)Wulp)dp
s pl—a N2 t po+N—1
o — W)U, (p)dp+t L h(p)U,(p)dp.
+ /t 5o+ N 3P Pulp)dp+ /O 5o T N —2 P Pulp)dp

From (74) and (75), direct calculations yield
d
ﬁf(s,u, hyN,a) =0 for all s € (0,7].

Hence the function f(-,u,h, N, a) is constant.

Remark 4.3. If we let the assumption of positivity of u drop, following the proof of Proposition 4.1,
we can still prove a Cauchy’s integral type formula for uw. More precisely, if u € H'(B(0, R)) is
a weak solution to (25) in B(0,R) which changes sign in any neighborhood of 0, with a radial
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potential h € L2 (0,R) N LP(0,R) for some p > N/2, then, following the notation introduced

loc

in (33) and letting ko > 1 be the smallest index for which

70-4’ T 8170';:0
/ r~ TRou(rn) + / ——— h(s)u(sn)ds
SN -1 0

Oro — 0];0
R T 81—(7]:0
i [ hulsn) ds i, () dV () £ 0
0 Oky = Tk

for any 6 € SN=1 and r € (0, R) there holds

T 1—of
i oo = [ (et [ e as
p—0+ = SN-1 0 O —0g
{k: pr=pkg

N /0 fse h(s)u(sn) ds> Yi(n) dV (n)] Vi(0).

+ —
O — Ok

Without the assumption of radial symmetry of the potential, it is still possible to evaluate the
exact behavior near the singularity of the first Fourier coefficient o1 (see (29) and (30)).

Lemma 4.4. Let a € L=(SN~1) be such that Ax(a) <1, R >0, andu € H'(B(0,R)), u > 0 a.e.
in B(0,R), u# 0, be a weak H'-solution to

) = | AL s ) ate) B0, ),

where q € LS, (B(0, R) \ {0}) N LP(B(0, R)) for some p > &. Then, for any 0 <r < R,
l1-o

m q(s Q)U(S 9) ds

(16)  lim p~° /S ulpOyn()av(o) = /S B <Tf’u(7"9)_|_ /0

p—0t

_p—20-N+2 /T‘Mq(so)u(sﬂ) ds)?j) (0)dv (o)
0o 20+ N —2 1 '

ProOF. The proof follows the lines of the first part of the proof of Proposition 4.1. By scaling,
it is sufficient to prove (76) for r = 1. Let

u(z) =u(pf) = > er(p)r(6) and  g(@)u(z) =q(pOulpd) = Ck(p)tx(6)
k=1 k=1
where p = |z| € (0,1], 0 = 2/|x| € SN,

o) = [ ulotn® ). G = [ alotuptun®)av).

and 1y, is an L?-normalized eigenfunction of the operator —Agn -1 — a(f) on the sphere associated
to the k-th eigenvalue py, i.e. satisfying (11). The first Fourier coefficient o7 solves

o)+ ) = 1) = Glp) in (0.1)
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A direct calculation shows that, for some c},cl € R,

. 1 Sfo;r+1 B 1 g—oy+1
e1(p) = p™ (C% +/ ——C(s) dS) +p7 (C% +/ —G(s) dS>7
p O — 0 p 91 — 01

where o = — 82 /(&2 2) 4+ and op = —8=2 /(82 2)2 + p1. From Theorem 1.2 and
1

standard regularity theory, we deduce that u(z) < const \x|‘71 in B(0, 1), hence, Holder’s inequality
yields

(77) / s (s) ds < / et +1( / la(s)[u(s )i (0) de)) ds

1
< const / s (/ SN”1|Q(59)|dV(‘9)> ds
0 S§N—-1

1 N1y o 1-2
< const ||q]| zr (B(0,1)) s v )p-1ds < 0.
0

In a similar way, we obtain that

8701_+1
(78) s+ —— (1(s) € L'(0,1).
0 — 0y

Since u € L (B(0,1)), oy < o, from (77), (78), and the fact that p? 11 (0) & L (B(0,1)), we

conclude that there must be
" 1 S*O’f +1
= [ I ds
0

0 — 0y
hence
+ 1 g—of+1 N A
19 p o) =+ [ S s [ 2T Gs)ds frany pe 0,1)
p 01 — 01 0 01 —0p

Notice that, by standard regularity theory, ¢; is continuous at p = 1, thus, letting p — 17 in (79),
we obtain

L 1 S_U;+1
(50) d=a)- [ S
0 01 — 0y
Arguing as in (77), we obtain that
_ —o; +1
(81) gl —or / ‘ )‘ ds < const ,027%.
o) — 01

Since p > &, (79), (80), and (81) imply that
1 g—or +1 1 §— o1 T+1
lim 7 o1(0) = 1) - [ S G ds+ [ S qs)ds
p—0t 0 01 — 0, 0 01 — 04
and (76) for r = 1 follows. The result in the case r # 1 can be easily obtained just by scaling. O

In order to extend the result of Proposition 4.1 to the case in which the potential is a non radial
perturbation of the dipole-type singular term, we will construct a subsolution and a supersolution
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which solve equations of type (25) and the behavior of which is consequently known in view of
Proposition 4.1.

Lemma 4.5. Let a € L=(SN~1) be such that Ax(a) <1, C € R, and € > 0. Then, for all

_9)2 1/e )
(82) 0<r< [UZCﬁ) (1- AN(G))} , if C >0,
too, if C <0,

and for all v € HY?(0B(0,7)), v > 0, v # 0, the Dirichlet boundary value problem

—Au(z) = [a(m/|x|) + Cx|2+5] u(z), in B(0,r),

(83) ||

u’(’)B(O,r) =, on 0B(0,r),

admits a unique weak solution u € H*(B(0,7)). Moreover u is continuous and strictly positive in
B(0,7) \ {0}, and there exists a positive constant C' depending on a, C, e, N, and r, such that

(84) lull e B0 < C IV m120B(0,r))-
In addition, if v € W2=Y&E(QB(0,7)) for some k > N/2, then v € C°(B(0,r) \ {0}).

ProoOF. For a fixed r satisfying (82) and v € H/2(dB(0,r)), v > 0, v # 0, let © be the unique
H(B(0,r))-weak solution to the problem

o€ HY(B(0,7)),

—-A? =0, in B(0,7),

v =", on 0B(0,7).
By classical trace embedding theorems, it follows that
(85) 191 11 (B(0,r)) < const(N, 7)[[¥[ g1/20B(0,0))
for some positive constant const(N,r) depending only on N and r. Let us define the quadratic
form a : HY(B(0,7)) x H}(B(0,7)) — R as

1
O(w,u) == / {Vw(x) -Vw(z) — W(a(m/\ﬂd) + C|$|E)w($)u(a:)] dz,
B(0,r)

and ® € H=*(B(0,r)) as

alz/lz) = C \.
— ¢ = d .
iy = [ (S e ot
By Hardy’s inequality, it is easy to verify that
ACFre
(86) O, u) > {I—AN(a)—] / V()2 da.
(N - 2)2 B(0,r)

Since (82) implies that [1—Ay(a)— %] > 0, we conclude that the bilinear bounded form Q is

coercive. Furthermore, the function z — a(z/|x|)|z| =2+ C|z| =2 belongs to L% (B(0,7)), hence
® is a bounded linear functional on H}(B(0,r)). From the Lax-Milgram lemma we deduce that
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there exists a unique w € Hg(B(0,7)) such that Q(w,u) = p-1(®,u),, for all u € Hj(B(0,r)).
0
In particular w weakly solves

—Aw(z) — # a(z/|x]) +C\wla}w@) = [G(Tz/”f) |a:|gs

w =0, on 0B(0,r).

(87) o(x), in B(0,r),

Testing the above equation with w and using (86), Poincaré’s and Hélder’s inequalities and (85),
we obtain that

HwHHl(B(O,r)) < c(a, C.e, N, ’I“) Hf}HHl(B(O,r)) < Cl(av C.e, N, ’I“) H’YHHl/?(aB(O,r))’

for some positive constants c(\,C,e, N,r) and ¢/(\,C, e, N, r) depending on a, C, ¢, N, and r. It
is now easy to verify that u := w + o € H'(B(0,r)) satisfies (84) and is the unique weak solution
to (83). Moreover, testing (83) with —u~ := — max{—wu,0} and using (86), we obtain that

4C*re ]/ N
—_— Vu~ (z)]° dz,
(N =2)2] Jpo.n | @)

which, in view of (82), implies that v~ = 0 a.e. in B(0,7), i.e. v > 0 a.e in B(0,7). The Strong
Maximum Principle allows us to conclude that «w > 0 in B(0,r) \ {0}, while standard regularity
theory for elliptic equations ensures interior continuity of u outside the origin.

If, in addition, we assume that v € W2~1/**(9B(0,r)) for some k > N/2, then & € W2*(B(0,7),
and hence © € C%®(B(0,7)), hence, from elliptic regularity theory applied to (87) outside 0, we
obtain that u € C°(B(0,r) \ {0}). O

0=09(u",u" )= |1—An(a) —

Proof of Theorem 1.1. Let R > 0 such that B(0,R) C Q. Since ¢(z) = O(|a~c|_(2_5)) as
|z| — 0 for some ¢ > 0 and ¢ € Li, (€2 \ {0}), there exists a positive constant C' such that

—Clz|=29 < g(z) < Clz|~3 9 for a.e. z € B(0,R). Let us fix 7 = #(R, N, q,a,¢), such that

0 < 7 < min {R, [(N4_é2)2 (1- AN(a))]l/a}. We notice that the Maximum Principle implies that

u > 0in B(0, R)\ {0}, whereas standard elliptic regularity theory yields u € W2*(B(0, R)\ B(0, s))
for all s € (0, R) and some k > N/2, and, consequently, w is continuous in B(0, R)\ {0}. Hence the
function =, := U‘BB(O,T) belongs to W2~1/%F(9B(0,r)) for some k > N/2 and is continuous and
strictly positive on 0B(0,r) for all 0 < r < 7. From Lemma 4.5 we deduce that, for any 0 < r < 7,
there exist u, € H*(B(0,7)) and 4" € H*(B(0,7)) continuous and strictly positive in B(0,7)\ {0},
weakly satisfying

) = [~ Claf o). i B,

ﬂr|aB<0,T> =7, on 8B(0,r),

and

—At,(r) = {Cw + C’lx|_2+5} a,(x), in B(0,7),

ﬂr|aB(0,7~) = Y, on 0B(0,r).
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From Proposition 4.1, there exist two constants As > A; > 0 (depending on 7, N, ¢, a, &, and u)
such that

(88) Aqlz|? < uf(x) and @r(x) < Ag|z|?, for all x € B(0,7/2) \ {0}.
Furthermore, for all 0 < r < 7, u — u, satisfies

~au- )~ [ Clal 2| - )@ 0. B,
(89)

(u— ‘BB(O " =0, on 0B(0,7),

while u — u, satisfies

—A(u
(90) [
=0, on 0B(0,7).

—|— Cla|~ 2+5] (u—1a,)(x) <0, in B(0,r),

(u— |8B(0 )

Testing (89), respectively (90), with —(u — u,.)~, respectively (u — @, )", and using (86), we obtain
that, for any 0 < r < 7,

(91) u,(z) <u(z) < a.(z), forallxze B(0,r)\{0}.
In particular, from (88) and (91), we deduce that
(92) Aqlz]” < u(z) < Aglz|?, for all z € B(0,7/2) \ {0}.

Estimate (92) and the continuity of u outside the origin imply that there exists a positive constant
C (depending on ¢, R, Q, a, €, and u) such that

1 -
(93) 6|x|" <u(z) < Clx|”  forall z € B(0, R) \ {0}.
Let us now fix § = §(V, a,&) > 0 such that

5<min{5, (A2 2) —|—,u1}

N . _ _92\2 1/e mingn _— 1/6
F=min {7, [£(2/(252)" + - o) | () T,
with C' given in (93). The function @ defined as
(94) i(z) = |7 (2/|z)
belongs to H(B(0, R)) and, for all 0 < r < 7, satisfies

and set

i) — D Gy = 5(20[(52) 4~ 6) ol 2 () > C ol i(a), in B(O.1),

|[?
z ’aB or = r7 0% (z/r) 2 up(2), on 0B(0,7).
Hence, for all 0 < r < 7, 4 — u, satisfies
~A(i - { atz/lz]) -d+6~’|x|_2+5} (@—u)(z) >0, in B0,r)
(4 — IBB(OT) >0, on 0B(0,7).
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Testing the above equation with — (% — @,)~ and using (86), we obtain that, for any 0 < r < 7,
(95) ar(x) <a(z), forall ze B(0,r)\ {0}.
From Proposition 4.1, for any 0 < r < 7, the functions

() ur(z)
T —————— and T+ ——F—
|79 (2/]]) |74 (2/]])
have limits as || — 0, which, accordingly with (26-27) and taking into account the continuity of
functions u, and @, up to the boundary |z| = r, can be computed as

, u,. ()
L = 11m ———
=r lz|—0 |z|7 Y1 (x/|2])
B r l1—0o
- /S <’""u<rn> - C/O o e LR
Cip—20-N+2 TSN e d av
# O [ o ds st aV (),
and
ur(z)

L,:= lim — 2~~~
le[=0 ||y (2/|2])

T 1-0o
— —0 ~ S —2+4¢ — d
/SN?1 (r u(rn) + C/O TN 3" i, (sn)ds

T LR
r et s ds () aV (o).

From (91) and (93), it follows that

L =" / w(rn)a () AV () + o1) as r — 0.
SN—1

From (95), (94), and the choice of §, we obtain that

L,= r*"/ u(rn)1(n)dV(n) +o(1l) asr — 0.
gN-1

Hence, from Lemma 4.4, we conclude that, for any R such that B(0,R) C €,

R l1—0o
. .- Y s
06 mI=tmZ = [ (R uRa) + [ g atsmutsn) ds

R G N-l+4o
_R720—7N+2/0 mq(sn)u(sn) ds>1/)1(77) dv (n).

In view of (91), there holds that, for any 0 < r < 7,

. u,(z) o u(x)
L = lim ———+ —  <liminf ———F——
T jal=o [zt (z/]z]) T lel—0 |z (2/]])
< lim sup u(z) i ur (@) =1L,.

el 1 g (2 ]e])  jal 0 [l % g (/]

Letting » — 0 and using (96), we complete the proof. O
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5. BEHAVIOR OF SOLUTIONS TO THE SEMILINEAR PROBLEM

The L? and L* bounds of solutions to dipole-type linear Schrodinger equations with properly
summable potentials, derived in Theorems 1.2 and 3.2, allow us to obtain in the semilinear case
analogous estimates.

Theorem 5.1. Let Q be a bounded domain containing 0, a € L=(SV~1) such that Ay(a) < 1,
and f : Q xR — R such that, for some positive constant C,

flw,u) <CO(1+ |u\2*72) for a.e. (z,u) € QxR
u

Then, for any V' € Q and for any weak H'(Q)-solution u of (7), there holds 2 € L> ().

PROOF. Let Q' € Q and u € H'(Q2) be a weak H'(Q)-solution to (7). We set

__[flzu(@)
V)= @
and notice that u € L2 (Q) yields

/ o (2)|V (@) N2 da < +oo.
Q

Hence Theorem 3.2 implies that % € Li(*, Q) for all 1 < ¢ < +00. Since

/9902*(33)|V(x)|5dx < const (1 + /Q o> () Z((z; . dm),

we obtain that V € L*(p?,Q) for all s > %. The conclusion follows now from Theorem 1.2. [

Proof of Theorem 1.3. From Theorem 5.1, it follows that ¢(z) = f@w@) 55 guch that

q € L2 (2\ {0}) and ¢(x) = O(|z|~~9) as || — 0 for some & > 0. Hence the conclusion follows
from Theorem 1.1. 0
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