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Abstract

We investigate existence and qualitative behaviour of solutions to nonlinear Schrodinger
equations with critical exponent and singular electromagnetic potentials. We are con-
cerned with with magnetic vector potentials which are homogeneous of degree —1, includ-
ing the Aharonov-Bohm class. In particular, by variational arguments we prove a result
of multiplicity of solutions distinguished by symmetry properties.

1 Introduction

In norelativistic quantum mechanics, the Hamiltonian associated with a charged particle in
an electromagnetic field is given by (iV — A)?2 4V where A : RN — RY is the magnetic
potential and V : RY — R is the electric one. The vector field B = curlA has to be intended
as the differential 2—form B = da, a being the 1-form canonically associated with the vector
field A. Only in three dimensions, by duality, B is represented by another vector field.

In this paper we are concerned with differential operators of the form

<N B A(0)>2 a(0)

] o

where A(0) € LSV, RY) and a(f) € L>°(SV~1,R). Notice the presence of homogeneous
(fuchsian) singularities at the origin. In some situations the potentials may also have singu-
larities on the sphere.

This kind of magnetic potentials appear as limits of thin solenoids, when the circulation
remains constant as the sequence of solenoids’ radii tends to zero, The limiting vector field is
then a singular measure supported in a lower dimensional set. Though the resulting magnetic
field vanishes almost everywhere, its presence still affects the spectrum of the operator, giving
rise to the so-called “Aharonov-Bohm effect”.

Also from the mathematical point of view this class of operators is worty being inves-
tigated, mainly because of their critical behaviour. Indeed, they share with the Laplacian
the same degree of homogeneity and invariance under the Kelvin transform. Therefore they
cannot be regarded as lower order perturbations of the Laplace operator (they do not belong
to the Kato’s class: see fo instance [16], [17] and references therein).

Here we shall always assume N > 3, otherwise specified. A quadratic form is associated
with the differential operator, that is
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As its natural domain we shall take the closure of compactly supported functions CZ¥ RV
{0}) with respect to the quadratic form itself. Thanks to Hardy type inequalities, when
N > 3, this space turns out to be the same D%?(RY), provided a is suitably bounded ([16]),
while, when N = 2, this is a smaller space of functions vanishing at the pole of the magnetic
potential. Throughout the paper we shall always assume positivity of (1).

We are interested in solutions to the critial semilinear differential equations

2
(iV — A(9)> u— Tia)u = ul* %u in RV \ {0} (2)
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and in particular in their symmetry properties. The critical exponent appears as the natural
one whenever seeking finite energy solutions: indeed, Pohozaev type identitities prevent the
existence of entire solutions for power nonlinearities of different degrees.

The first existence results for equations of type (2) are given in [15] for subcritical non-
linearities. In addition, existence and multiplicity of solutions are investigated for instance
in [8, 12, 19, 25] mainly via variational methods and concentration-compactness arguments.
Some results involving critical nonlinearities are present in [2, 7]. Concerning results on semi-
classical solutions we quote [10, 11]. As far as we know, not many papers are concerned when
electromagnetic potentials which are singular, except those in [18], where anyway several in-
tegrability hypotheses are assumed on them, and, much more related with ours, the paper
[13] that we discuss later on.

We are interested in the existence of solutions to Equation (2) distinct by symmetry
properties, as it happens in [27] for Schrédinger operators when magnetic vector potential is
not present. To investigate these questions, we aim to extend some of the results contained
in [27] when a singular electromagnetic potential is present.

To do this, we refer to solutions which minimize the Rayleigh quotient

(L)

We find useful to stress that, although, in general, ground states in Dl’Q(]RN ) to equa-
tion (2) do not exist (see Section 3), the existence of minimizers con be granted in suitable
subspaces of symmetric functions.

We are concerned with Aharonov-Bohm type potentials too. In R? a vector potential
associated to the Aharonov-Bohm magnetic field has the form

A(zy,29) = <$22, 3312>
z|” ||

x|

where a € R stands for the circulation of A around the thin solenoid. Here we consider the
analogous of these potentials in RY for N > 4, that is

—Qxro axry 2 N-2
Az, 9, x3) = 0 z1,22) ER*, 23 € R .
( s L2, 3) ."L‘%—{—IL‘%’SL'%—I-ZE%? ( ) ) y L3

Our main result can be stated as follows:



Theorem 1.1 Assume N > 4 and a(f) = a € R™. There exist a* < 0 such that, when
a < a*, the equation (2) admits at least two distinct solutions in DM*(RN): one is radially
symmetric while the second one is only invariant under a discrete group of rotations on the
first two variables.

A similar result holds for Aharonov-Bohm type potentials.

We point out hypothesis on the dimension is purely technical here. By the way, in di-
mension N = 3 and in case of Aharonov-Bohm potentials, Clapp and Szulkin proved in [13]
the existence of at least a solution which enjoys the so-called biradial symmetry. However,
their argument may be adapted even in further dimensions, provided a cylindrical symmetry
is asked to functions with respect to the second set of variables in RN 72,

The proof of our main result is based on a comparison between the different levels of
the Rayleigh quotient’s infima taken over different spaces of functions which enjoy certain
symmetry properties. In particular, we will focus our attention on three different kinds of
symmetries:

1. functions which are invariant under the Zj x SO(N —2) action for k € N, m € Z defined
as

u(z,y) — ei%ﬁmu(ei%z, Ry) for z € R? and y € RN"2, R € SO(N - 2),
Di’Q(RN ) will denote their vector space;

2. functions which we will call ”biradial”, i.e.

u(z,y) = u(ry,re) where r1 = (/a3 + 2% and ro = /23 + -+ + 2%,

12 . . : . .
D;;%r, will denote their vector space; sometimes we shall consider the symmetric func-
tions u(z,y) = e 8%y (ry, ro).

3. functions which are radial, Difd will be their vector space.
We fix the notation we will use throughout the paper:

Definition 1.2 SX;:Q 1s the minimum of the Rayleigh quotient related to the magnetic Lapla-
cian over all the biradial functions in DV2(RN);

Sg}a’m is the minimum of the Rayleigh quotient related to the usual Laplacian over all the
biradial functions in DV2(RN);

S{)’ffld is the minimum of the Rayleigh quotient related to the usual Laplacian over all the
radial functions in DV2(RN);

S&a is the minimum of the Rayleigh quotient related to the usual Laplacian over all the
functions in Di’Q(RN),'

Sffl’a is the minimum of the Rayleigh quotient related to the magnetic Laplacian over all
the functions in D,le’Q(]RN);

S is the usual Sobolev constant for the immersion DY?(RN) — L¥" (RN).

In order to prove these quantities are achieved, we use concentration-compactness argu-
ments, in a special form due to Solimini in [26]. Unfortunately, we are not able to compute
the precise values of the abovementioned infima, but only to provide estimates in terms of



the Sobolev constant S; nevertheless this is enough to our aims. By the way, it is worth being
noticed in [27] a characterization is given for the radial case ng’f: it is proved ngd is achieved
and the author is able to compute its precise value. This will turn out basic when we compare
it with the other infimum values in order to deduce some results about symmetry properties.

Both in case of % type potentials and Aharonov-Bohm type potentials, we follow the
same outline. We organize the paper as follows: first of all in Section 2 we state the variational
framework for our problem; secondly in Section 3 we provide some sufficient conditions to have
the infimum of the Rayleigh quotients achieved, beginning from some simple particular cases;
in Section 4 we investigate the potential symmetry of solutions; finally in Section 6 we deduce
our main result. On the other hand, Section 5 is devoted to the study of Aharonov-Bohm

type potentials.

2 Variational setting

As initial domain for the quadratic form (1) we take the space of compactly supported func-
tions in RV \ {0} : we denote it CF(RY \ {0}). Actually, as a consequence of the following

lemmas, one can consider the space D?(R™) as the maximal domain for the quadratic form.

wl2)1/2
We recall that by definition DM?(RY) = C%O(IRN)(IRNIV R , i.e. the completion of the

compact supported functions on R under the so-called Dirichlet norm.
The main tools for this are the following basic inequalities:

U2 4 2
—dr < — Vu|® dr (Hardy inequalit
Lot S G [ e (Hardy inequali

A
/ IV |ul|? dz < / (iV)u
RN RN 2]

both with the following lemmas
Lemma 2.1 The completion of CX (RN \ {0}) under the Dirichlet norm coincide with the

space DM2(RN).
(v-37)

A
Lemma 2.3 The quadratic form (1) is equivalent to Qa(u) = / ‘(zv _ ’(‘T))u
RN X

2
dxr (diamagnetic inequality)

Lemma 2.2 If A € L>®(SV~!) then the norm </
R
the Dirichlet norm on CF (RN \ {0}).

2\ 1/2
) 18 equivalent to

N

2
on its

mazimal domain D“?(RN) provided ||a||,, < (N —2)2/4. Moreover, it is positive definite.

We refer to [16] for a deeper analysis of these questions.

We set the following variational problem
AO)\ |
/ <iV— —( )>u —/ 7&(02) u?
. RN |z| RN |x]
inf - .
u€DL2(RN)\ {0} o\ 2
[,
RN

SA,a =




Of course, Sy q is strictly positive since the quadratic form (1) is positive definite.
We are now proposing a lemma which will be useful later.

Lemma 2.4 Let {z,} be a sequence of points such that |z,| — oo as n — oco. Then for any

u € DY2(RY) as n — oo we have
— A0 2 a(f
/ <1V — ())u(- + )| — / (72) lu(- + xn)!2 / ]Vu|2
RN RN |z| RN
N\ — N2
(L) ()
RN RN

|
2
el de < 2

Proof. 1t is sufficient to prove for all € > 0 there exists a 7 such that fRN
for n > m. Let us consider R > 0 big enough to have

2
/ 7|u(a;+2xn)| dr < ¢
RN\ Bg(zn) |z|

for every n € N. On the other hand, when x € Br(x,) we have |z| > |z, |—|x — z5| > |zn| — R
which is a positive quantity for n big enough. In this way

2
n 1
/ deSQ/ jua + )| do < e
Br(wn) || (Jzn| = R)? JBg(an)

for n big enough. O

Exploiting this lemma, we can state the following property holding for S ,:

Proposition 2.5 If S denotes the best Sobolev constant for the embedding of DV2(RN) in

L¥ (RV), i.e.
[, vuf
S = inf RY , (4)

ue D2 (RN)\{0} >\
[
RN
Proof. Lemma (2.4) shows immediately for all u € D?(RY)

v

RN

- ) 2/2*
RN

If we choose a minimizing sequence for (4) in the line above, we see immediately Sy, < S. O

it holds Spq < S.

Saa < +o(1) .




3 Attaining the infimum

Given the results in [6] due to Brezis and Nirenberg, one could expect that ,if Sy, is strictly
less than S, then it is attained. Here we pursue this idea with concentration-compactness
arguments, in the special version due to Solimini in [26]. Before proceeding, we find useful to
recall some definitions about the so-called Lorentz spaces.

Definition 3.1 [26] A Lorentz space LP4(RY) is a space of measurable functions affected by
two indexes p and q which are two positive real numbers, 1 < p,q < 400, like the indexes
which determine the usual LP spaces. The index p is called principal index and the index q is
called secundary index. A monotonicity property holds with respect to the secundary index:
if g1 < qo then LP? C LP92. So the strongest case of a Lorentz space with principal index
p is LPL; while the weakest case is LP>°, which is equivalent to the so-called weak LP space,
or Marcinkiewicz space. Anyway, the most familiar case of Lorentz space is the intermediate
case given by q = p, since the space LPP is equivalent to the classical LP space.

Properties 3.2 [26] A basic property about the Lorentz spaces is an appropriate case of
the Hélder inequality, which states that the duality product of two functions is bounded by
a constant times the product of the norms of the two functions in two respective comjugate
Lorentz spaces LPYT and LP2%2 where the two pairs of indexes satisfy the relations - L

T
cta =1

Moreover, if we consider the Sobolev space Hl’p(RN), it 1s wellknown it is embedded in the
Lebesgue space LP" (RYN). But this embedding is not optimal: it holds that the space HYP(RY)

is embedded in the Lorentz space LP"P, which is strictly stronger than LP" = LP"P",

Theorem 3.3 (Solimini)([26]) Let (un)nen be a given bounded sequence of functions in
HYP(RN), with the index p satisfing 1 < p < N. Then, replacing (un)nen with a suitable
subsequence, we can find a sequence of functions (¢;)ien belonging to H'P(RN) and, in cor-
respondence of any index n, we can find a sequence of rescalings (p')ien in such a way that
the sequence (pl,(#;))ien is summable in HYP(RYN), uniformly with respect to n, and that the
sequence (Un — Y icn Pl (0i))nen converges to zero in L(p*,q) for every index q > p.

Moreover we have that, for any pair of indexes © and j, the two corresponding sequences
of rescalings (p))nen and (ph)nen are mutually diverging, that

+oo
> lsilly, <M, (5)
i=1

where M is the limit of (lun|[} ,)nen, and that the sequence

(un — e P (i) nen converges to zero in HYP(RN) if and only if (5) is an equality.

Now we can state the result
Theorem 3.4 If Sy, < S then Sa, is attained.
Proof. Let us consider a minimizing sequence u, € D“?(RY) to S4,. In particular, it

is bounded in D"“?(R¥). By Solimini’s theorem (3.3), up to subsequences, there will exist
a sequence ¢; € DV2(RN) and a sequence of mutually divergent rescalings pt, defined as



N—

ph(u) = (N0) 2 2u(a:n + N (z — my,)), such that >, pip; € DV2(RN) and u, — 3, plyi — 0
in L?". In general the rescalings may be mutually divergent by dilation (concentration or
vanishing) or by translation. In our case the Rayleigh quotient is invariant under dilations,
so the rescalings’ divergence by dilation cannot occur. By that, we mean the possibility to
normalize the modula A\l =1 for each n.

Moreover, there exists at least a nontrivial function ¢;, namely ¢, which we choose to
denote just ¢, in such a way that we can write u,(-) — @(- + xp) — > ;59 phdi — 0 in L2 with

a little abuse of notation, meaning that (p,) "'t — @(- + 2n) — X i50(ps) ' Phdi — 0 in L,

where (pl)~tu, is again a minimizing sequence and >, (pL) "pl¢d; — 0 a.e. in RV, because
of the rescalings’ mutual divergence. We can think the s;quence Uy, is normalized in L? -norm.
In this way the sequence Y-, pl,¢; is also equibounded in L?"; so that Y iso Phti — 0 in
L?". At the same time even ii>2 phi — 0 in DH2(RY). -

If we call for a moment v, = 3o Phdi, We have

[0+ 6P =161 = [oal*| < C (fonl” 7" 6] + [val |6 )

Lol = [ ol [ el +ol)
RN RN RN

thanks to the weak convergence v, — 0 in L?". At the same time

2 ' 2 2
L wat+a o = [ Vastradl+ [ Vav

from which

+2/ VA¢( + xn) -Vavy
RN

— / ]VA¢(-+xn)|2+/ [V avn)* + o(1)
RN RN

thanks to the weak convergence v, — 0 in D%?(R™). So that

/ Vb + ) + / IV 402 + o(1)
RN RN

2/2%
2% 2%
([ o8+ [ o o)
2/2* 2/2*
2% 2%
(L) + ([ el) +ot
2/2* Y
2% 2%
([ o8+ [ o+ o)

and in order not to fall in contradiction the previous coefficient must tend to zero, and then
Jan [vn]* = 0.

In conclusion, we have HZZ->2 oL b

= ,a

o 0 and therefore the strong D*?(R™) convergence

un(-) — ¢(- + x,) — 0, since we have an equality in (5) in Theorem (3.3).
At this point we aim to exclude the rescalings’ translation divergence. Let us suppose by
contradiction this occurs: Lemma (2.4) proves that if |z,| — +o00, then the quotient evalueted

Jan V9
(Jan 10°7)2/2

S, so we have a contradiction. ]

on the minimizing sequence ®(-+x,,) tends to which is greater equivalent than



3.1 The case a <0

In order to investigate when the infimum is attained depending on the magnetic vector po-
tential A and the electric potential a, we start from the simplest cases. The first of them is
the case a < 0.

Proposition 3.5 If a <0, S, s not achieved.

Proof. First of all, in this case we have Sy, = S. Indeed, by diamagnetic inequality, we

have
Lo A0S e [ e ] 0

from which we have Sy, > S.
Suppose by contradiction S 4 is achieved on a function ¢. Following the previous argument
by Solimini’s theorem, according to the negativity of the electric potential, we get 54, > S+c,

fRN % o(-+ xn)Q
- . So
(Jaw [0(- + 2)[F) 22

where c is a positive constant due to the convergence of the term

we get Saq > S, a contradiction.
Note here we used the considerable fact that

L vl
inf =

ueDL2(RN)\{0} )\
(-
RN

Its proof is based on the idea that S is achieved over a radial function. O

3.2 The case a=0and A#0

In this case we expect in general the infimum is not achieved. Indeed, first of all we have
Sa.. =S, because we have already seen in general 54, < 9, and in this case the diamagnetic
inequality gives the reverse inequality. There is a simple case in which we can immediately
deduce a result.

A
Remark 3.6 If the vector potential W is a gradient of a function © € L}OC(RN) such that
x

VO € LN°(RY), then Sa, is achieved.
A

Indeed, suppose — = VO for a function © € L}OC(RN) such that its gradient has the regularity
x

mentioned above. The change of gauge u —
so that the infimum is necessarly achieved.
Just a few words about the regularity asked to VO. In order to have the minimum problem
wellposed, it would be sufficient VO € L?. But if we require the function e©u € DY?(RN)
for any uw € DY2(RN), this reqularity is not sufficient any more. Rather, everything works if
Ve € LV:2(RN).

ety makes the problem (3) equivalent to (4),



Now, suppose the infimum S4, = S is achieved on a function u € DY2(RYN). Then we

have
2

v - A0, ul|*
S/RN( 5 >> < //>
RN RN

So it is clear the equality must hold in the diamagnetic inequality in order not to fall into a
contradiction. We have the following chain of relations:

= ‘Im(iuVu> = ‘Im(iVu— |1;1|u>’z| < ’(z’Vu— |xA’u>‘Z|

|ul
In order that the equality holds in the last line Re{ (iVu — %u)ﬂ} must vanish. Expanding

|V |ul| = ’Re(ﬁjVU)

the expression one finds the equivalent condition is ﬁ = Re (z%) We can rewrite i% =

Z'Z—l’;ﬂ and see

Re(i@) _ —Re(U)V(Im(u)’)u‘—; Im(u)V (Re(u)) __v <arctan Im(u)>

which is equivalent to —ﬁ = VO where O is the phase of u.
In conclusion, we can resume our first remark both with this argument to state the fol-
lowing

Proposition 3.7 If the electric potential a = 0, the infimum Sa, is

achieved if and only if — = VO. In this case © is the phase of the minimizing function.

|z

3.3 The general case: sufficient conditions

In Theorem (3.4) we proved that a sufficient condition for the infimum achieved is S4, < S.
In this section we look for the hypotheses on A or a which guarantee this condition.

Proposition 3.8 Suppose there exist a small ball Bs(xg) centered in o € SN=1 in which
a(z) — |[A@)? > A>0 a.e € Bs(xo).
Then Saq < S and so S, 1s achieved.

Proof. We define
e~ V 4ul?)1/2
() = (@ T



the closure of compact supported functions with respect to the norm associated to the
quadratic form. We have the following chain of relations:

a
[Vl = [
inf RY RY |2
uEH A (Bs(20))\{0} o\
L

/ IV qul? —/ %uQ
inf Bs(z0) B (o) ||
weH4(Bs(w0),R)\{0} A
()
Bs(zo)

since the quotient is invariant under Solimini’s rescalings and we restrict to a proper subset
of functions. When we check the quotient over a real function, it reduces to

/ W?_/ AP —a ,
Bs (o) Bs(wo) |z|’

2/2*
/ ol
B(g(mo)

so the thesis follows from [6], Lemma (1.1). O

SA,a

Remark 3.9 We can resume the results reached until now: in case the magnetic vector
potential |‘;¥| is a gradient, the infimum Sya q is achieved if a = 0 or if its essential infimum
is positive and sufficiently small in a neighborhood far from the origin (we mean |a|,, <
(N —2)2/4 in order to keep the quadratic form positive definite); while it is never achieved
provided a < 0, neither in case the magnetic potential is a gradient, nor in case it is not.
On the other hand, in order to have Sa, achieved, if the magnetic vector potential is not a
gradient we need to assume it has a suitably low essential supremum somewhere in a ball far
from the origin in relation to the electric potential a (see Proposition (3.8)).

Anyway, it seems reasonable what is important here is not the essential supremum of ‘%

(or A, since we play far from the origin), but "the distance” between the magnetic vector
potential and the set of gradients. Pursuing this idea, it seems possible to interpretate a
suitable (to be specified) norm of curl% as a measure of this distance. In order to specify

these ideas we refer to [21] and [5]. We recall the following
— —
Definition 3.10 [21] Let Q be a open set of RN and d,b elLl (Q). We say that d and b

loc
%
are related by a gauge transformation, @ ~q b , if there is a distribution \ € D(Q) satisfying

_)
b=1d+VA

By curl @ we denote the skew-symmetric, matriz-valued distribution having 8i7j —8jE>Z~ €
D' (Q) as matriz elements.

_>
Lemma 3.11 [21] Let Q be any open subset of R, 1 < p < +00 and d,b € LV (Q). Then
_>
every A\ satisfying b = d+ VA belongs to WLP(Q). If Q is simply-connected then

— —
7~Q b = curld =curlb .

10



Theorem 3.12 [5] Let M = (0,1)" be the N-dimensional cube of RN with N > 2 and
1 <1< N—1. Given any X a l-form with coefficients in W (M) there exists some Y a
I-form with coefficients in WN 0 L>®(M) such that

dY =dX

and
IVYly + Y]l < ClldX||y -

The Theorem (3.12) will be very useful in our case choosing [ = 1, so that the external
derivative is the curl of the vector field which represents the given 1-form.
Suppose % € WHN(Bs(zg)) in a ball far from the origin. Then for Theorem (3.12)

there exists a vector field Y € L>® N WYY (Bs(zg)) such that Curlﬁ = curlY and |V <
C

curlEA‘HN. By Lemma (3.11), Y is related to % by a gauge transformation, so, in the

spirit of Theorem (3.8), it is sufficient chrl%”N is not too large in order to have Sy, < S

and hence Sy , achieved.

4 Symmetry of solutions

We recall once again in general Sy, < S. When Sy, = S and Qa4(u) > Q(u) for any
u € DM?(RY), e.g. when a < 0 but not identically 0, we lose compactness since clearly S o
cannot be attained. In this section we follow the idea that introducing symmetry properties
to the quadratic form can help in growing the upper bound for S4 4, in order to increase the
probability for it to be achieved.

We basically follow the ideas in [27], assuming the dimension N > 4.

Let us write RY = R? x RN=2 and denote = = (z,y). Let us fix k € N, and suppose there
is a Zj, x SO(N — 2) group-action on D"?(R¥), denoting

DIIC’Z(RN) = {u(z,y) € DY*(RY) s.t. u(ei%z,Ry) = u(z,y) for any R € SO(N — 2)}

the fixed point space. In order to have the quadratic form invariant under this action, let us
suppose that a(f) = a € R~ and

(58 - (e (255)

Qaalu)

11 3
ueDL®RN)  [ull5

We set the problem

koo
Sha =

(7)

Theorem 4.1 If Sff"a < k*/NS then it is achieved.
Proof. Let us consider a minimizing sequence {u,}. The space D,lc’z(RN ) is a close subspace

in DM2(RY), so Solimini’s Theorem (3.3) holds in D,IC’Q(RN ). Up to subsequences we can

find a sequence ®; € D,lc’Q(]RN ) and a sequence of mutually diverging rescalings p!, such that

11



wp—>; p5(®;) — 01in L?". Thanks to the quotient’s invariance under dilations, the rescalings
should be mutually diverging only by translations, as already pointed out.

We basically follow the proof of Theorem (3.4). Since {u,} is a minimizing sequence for
the Sobolev quotient, we can claim there exists at least a function of the form

k
> o(-+a)) (8)
7=1

which is not zero, and we can assume its relative rescaling, namely pL, is the identity. Of course
there could exist more than k points z7, in the form (8), but certainly they are in number
at least k, and the abovementioned form remains correct. The remaining part ) .., pi, (®;)
weakly converges to zero in L?", and also their L? -norms converge to zero. Thus u, —
2?21 ®(- +x},) — 0in L, and for the last assertion of Solimini’s theorem, we gain the
strong convergence u, — Z§:1 ®(-+2)) = 0in Dl,lf’2 (RM).

Arguing by contradiction, let us suppose Sf; o 18 not achieved. This means ‘xﬁl‘ — 400 as
n — oo for all j =1,...,k (the symmetry must be preserved). Evaluating the quotient over

uy, is the same as evaluating it over 25:1 ®(- +2,) up to o(1). According to the assumption

i

— +00 we compute

k
/RN’VA(;Q(.—HE%)NQ — /]RN e ‘Z@ (- + )

We claim that

= 2 o .
=k [ VOl o). (9)

k
[ LR

j=1

2% _ o* o
_k/RN|<I> +o(1) . (10)

< C(la]” =" bl +

la| [b]* 7! ) applied (k—1) times. As in the previous equivalence (9) the mixed terms are o(1)

A proof of this fact is based on the inequality ‘|a+ o> —Ja* —|p]*

because of the divergence ‘xﬁl‘ — +o00.

Using (9) and (10) we can write

k j k / V|
sk o= 1 Qua(Xjmt 0 +om) a7 > 12N g
A n—+00 2% 2/2* 9% 2/ = 7

</ S+ af ) <k/ 0| )

RN 12 RN
J
a contradiction. O
We emphasize under these assumptions the minimum has the form u = Z?:l (- + 7).

Remark 4.2 The above result is actually a symmetry breaking result for the equation asso-
ciated to these minimum problems. Indeed, let us consider the equation

—Aj u = e + u* " in RY, (11)

12



where —A 4 denotes the differential operator we have called magnetic Laplacian. Then the
minima of (3) are solutions to (11) and so are those of (7), thanks to the Symmetric Criticality
Principle (the quotient is invariant under the Zy x SO(N —2) group-action). Thus, when the
electric potential is constant and negative, we find a multiplicity of solutions to (11) depending
on k (we would say an infinite number, at least for k not multiples to each other), and each
of them is invariant under rotations of angle 2w /k, respectively.

Now we want to check whenever the condition S,lfx,a < k?/N S is fulfilled. Let us pick k

2mi

points in RV \ {0} of the form z; = (Re’* 7&y,0) where |£| = 1, and denote

N-2

omi o (N(N —2)) *

wj=ek’ — .
(L4 ]z —ayf?) >

(12)
In this way the sum Z?Zl w; is an element of D};Z(RN ). Additionally we notice w; are
minimizers of the usual Sobolev quotient, and they satisfy

—Aw; = |wj|2*_2 wj in RY, (13)

It is worth to notice that both
|Vw; |
RN _

RN

[oval = [ =52, (14)
RN RN

Proposition 4.3 Choosing R big enough, the quotient evaluated over

Z?Zl w; s strictly less than kNS, and so the infimum Sffl’a.

and (13) imply

We state the following

In order to prove it, we need some technical results, whose proofs are postponed to the
next subsection. We basically follow the ideas in [27].
For seek of semplicity, we introduce the following notation:

a = /RNRe{Zmi]TZwiwj}

i#]

Lemma 4.4 It holds o > 0.

13



Lemma 4.5 For every positive ¢ there exists a positive constant Ky (independent of k) such
that if

PR— .2
M > Kj (k — 1)2/(N—2) Vi # j
log |z; — ;]
then
k 2%
|1 s N/2 | ox(q _ (252,
/]RN > wil > ESTYE42%(1 5)/RNR6{Z|wl’ wzwj} (15)

1

J i#£]j

Lemma 4.6 Given Lemma (4.5), it is possible to choose R and k in such a way that the
quantity

1+k;m{ﬂ_gfy+a(—1+5+:s_]v/52(2’7_5)>}

is positive and strictly less than 1.

Proof of Proposition (4.3). Let us evaluate the quotient over

k
Zj:l w;

k k
flwawl = [ el el
k —
—/ {;\ij\ —i—Re{;Vwi ij}—i-‘A||x|2 a‘j; j‘g

. AP —a| <&
:kSN/Q—I—/RN {Re{Z’wHQ Qwin}+7’ ]‘x|2 G‘ij

i#]

. 2Re{i|xA’-%:Vwiwj}} (16)

where in the last equality we have used (14) and the equation (13). Now we use Lemma (4.5)
which states the lower bound (15) for the denominator of our quotient. Thus using (16) and

14



(15) the quotient is

QAG(ZJ le)

H lw]

N/2
< | ks +A%{m{§]w

i#]

252 17} AP —G‘Z ‘
—2Re{z|— Zszwj}}

7]
kﬂWZ+Tﬂ—6ﬂX/ Re{ 3 i 2 w7
RY i
1 2(1 - 6/2)
_ 1.2/N

where in the last line we have expanded the denominator in Taylor’s serie since the argument
is very close to zero if R is large. Up to infinitesimal terms of higher order, the coefficient of
KNS is

—2/2*

1 2 1 2—6
+k5N/26_ ksN/27+ kSN/Q ( 1+6+kSN/2(27 5))
Now we invoke Lemma (4.6) to conclude the proof. O

4.1 Proofs of technical lemmas

In order to prove Lemmas (4.4), (4.5) and (4.6) we need supplementary results mainly about
asymptotics of the quantities involved.

Lemma 4.7 We have, as |x; — z;| = +oo and |z;| — +00

2% -2 R 1
/RN |w;| wW; = O(m) (17)
1 J
___12%/2 log]xi—:r-\
/RN jw;wg)* = O(m) (18)
J
log R .
/ s>} Ol 7 ) #N=4 19)
RN |3’3|2 O(ﬁ) for N >5
[ vul el = 0(—— ) 20
RN | Wil 1l = R |z; *333’|N73 '

Proof. For what concerns (17), (18) and (19) we refer to [27].
About (20) we have

1 ' G 1 1 N—1y
L 7 i = O =) Ol =5) 0GR ™) = Ol =)

15



since in Bg/(0) |z — ;] > R — || > R/2 and the same holds for [z — z;|;

1 1 1
/ W\ij! lwg| = O(R)O(N_l)/ |w|
Bly; i /alei) 1T |z — 2] Bla;—ji/a(i)
1
= O _—
(R|:El —l’j|N_3>
since in By, o;/4(®i) 2] > |zi| — |z — 2] > R/2 and [z — 5] > |2 —2j| — |z — 2| >
3 |y |-
4 |131 - :C]‘,
1 1 1
/ Lvulul = 00— [ Vs
Bla;—a;1/4(%;) |z; — 4] Bla;—a;1/4(x;)
1
= Of )

Rl|x; — :L‘j|N73

since in By, 4, 1/4(%5) 2| > |zj| — |z — 2] > R/2 and |z — 2] > |2 — 25 — |2 — 24| >
% |x; — xj‘; while in RY \ (BR/Q(O) U B|xlfzj|/4(xz) U B|xi,mj|/4(a;j)) we have |z| > R/2, and
via Holder inequality
1
/ 1 Vsl
RN\(Br/2(0)UB|2; —o ;| /4(€:)UB|o, ;| /4 (%)) x

O(

log |x; — x; ifN=4
R‘$i—$]‘|2 g| 1 J‘)

if N >5.

R ‘JZZ — $j|2N76

0

Remark 4.8 The above asymptotics in Lemma (4.7) come in terms of k and R as we note

2 2 2
lz; —xj° = RZsin? %(z —7) +R2<1 — cos %(z —j))
R? R? R? e
~ =t =003z dli-jl<k
R? otherwise

According to the previous asymptotic, we note we have the worst estimates in Lemma (4.7)
for |i — j| < k, that is for the centers z;, x; quite near to each other.

Lemma 4.9 The following asymptotic behavior holds for k — 400 and R — +00

kZ
O() #N=4
A _ k<logk _
/RNRe{zm.%:vwlw]} < 0(7]@33 ) ifN=5
, k

) for N >6.

(RN72

16



Proof. First of all we note if [ = j the quantity in the statement is zero. Next,

A | . 2w . A
/NRe{zx.gj;wa} = [Ssin =) [ LV fuy

C }Sin (1 —j)|N 3 Ck i }sin %ml}

=1 (1 — cos 27”[) Tz

Cmk itk cmpy-s [k HN=4
_RN2Zl/kN3_ loghk if N=5
O(1) for N > 6.

O
We recall the following result proved in [27]:

Lemma 4.10 Let sq,...,s; > 0. For every positive § there exists a positive constant Ks
(independent of k) such that if

> K5 (k—1)YW0N2) i

then

o*

/ (Zs) > kSN2 4 o1 5/2/ 3 sl (21)

1=1 1#]

Proof of Lemma (4.4). We split the sum in two contributions indexes for which
cos 2X(j — 1) > 0 (we will call them 4,/ pos), and indexes for which cos 2 (j — 1) < 0 (we will
call them j,/ neg). We note in the first case, we have |z; — x;| ~ 1’;27 Whereas in the second
case |xj — x| ~ R. Then

o el 2 2w

l,j pos

v

2 : 2% —2 R
/NRe{ |wj| ’LUj wj+1}
R j

- kN—l
On the other hand,

. « k2
Req 7 w7 wywy <k2/R 2wty = O(=—s);
/RN e{ ' |w;| ijl} < o eq |w wy W1 (RN_Q)’

l,j neg

so that for k large enough we have the thesis. ([l

17



Proof of Lemma (4.5). By convexity of the function (-)%"/? we have

N 2% . 2\ 27/2 . 2+ /2
Su (w5 retwmn
j=1 j=1 ij=1
2% /2
2r
= X twal fsl = 3 ol | (1= cos (Frmali = 1))
] 1,J
2*/2 2% /2—1
2% 2T ..
> bl fgl | =S (D i ey S il gl (1= cos (Fmli = )I3R)
] ,J ,J
2*/2 . 2* .
For what concerns the first term (Zz}j |w;| |w; |) = (ZJ |wj\) , we can apply directly
inequality (21) in order to have
k o
LSl = ks eora—om) [ Sl (24)
RY \ i RY %

We want to stress that

k
2*—1 2% -1 2% -1
Lot gl = [ S gl = k[
RY i) BV =1 RN

(see also [27], equation (6.22)), so that
gv_1 kal
/RNZ|wz‘| [wil > O(Hx=3)- (25)
i7j

Now we focus our attention on the integral of the second term in (23): via Holder inequality
we have

2* /21

/RN ZZJ: |w;l |w; Zz]: lwi| |wjl (1 — cos (%m(z _j)))

< /RN(;jrwinﬂ)T/Z ~AN(§rwi|rwj|(1cos(fm@j))))m

T
and

2% -2 2% -2
2% 2%

2% .
-1/ <leﬂ> ~ (kSN
RN P

2% /2
Lo (Sl )
R ij

18



thanks to inequality (21) and Lemma (4.7). On the other hand

(/" <§:WwJ!wﬂ<1—wms( (z_j»)>2”2
< Z </ <|wz| ] (1= cos (%m(z’ —j)))>2*/2)

N—

= Z (1 — cos (%m(z —j))) (log | — x5[) v

|2 — |V

2/2*

2/2*

N

according to (18). Now, since |z; — ;| ~ R(1 — cos (2% (i — j)))l/Z, the sum
%
or (log(R(l—cos(ér Z—] ))
Z(l—cos (?m(z—])» )
irJ RN-2 (1 — cos (2 (i — ])))
%
<log (R(l — cos (2]:]'))1/2)>

- J RN*2<1 — cos (2%‘]'))]\[/272

N—-2

1/2 <log (}2(1—-COS(2WQO)1/2)>1V

~2comk{/ 73
0 RN—2 (1 — cos(27rx)) /

Clm) k;2{ 8(logR) 1fN.:4
0

dx

< T (log Rlogk) 1fN—5
((logRlogk) N RN ) ifN>6

so that the second term (23) is

(23) < C(m)k*N i

e O(log Rlogk) itN=5

{ O(log R) it N=4
O((logRlogk:) N RN %) it N>6

5/2
Ok/;%R) it N =4
12 51 1
= otk if N =5 (26)
EN=3+2/N (1og Rlog k) "N
o RN-2

) ifN>6

N-1

which can be made 0( in every dimension for a suitable choice of the parameters R

7v3)
and k (e.g. k ~ R* with 0 < a < 1 since according to the hypothesis of lemma itself we need

k= o(R)).

19



Provided the ratio R/k is big enough, from equations (24), (25) and (26) we get

2%
k

/ Y wy| = kSN/2+2*(1—5)/ > wil ¥ wyl
RN |© RN T
j=1 i#]
which in particular implies the thesis. ]

Proof of Lemma (4.6) In order to have this quantity (positive) and less than 1, it is
sufficient to have

1. a/k, v/k and 8/k small,
2. « arbitrarly greater than 3,
3. « arbitrarly greater than ~.
According to Lemma (4.7), Lemma (4.9) and Remark (4.8) we know

olog R

5 [ O(k 72 ) fN=4
k2
( kQ
k2
o= O(ﬁlogk) for N =
N-3
O(Ik%N 2) for N >6
) ka2
a = O(F py=)
Let us fix the condition
pN-1)/(N=2) _ o(R) (27)

in order to have a/k small. Consequently we immediately find the request 1 fulfilled. More-
over, we note this does not contradict either the hypothesis of Lemma (4.5) (rather, that is a
consequence), or the conditions on equation (26).

For what concerns request 2 and 3, we recall equation (22) states the lower bound « >
kal/RNf2_

Thus, we find request 3 satisfied as soon as k — co.

About request 2, everything works without any additional hypothesis in dimension 4. In
dimension N > 5, we need R = o(k(N=3)/(N=4)): we emphasize this does not contradict
condition (27) thanks to the order ¥=% < £=3. O

As a natural question, letting k — oo, we wonder if there exists any biradial solution: we
mean a function belonging to the space

Difm (RN) ={ue DLQ(RN) s.t. u(R(x1,x2), Sxs) = u((x1, x2), T3)
VR € SO(2),VS € SO(N —2)} .
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In order to investigate this question, we set the problem

L2 — inf /RN

and we are able to prove
Proposition 4.11 There exists a biradial solution.

Proof. As we usually do, we consider a minimizing sequence u, to S, and Solimini’s

lemma in D%fm (RY), since this is a closed subspace of
DY2(RN). As usual, we reconduce ourselves to u, — ®(- 4 z,) — 0 in Difm (RV) with ® # 0
and suppose by contradiction |z,| — +oo.
To preserve the symmetry, in Solimini’s decomposition we will find all the functions
obtained by ® with a rotation of a 27 /k angle, for k € Z fixed. Thus, we can write
n — Zle O(-+ ) — 0 in D%ETZ (RY). Now, following the same calculations in Theo-

rem (4.1), we obtain S’)'7* > Sk > k2/N S that leads to S”’T2 = 400 choosing k arbitrary
large: a contradiction. O

5 Aharonov-Bohm type potentials

In dimension 2, an Aharonov-Bohm magnetic field is a J-type magnetic field. A vector
potential associated to the Aharonov-Bohm magnetic field in R? has the form

A(l‘l,xg) = < QT2 04231> (ZCl,xQ) S RQ

jf* 7 Jaf?

where « is the field flux through the origin. In this contest we want to take account of
Aharonov-Bohm type potentials in RV, for N > 4:

—Qr axy 2 N-2
A(x1, 29, 23) = ,0 r1,T9) ER? 23 € R ,
( 1,2 3) (a:1+ac2 $1+$ > ( ! 2) 3

paying special attention now the singular set is a whole subspace of RY with codimension 2.

5.1 Hardy-type inequality

In order to study minimum problems and therefore the quadratic form associated to this kind
of potentials, we need a Hardy-type inequality. We know by [20] that a certain Hardy-type
inequality holds for Aharonov-Bohm vector potentials in R?, that is

2
/R’Q"| <o V- Vee CEER\{0)).

2 ‘gj|2 - R2

where the best constant C' is

2
H= in|k—® . 2
(1 s~ 0.0 (29)
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Here @ 4 denotes the field flux around the origin
1 2

o -
AT 2T

A(cost,sint) - (—sint,cost) dt .

One can generalize this result and gain a similar inequality to the Aharonov-Bohm potentials
in RY, simply separating the integrals: for all ¢ € CF (RY \ {z1 = 2 = 0}) one has

| ’2 / / ‘ ’2 . 2
= dridxs des < H vV —Apl|”, 29
/]RN x% + x% RN-2 JR2 x% + .’L’% 102 A = RN @ )¢l (29)

where H is defined in (28). Now a natural question arises: is H the best constant for inequality
(29)7 In other words, is H the infimum of the Rayleigh quotient?

Proposition 5.1 The best constant for the inequality (29) is exactly (28).

Proof. To prove this, we consider the approximating sequence u, to (28) in R?. We can
choose this sequence bounded in L?(R?) norm, thanks to the homogeneity of the quotient
under dilation.

We claim there exists a sequence of real-valued functions (7)), C
CE?(RN_Q) such that fRN,Q |V77n|2 — 0 and fRN,Q n2 — 400 asn — +oo. We can namely
consider a real radial function such that 7, = 1 in Br(0) and 7, = 0 in RVN"2\ Bg,,a(0),
with [Vn,| ~ -1, for a suitable a > 0 (e.g. a > %)

Now we consider the sequence v, (x1, z2, x3) = u,(x1, 22)n,(z3) where z3 as usual denotes
the whole set of variables in RV~2, and test the quotient over this sequence:

/ GV — Aoy / V| —2Re/ Avy - VT + / AP [on?
RN o N

- )

/ [vn” / |/ |
wa%er% N-2 x1+:c2

where the numerator is

/ 72 [V ? + / AP 70 [un? — 2Re / DA - Vi,
RN RN RN

+2 Re/ UMy V1 - Vi, + / u? |V, |t — 2Re/ |t A - Vg, - (30)
RN RN RN

About the second line (30) in the numerator, via Hélder inequality we have

1/2 1/2
Lo vml < ([ P wne) ([ #ivu?)
RN RN RN
1/2 1/2 1/2 1/2
(Lo (L) (L) (L)
RN—Q R2 RN—Q R2

2 2 1/2 2 2 2 1/2
< ( [, 1 \un\) ( JRER \un)
RN RN RN
2 2 1/2 2 2 2 1/2
=</ vl |un|> (/ ml* [ 14 \unr)
RN-2 R2 RN—2 R2

22
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Therefore the Rayleigh quotient is reduced to
/ V| +/ |AP Jun|* — 2Re/ Auy, - Vi,
R2 R2 R2
/ |un‘2
R2 x% + m%
2Re/ Un V1, - Vi, / ]un|2/ IV, |2 2Re/ [t A - Vi,
RN i R2 RN-2 - RN

2 2 2
Lol [ [l [ [ e [
RN—2 " R2 :L'% + :E% RN—2 " R2 :L‘% + l’% RN—2 " R2 :L‘% + :L‘%

= H+o(1)

+

thanks to the properties of the sequence 7,. ]

5.2 Variational setting

We have seen before the quadratic form associated to Ecll—type potentials is equivalent to the

Dirichlet form. On the contrary, we will see in case of Aharonov-Bohm potentials it is stronger
than the Dirichlet form, and consequently the function space is a proper subset of D?(RM).
Indeed, for any ¢ € CF (RN \ {1 = 29 = 0}) we have the simple inequivalence

[wet = [ I(iV—A+«4)sOI2§C</ 6~ Ao+ [ |v4|2lcp|2>
RN RN RN RN

< O |6V - Al
RN

thanks to Hardy-type inequality proved above.
It is immediate to see by this remark

Jan [V —A)g|?

Ha2 CF RN\ {o1 = 23 = 0)) C D'2(RY) .

To prove the strict inclusion it is sufficient to show a function lying in DY?(RY) but not
in H4. One can choose for example p(x1,x92,x3) = p(r1, T2, 23) |x|(_N+1)/2, where p is a
cut-off function which is identically 0 in B.(0) and identically 1 in RY \ Ba.(0): we have
IVe|? ~ |z| V=1 which is integrable in RV \ B.(0), whereas ﬁ is not, since ¢ is far from
1 2
0 near the singular set.

Remark 5.2 Of course H is a closed subspace of DV*(RN). This is a straightforward
consequence of the density of CX (RN \ {z1 = 2o = 0}) in Ha and the relation between the
two quadratic forms. Then Solimini’s Theorem (3.3) holds also in this space.

Following what we did in the previous case, we state the following

Lemma 5.3 Let x,, a sequence of points such that ‘(xnl,xn2)‘ — o0 as n — o0o. Then for
any uw € Ha as n — oo we have
2
a(f) 2
—/ 5 5 Ju(- +xn)| / |Vu]2

L,
— N
(Lt )

iV —A)u(- + zy)

N\ 2/
) (Lt
RN
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Proof. We can follow the proof of Lemma (2.4) noting here the singularity involves only
the first two variables. g
So that we immediately have the following property for S 4 4:

Proposition 5.4 If the electric potential a is invariant under translations in RN=2 (as the
magnetic vector potential actually is), the related minimum problem leads to

. a
[T == [
= inf R RO 1 2 <S

S, a — *
A UGJI[A\{O} 2% 2/2
/ |u
RN

Proof. We follow the proof of Proposition (2.5) taking into account Lemma (5.3). O

5.3 Achieving the Sobolev constant
As in the previous case, we state the following
Proposition 5.5 If Sqq < S then Sy is achieved.

Proof. Let us consider a minimizing sequence u,. As we have already noticed, we can apply
Solimini’s Theorem (3.3) in order to get u, —®(-+z,) — 0in H 4 as n — +oo following the
same argument as above. Once again, we argue by contradiction. Supposing the sequence z,
diverges means it is divergent with respect to the two first variables (z.,22), since both the
electric and magnetic potential are invariant under translations in RY~2. This means that if
x,, diverges to infinity with respect to z7, this is a convergence case.

So, by contradiction let us analyze only the case !(w}” x%)‘ — 400. According to Lemma

(5.3) we have

a
vV — A 2—/ — T Jun)?
167 [l

Thus we obtain S4, > S, a contradiction. O

5.4 Symmetry of solutions

We introduce the space

Mo = {u(z,y) € Ha st u(@T z,y) = ulz |y},
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which is a closed subspace of H 4, so Solimini’s Theorem (3.3) holds in it.

We should suppose that the magnetic potential A is invariant under the Zy x SO(N — 2)-
group action on H 4, as in (6). But in this case, the magnetic vector potential enjoys this
symmetry thanks to its special form. On the other hand, we choose the electric potential a
as a negative constant.

Following the same proof as in the previous case, we can state the following

Proposition 5.6 If Sﬁ\,a < k*NS then Si,a s achieved.

Now we look for sufficient conditions to have S ./Ijl,a < kNS,
The idea is again to check the quotient over a suitable sequence of test functions. We
choose as well Zle wj, where w; are defined in (12) and the lines above it. Of course, we

need to multiply them by a cut-off function ¢(xy, 29, 3) = @(x1,22) = ©(v/27 + 23) = p(p),
in order to obtain the necessary integrability near the singular set.

Lemma 5.7 Choosing R big enough in (12), the quotient evalueted over ¢ Zle wj 18 strictly
less than kNS, and so the infimum Sﬁl,a‘

Proof. Let us check the quotient over ¢ Z§:1 wj. In

k ) 9 koo k k
/RN‘VWZ%’)( +Mw2)zwj‘ —2R€{N(¢ij)-«4s02wj}
Jj=1 Jj=1 j=1 j=1

we study term by term. First of all

k k k
2 2 2
VY wp)| =196l [ S + ¥V w)| +2Re{ 9Vp- Y Vusm
7j=1 7j=1 7=1

gl
and
2 i 2 k 2 ) k 9
/RNSD ‘V(;wj)‘ = /RN ‘V(;wj)‘ /RN(lgp )‘v(;wj))
.o k )
= kSN/2—|-/RNRe{;|wj‘2 ijwl}_/RN(l_gpz)‘v(j;wj)’

Secondly

k k k
V(@ij) 'szﬁj = V- A‘ ij‘z —HOQZij - Awy .
Jj=1 Jj=1 Jj=1 gl
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So, the quadratic form is the following

k k
N/2 (25 -2 __ NE 2 12
kS +/RNR6{%;Z\U}]] w;w; } /RN(I wz)‘V(;wj)‘ —i—/RNVgol ‘;wﬁ!
k
o a?—a
+2ANR6{¢V¢.;ijwZ}+/N $1+x2 ‘ij‘

R
oo
—Q/RNRe{upngA‘;wj‘ }—Z/RNRe{ZQDQ%:ij-Awl}
. k 2
SksN/2+/RNRe{Z\ij —ijwl}+/RN\w!2];wj(

J#l
1/2 1/2

k k
2 2
2 2
(,0‘5 Vw’ / \Y% ’E w"
/]RN et J ]RN‘ ol Pt J
a®—a
+ ‘E w‘
/RN$1+-T2 J

1/2 1/2

k k
2 2
+2 Vel > w; AP w;
N N
R j=1 R j=1
—2/ Re{i«pQZij -Aﬁl} )
R il
whereas the denominator

k
/RN - Z Wi

Jj=1

2*
wj

k
2% *
N
7=1

> k:SN/2—|—2*(1—6/2/ ReZ]wj\ 2w W,
RN

J#l
[ -
RN

k o

Q)ij

(31)
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To simplify the notation, we set R = /(x;')? 4 (2;2)? and we have

kJV
a = / Re{Zyij*‘ijwz} SOk(_jva) (32)
B A > PN
k
3= [ome| Sl < o)
1/2
v =2 [ An el [ve Sl ) < o)

logR) if N =4

a” —a o0}
K /le-i-x ‘ij‘ - k2

1/2 1/2

Iy
|
[\
S —
R
©
M- g
S
ﬁw
s
]
&

]{2
O(=:log'/?R) if N =
< (Rzg ) (33)
O(RN o) ifN>5
INPLERTS %
) = /RN(l—so )‘;wj < O(gw)
while for the last term we have
o - kN 3
/]RN Re{zgp ;ij-Awl} <O(RN 5) (34)

since Lemma (4.9) fits also in this case with the suitable modifications. In (32) the symbol
> stands for a has order strictly greater than kV—1/RN=2,
We note all these quantities «, 3, v, 1, €, ¢ can be chosen small simply taking the quotient
EN=1/RN=2 small (namely kN =1 /RN=2 = ¢), as we can deduce from (32), ..., (34).
Moreover, we see 1) = o(«), so that we can improve estimate (31) and state

k
.

for a different § from above.
With the simplified notation, the quotient takes the form

2* *
w|” = kSN2 4271 = 5/2) /RN ReS” Juwyf® 2w w

1
BN 4ot By n+E+C o] Fsplat B4+ g

LSV + 21— 8/ D) T (1= 06/2) \2/7
( (1-4/2)a) (1+ =)
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Expanding the quotient in first order power series, it is asymptotic to

2(1 — 5/2)a)

k*Ng 0+%£Wﬂa+ﬁ+7+n+§+0>« ~ g

1
~ KNS {1+kngﬂ+v+n+§+0

146+ (B+7+n+£+CD}

1
+k5N/2a( k:SN/2

Now, in order to have the coefficient of k2/N S strictly less than 1, it is sufficient that 3, ~,
n, &, ¢ are o(kN~1/RN=2). Taking into account (32), ..., (33) and (34) we see it is sufficient

]

As we made in the previous section, we wonder if there exists any biradial solution,
meaning a function belonging to the space

choosing k as in the previous case of —-type potentials. [l

HL ={ueHast. u(R(z1,22),Sw3) = u((x1,22), 73)
VR € SO(2),VS € SO(N —2)} .

In order to investigate this question, we set the problem

iVAuZ/ a ul?
Lev - [t

- uef}'?fl‘ﬂé 2% 2/2*
|ul
RN

Proposition 5.8 There exists a biradial solution.

and we state

Proof. We follow the proof of Proposition (4.11) that fits also in this case with the suitable
modifications. g

6 Symmetry breaking

In order to proceed in our analysis, we need to recall a result proved in [1]:

Theorem 6.1 ([1]) Suppose u = u(ri,r2) (where ri = \/x%? + 23 and ro = \J23 + -+ + %)
s a solution to

—Au — %u = f(z,u)
kd

with a € R™ and f : RN x C — C being a Carathéodory function, C' with respect to z, such
that it satisfies the growth restriction

[fi,2)| < O +[=7%)

for a.e. x € RN and for all z € C.
If the solution u has Morse index m(u) < 1, then u is a radial solution, that is u = u(r)

— /g2 2
where r = /1 + -+ + X%
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Roughly speaking, in particular this theorem states any biradial solution to (2) found
as minimizer of the Sobolev quotient is in fact completely radial, since such a solution and
equation (2) satisfies the hypothesis of Theorem (6.1). This leads to a so-called solutions’
symmetry breaking. We point out the notation we used up to now:

Definition 6.2 SX’;Q s the minimum of the Rayleigh quotient related to the magnetic Lapla-
cian over all the biradial functions in DV*(RN);

SS;” s the minimum of the Rayleigh quotient related to the usual Laplacian over all the
biradial functions in D?(RN);

nglad is the minimum of the Rayleigh quotient related to the usual Laplacian over all the
radial functions in DV?(RN);

S(’ia is the minimum of the Rayleigh quotient related to the usual Laplacian over all the
functions in Di’Q(RN );

Sfl,a is the minimum of the Rayleigh quotient related to the magnetic Laplacian over all
the functions in D,i’2(IR{N);

S is the usual Sobolev constant for the embedding D?(RN) «— L¥" (RN).

So we can collect our information on these quantities and write the following chain of
relations:
Stz S = Si = KNS > Sh,

where the first inequality holds thanks to diamagnetic inequality; the fact SS;TQ = Sé‘fad is a
straightforward consequence of Theorem (6.1); the second inequality is proved in [27], Section
6 for sufficiently large values of |a|; and the last one is proved in Lemma (4.3).

Remark 6.3 Symmetry breaking for Aharonov-Bohm electromagnetic potentials. We note
the same facts hold also for Aharonov-Bohm electromagnetic fields. Indeed, the diamagnetic
mnequivalence holds also for them with the same best constant, because the Hardy constant is

the same (see Section 4.1); moreover, #‘xz > # for a > 0. So we can rewrite
1742 T

71,72 1,72 __ Qrad 2/N k
S > Sl = Spnd > NS > 8,

where the last inequivalence has been proved in Lemma (5.7).

References

[1] L. Abatangelo, S. Terracini, A note on the complete rotational invariance of biradial
solutions to semilinear elliptic equations. Preprint (2009).

[2] G. Arioli, A. Szulkin, A semilinear Schriodinger equation in the presence of a magnetic
field. Arch. Ration. Mech. Anal. 170 (2003), no. 4, 277-295.

[3] T.Bartsch, E.N. Dancer, S. Peng, On multi-bump semi-classical bound states of nonlinear
Schrédinger equations with electromagnetic fields . Adv. Differential Equations 11 (2006),
no. 7, 781-812.

[4] A. Bahri, Y.Y. Li, On a min-maz procedure for the existence of positive solutions for
certain scalar field equations in RY. Rev. Mat. Iberoamericana 6 (1990), 1-15.

29



[5]

[6]

[16]

[17]

18]

[19]

[20]

J. Bourgain, H. Brezis, New estimates for elliptic equations and Hodge type systems. J.
Eur. Math. Soc. 9 (2007), No. 2, 277-315.

H. Brezis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical
Sobolev exponents. Comm. Pure Appl. Math. 36 (1983), no. 4, 437-477.

J. Chabrowski, A. Szulkin, On the Schrédinger equation involving a critical Sobolev
exponent and magnetic field . Topol. Methods Nonlinear Anal. 25 (2005), no. 1, 3-21.

S. Cingolani, Semiclassical stationary states of nonlinear Schréodinger equations with an
external magnetic field . J. Differential Equations 188 (2003), no. 1, 52-79.

S. Cingolani, M. Clapp, Intertwining semiclassical bound states to a nonlinear magnetic
Schrdinger equation . Nonlinearity 22 (2009), no. 9, 2309-2331.

S. Cingolani, S. Secchi, Semiclassical limit for nonlinear Schrodinger equations with elec-
tromagnetic fields. J. Math. Anal. Appl. 275 (2002), no. 1, 108-130.

S. Cingolani, S. Secchi, Semiclassical states for NLS equations with magnetic potentials
having polynomial growths. J. Math. Phys. 46 (2005), no. 5.

M. Clapp, R. Iturriaga, A. Szulkin, Periodic and Bloch solutions to a magnetic nonlinear
Schrédinger equation . Adv. Nonlinear Stud. 9 (2009), no. 4, 639-655.

M. Clapp, A. Szulkin, Multiple solutions to a monlinear Schrédinger equation with
Aharonov-Bohm magnetic potential. Nonlinear Differ. Equ. Appl. 17 (2010), 229-248.

L.C. Evans, Partial differential equations. AMS Press.

M. Esteban, P.L. Lions, Stationary solutions of nonlinear Schrédinger equations with an
external magnetic field. In: Partial differential equations and the calculus of variations,
Vol. I, 401-449, Progr. Nonlinear Differential Equations Appl., 1, Birkhuser Boston,
Boston, MA, 1989.

V. Felli, A. Ferrero, S. Terracini, Asymptotic behavior of solutions to Schrédinger equa-
tions near an isolated singularity of the electromagnetic potential. To appear in JEMS.

V. Felli, E.M. Marchini, S. Terracini, On the behavior of solutions to Schrédinger equa-
tions with dipole-type potentials near the singularity. Discrete Contin. Dynam. Systems,
21 (2008), 91-119.

K. Kurata, A unique continuation theorem for the Schrédinger equation with singular
magnetic field . Proc. Amer. Math. Soc. 125 (1997), no. 3, 853-860.

K. Kurata, Fxistence and semi-classical limit of the least energy solution to a nonlinear
Schrédinger equation with electromagnetic fields . Nonlinear Anal. 41 (2000), no. 5-6,
Ser. A: Theory Methods, 763-778.

A. Laptev, T. Weidl, Hardy inequalities for magnetic Dirichlet forms. Mathematical
results in quantum mechanics (Prague, 1998), 299-305, Oper. Theory Adv. Appl., 108,
Birkh&auser, Basel, 1999.

30



[21]

[22]

23]

[24]

[25]

H. Leinfelder, Gauge invariance of Schrodinger operators and related spectral properties.
J. Operator Theory 9 (1983), No. 1, 163-179.

A.A. Pankov, On nontrivial solutions of the nonlinear Schrodinger equation with a mag-
netic field . Funct. Anal. Appl. 37 (2003), no. 1, 75-77

G. Rozenblum, M. Melgaard, Schrédinger operators with singular potentials, In Station-
ary partial differential equations, Vol. II. Handb. Differ. Equ. Elsevier/North Holland,
Amsterdam (2005), 407-517.

M. Reed, B. Simon, Methods of modern mathematical physics, Vol. II. San Diego Aca-
demic Press, Inc., 1975.

I. Schindler, K. Tintarev, A nonlinear Schrédinger equation with external magnetic field
. Rostock. Math. Kollog. No. 56 (2002), 49-54.

S. Solimini, A note on compactness-type properties with respect to Lorentz norms of
bounded subsets of a Sobolev space. Ann. Inst. H. Poincaré Anal. Non Linéaire 12 (1995),
No. 3, 319-337.

S. Terracini, On positive entire solutions to a class of equations with a singular coefficient
and critical exponent. Adv. Differential Equations 1 (1996), No. 2, 241-264.

31



