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Abstract. In this paper we give an unified approach to some questions arising in different
fields of nonlinear analysis, namely: (a) the study of the structure of the Fuc¢ik spectrum and
(b) possible variants and extensions of the monotonicity formula by Alt—Caffarelli-Friedman
[1]. In the first part of the paper we present a class of optimal partition problems involving
the first eigenvalue of the Laplace operator. Beside establishing the existence of the optimal
partition, we develop a theory for the extremality conditions and the regularity of minimizers.
As a first application of this approach, we give a new variational characterization of the first
curve of the Fucik spectrum for the Laplacian, promptly adapted to more general operators.
In the second part we prove a monotonicity formula in the case of many subharmonic
components and we give an extension to solutions of a class of reaction—diffusion equation,
providing some Liouville-type theorems.

Mathematics Subject Classification (2000): 35J65 (58E05)

1. Introduction and statement of the results

Let 2 C RY be a connected, open bounded domain with regular boundary 942.
For any open w C {2, let A1 (w) denote the first eigenvalue of the Laplace operator
in Hg (w), namely

/. |Vu(x)|?dz

ueféo(w) (fw |U(I)|2dﬂj .

)\1(0«)) =

For a fixed p > 0, let us consider the following class of optimal partition problems

1
1 inf —
(D) mk
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s where the minimization is taken over the class of partitions in k disjoint, connected,
open subsets of {2

(2) Pr:={(w1,...,wr) C 2 :w; isopen and connected, w; Nw;=0 if i#j} .

(As the reader can see, here and throughout all the paper, the word “partition”
does not necessarily mean that Ule w; = £2.) In this paper we shall investigate
different aspects of problem (1) and of the analogous optimal partition problem on
the spheres of R,

The motivation of our interest in problems of this type is that they are behind
different and relevant questions of nonlinear analysis. For instance, the proof of the
monotonicity formula by [1], relies on the determination of the value

inf YA\ (W) F v\ (SN T\ w)),

wCSN-1

where v denotes a suitable function (namely, v(s) = /(N/2 —1)2 + s), and

SN=1 denotes the boundary of the unit ball in RY. Similar optimal partition
problems arise in connection with the phenomenon of the spatial segregation in
reaction—diffusion systems, as shown in [8,9].

In the present paper, we develop a theory for (1) and we give applications in two

independent directions. First, by studying problem (1) for partitions of connected
domains of RY, we obtain a new variational characterization of the first curve of
the Fucik spectrum of the Laplacian, that can be promptly adapted to the case of the
p-Laplacian and even to more general notions of spectrum. On the other hand, by
exploiting partitions of S ~!, we shall prove some monotonicity formulae related
to [1], for the case of many components.
A crucial tool will be the theory already developed by the authors in [7], concerning
the regularity of solutions and the properties of the free boundary, in connection
with certain classes of optimal partition problems involving nonlinear eigenvalues.
More recently, in [8], the theory is shown to apply in the more general context of
k—tuple of functions with mutually disjoint supports and belonging to functional
classes characterized by suitable differential inequalities.

Let us now describe the structure of the paper and our main results with some
details.

The first part of the paper is devoted to the study of optimal partition problems
of the general type of (1). A different class of optimal partition problems, with an
area constraint, has been studied in [4,5]. To begin with, we seek the best partition
of {2 with respect to the infimum defined in (1). Then, our main goal is to derive
the extremality sufficient conditions and to prove some qualitative properties both
of the optimal sets w;’s and of the eigenfunctions associated to A1 (w;). Our first
result in this direction is:

Theorem 1.1. There exists (w1,...,wr) € Py achieving (1). Furthermore, if
&1, ..., ¢y are the associated eigenfunctions normalized in L?, then, there exist
a; € R such that the functions w; = a;¢; verify in {2 the differential inequalities

1. 7AUZ' < Al(Wi)Ui,
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As a consequence, the main results of [8] apply, providing the regularity of the
minimizing k—tuple U = (u;); and some qualitative features of the interfaces
Ow; N Owj, together with an asymptotic expansion of U at multiple intersection
points in dimension 2. Finally, we extend all the previous considerations to the
limiting case in (1) (as p — c0):

©) o, max faida (wi)}

where a; are given positive weights. This last problem is connected to the Fucik
spectrum F of the Laplace operator with Dirichlet boundary conditions, which was
defined in [11, 18] as the set of pairs (A, i) such that the problem

—Au = ut —pu u € H} (),

has a non zero solution (here we use the standard notation u* := max{4u,0}).

In fact, to each solution of (3) there corresponds an element of F, provided
either k& = 2 or the boundary of the supports Ow; do not have multiple intersection
points. In this way we can give a new variational characterization of the first curve of
the Fucik spectrum, in terms of an optimal partition of eigenvalues. More precisely,
let

e(r):= inf max{ri(w1), A\ (ws)}.
(wi)EP2

Then we have

Theorem 1.2. Forallr > 0, there exists u € H}(§2) such that ({u* > 0}, {u™ >
0}) achieves c(r). Furthermore, the pair

M ({u™ > 01, \({u” > 0}) = (r~e(r), e(r))

belongs to the Fucik spectrum and it represents the first nontrivial intersection
between JF and the line of slope r.

Variational formulations of the first curve have been given as min—-max or con-
strained minimum, starting form the one—dimensional periodic problem in [17];
the general case N > 1 has been first studied in the paper of De Figuereido and
Gossez [16]. More recently, new characterizations were proposed in [10] and [19],
covering the Fucik spectrum of the p—laplacian; theoretical and numerical studies
have been carried out in [2,3,19]. In our opinion, our characterization is of in-
terest from both the theoretical and the computational points of view. Indeed, it
admits straightforward extensions to many other nonlinear operators, such as the
p-laplacian and it could be easily modified in order to apply to general boundary
conditions; moreover it can be easily implemented numerically using, for instance,
a steepest descent method. A formulation related to our Theorem 1.2 was given in
[19], but could not cover the full first curve of the spectrum.

Finally, as far as the dimension 1 is concerned, we can characterize an infinity
of curves belonging to the Fucik spectrum, in the following way:
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Theorem 1.3. Let N = 1, k > 1 and define, for all r > 0

: = inf A1(toit1 — to;), A1(toia2 — to; .
ck+1(7‘) a:t0<t1<_1_?<tk<tk+1:bm?X{T 1( 2i+1 2l)7 1( 2i+2 2L+1)}
Then the pair
(rterpa (1), erpa ()
belongs to F.

The second part of the paper is devoted to the study of the monotonicity formulae.
The monotonicity lemma was originally stated by Alt, Caffarelli and Friedman in
[1] in the following way:

Lemma 1.1 (The monotonicity formula). Let (w1, w2) € (H*(£2))? be non neg-
ative, continuous, subharmonic functions in a ball B(xo,7) C {2 (i.e. —Aw; <0
in distributional sense). Assume that wi(xz)ws(xz) = 0. Assume that xo €
d(supp(w;)) N 2 fori = 1,2. Define

Vuw;
4], (Tt
B(zg,T) (E—ZL’0|

Then & is a non decreasing function in [0, 7).

Since its very first publication, the monotonicity formula was shown to be a
powerful tool in proving many local results in the theory of free boundaries. Our
first objective consists in developing a variant of Lemma 1.1 for the case of many
subharmonic densities having mutually disjoint supports. To this aim we consider
the optimal partition value

B(k,N):= inf liz*ml(”i)’

where the minimization is taken over all possible partitions in k disjoint parts of
the unit sphere S™~!. We shall prove:

Lemma 1.2. Let 2 C RN N > 2. Let wq,...,wy, € H(£2) be non negative
subharmonic functions in a ball B(x,7) C 2 ( i.e. —Aw; < 0 in distributional
sense). Assume that w;(z)w;(z) = 0 a.e. if i # j and that o € O(supp(w;)) N 12
forall j =1, ..., h. Define

h

1 2
P(r) = H W) /B(x(, ., |Vw; (x)]“dz.

i=1

Then @ is a non decreasing function in [0, 7).
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In the recent years, several papers have shown the existence of a strong con-
nection between some free boundary problems and the spatially segregated limits
of competition—diffusion systems, as the interaction rates tend to infinity. This
asymptotic study has been carried out in [12-15,20,21]. The link with the opti-
mal partitions was examined by the authors in [8,9]. This motivates the interest
of extending the monotonicity lemma to the case of an arbitrary number of densi-
ties whose supports need not to be mutually disjoint, but, instead, satisfy a system
of competition—diffusion equations. In particular, as a prototype we consider the
following system:

—Aui(x) = —ui(x ZaUuJ , zeRV,
(4) Ve
uz(x) 20, LL‘GRNa
foralli = 1,...,k, wherea;; > 0.Then we shall prove the following monotonicity
result:
Lemma 1.3. Let N > 2 and let (uq, . .., ug) be a solution of (4) such that u; > 0

foralli. Let h < k be any integer; let ' < 3(h, N) and define

Hrh /3(07) (VUZ )|+ (x) Z aijuj(m))d:r.

1< <k
KE)

Then there exists v’ = r(h') such that ® is an increasing function in [r', 00).

The above perturbed monotonicity formula will turn out to be the key point
in proving an a priori growth estimate on the non trivial solutions of (4). The
subsequent Liouville type result will be exploited, in a forthcoming paper [9], in
order to prove the uniform holder-continuity of solutions of competition—diffusion
systems, when the interspecific competition rate tends to infinity.

2. Optimal partition problems involving linear eigenvalues

Let p be a positive real number; let & > 2 be a fixed integer. In this section we
consider the problem of finding a partition of {2 that achieves

k

5 inf A (wi)P,
) S i:1( 1(wi))

where Py is the set of all the possible partitions of {2 in k£ connected, open subsets
(see (2)). Let us recall that \; (w) denotes the first eigenvalue of —A in H{ (w); the
associated eigenspace is one dimensional (if w is connected), and the associated
eigenfunction does not change its sign.

As a first step of our investigation, we relax problem (5) in the following way.
For any measurable w C {2, let A\; (w) denote

Vu(z)|?d
A(w) == nf{ff|| u@ 2|dx : uEH&(Q),u:Oa.e.on.Q\w,u;éO}.
'LL X
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When w is open, then A1 (w) is the classical first eigenvalue of the Laplace operator
in H& (w). For this reason, with a slight abuse of notation, we shall name, for
any arbitrary measurable set w, H} (w) := {u € H}(2), u = Oae.on 2\ w}
(incidentally, we observe that possibly H} (w) = {0}, and consequently we define
in a standard way A;(w) = +00). Following this line, let us introduce the class of
relaxed partitions

Py = {(wi,...,wg) C 2: w; is measurable, w; Nw; = 0 if i # j}
and the relaxed minimization problem

k

6 inf M (w))P,
(6) . iﬂ( 1(wi))

Clearly the value in (6) is smaller or equal to the one in (5). Nevertheless, at the
end of this section the reader will see that (5) and (6) are in fact equivalent.

By taking into account the variational characterization of A1, the infimum value
in (6) becomes

) inf Zk: (W>p.

mem@nor 5\ o fuslz)Pdo

We have

Remark 2.1. There exists a k—tuple (¢1, ..., ¢r), with ||¢;]|2 = 1, that achieves
the value (7). Moreover, if we set w; = {x € 2 : ¢;(x) > 0}, then Y (A1 (w;))?
achieves (6). Indeed, we can minimize the functional

E(ug, .o ug) = Zk: (vajy

—\ Jq lui(z)?dz

among k-tuples of H} functions, subject to the constraint that u; > 0 for all i and
u; - u; = 0if 4 # j. Since the above functional is weakly lower semicontinuous,
and the constraint is locally weakly compact, the direct method of the calculus of
variations applies. This immediately provides the existence of a k—tuple of functions
(¢;) (that we can obviously assume normalized in L?), having disjoint supports,
which achieves (7). As a consequence, letting w; = {¢; > 0}, we find a solution
of (6).

The following part of the section (Sects. 2.1, 2.2) is devoted to the study of
the properties of the minimizers of (6) in the case p # 1 (the case p = 1 will be
considered in Sect. 3 through a limiting procedure). Finally, in Sect. 2.3 we will
show the equivalence between (5) and (6).
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2.1. An auxiliary variational problem (for p # 1)

In this section we prove the equivalence of our minimal partition problem (6) with a
min—max value for a certain functional defined on ( Hg )*. Let us start the description
of the appropriate variational setting with some definitions: first, let p # 1 be fixed

and let ¢ be the dual exponent of p, ¢ = 5. Note that ¢ € (—00,0) U (1, 00). For
u€ H(2)and U := (uy,...,ux) € (H0 ((2)) we define the functionals
J*(u) = 5 [o |Vu(@)Pde — 55 ([ ulx)*dz)"

J(U) =30 T (u;).

We are interested in studying J restricted to the k—tuples of functions where the
different components have disjoint support, hence we define

H={U = (uy,...,u) € (Hy(2))* : w;-u; = 0,a.c.on2fori £ j}.

Note that U € H implies J(U) = S5, J*(us) = J* (5, wy).
Next we define the Nehari manifolds associated to J* and J

NI ={ue H}(2): u>0,uz0, VJ*(u) -u=0}
No == N (TN H,

and the value
8) cg =nf{J(U): UeNy}.
We shall prove the following
Theorem 2.1. Let either ¢ < 0 or ¢ > 1, and let % + % = 1. Then

k

) = inf L1 3 MW

(wi)ePy 29

Moreover, there exists a k—tuple of functions U := (uq, . .., uy) € Ny such that U

achieve (8) and each u; solves

g—1
(10) —Au;(z) = (/ u?) u; () on the set where u;(x) > 0.
2

In particular, for all 1, there holds

a1 M ({u; > 0}) = (/Quf)QI.
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Proof. First, let u # 0, w := {u > 0} and consider J* restricted to the line
t — tu, namely g(¢) = J*(¢tu). It turns out that, for t # 0, ¢’ (¢,) = 0 iff

4 202 _ [, IVu(z)|*dx
b I, lu(z)2dz

and thus

It u):q_l [, I Vu(a)Pda =1
“ 2q I, lu(zx)?dx

Asa consequence

1
12 inf  J*(tyu) = — A1 (w)P.
12) weH} () (fu) 2p 1)
wZ0
Now some differences are induced by the value of q. In the case ¢ > 1, the function
¢ has a local minimum at the origin and lim;_,, g(t) = —o0, hence t,, is a local
maximum. As a consequence the value ¢, has the equivalent characterization

k
= inf J* (ty,u;) = inf J*(tug), if ¢ > 1.
‘= gen Pt (fu, i) l}rel?-l{(tl Hi%(t >O}Z ) i
On the other side, if ¢ < 0 the corresponding function g(¢) is such that
limy o0 g(t) = limy_,0 g(¢) = oo and hence ¢, is the global infimum of .J

cqg = inf J(U), if ¢ <O.

Taking into account these characterizations for the value ¢, and (12), we immedi-
ately have (9).

Now that we have proved the equivalence between the value c, and the value (6),
the existence of a minimizer U for (8) follows from the existence of a minimal par-
tition for problem (6), as we discussed in Remark 2.1. Then, standard critical point
techniques prove that U is a critical point for J, i.e. VJ(U) = 0 in distributional
sense. By computing this means

q—1
/ Vu; Vo — (/ u?) / wv=0 Y& H}N)
e Q Q

and proves (10). Finally, (11) is obtained in light of (10). a

2.2. The extremality conditions

In this section we prove that the extremality condition stated in Theorem 1.1, are
verified by the solutions of the auxiliary problem (8). For easier notation we define,

for every 1,
= U; — E Uj-
J#i
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Lemma 2.1. Let U = (uy,...,ux) be as in Theorem 2.1 and (w1, ..., wy,) be the
corresponding supports. Then the following differential inequalities hold in {2

—Au; < Ap(w;)ug,
=AU > M(wi)ui — 052 M(w))u;.

Proof. The argument is different according to the case that ¢ > 1 or ¢ < 0 and
it mimics the proof in [7] for the case of nonlinear eigenvalues. For the reader’s
convenience we report the proofs adapted to the actual setting.

The case q < 0.

Let us prove 1. We argue by contradiction, assuming the existence of an index j
such that the claim does not hold; that is, there exists 0 < ¢ € C2°((2) such that

(13) /Q [V’U,7v¢ — )\1 (wj)uj¢] dx > 0.

For ¢t > 0 very small we define a new test function V' = (vy, ..., vg), belonging to

H, as follows:
" iti #j,
v =
(u; — )™ ifi = 3.

We claim that V' lowers the value of the functional .J. We introduce G(s) = == s4
and compute as follows

IV) = I0) = [ 5 (90 = t0)*P=IVu )

6 ( [uwr07?) <6 ( )
<[5 050 =0 = [9u) + 206" [(072) [wro ot
ft/Q |:V’U,jv¢ -2G' (/Q(uj)2> uj(;b} + o(t).

Note that the last expression, when t is sufficiently small, is negative by (13),
since A\ (w;) = 2G’ ( /. Juy) ); hence, choosing ¢ sufficiently small, we obtain the
contradiction

J(V)—J(U) <O.
In order to prove 2., let j and 0 < ¢ € C2°(£2) such that
/ Vi,V — (M(wy)u; = 3 Mwiui )9 do < 0.
7
7]

Again, we show that the value of the functional can be decreased by replacing U
with an appropriate new test function V. To this aim we consider the positive and
negative parts of U; + t¢ and we notice that, obviously,

{(ﬂ] + tqf))i > O} C {(ﬂ])i > 0} = Ui;ﬁj{ui > 0} .
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Let us define V' = (vy, ..., vy) in the following way:
{ (W +te) ", ifi = j,
/l)’L = — . . .
(W) +t9)" X{u;>0}, if i # j.

Here and below x 4 denotes the characteristic function of the set A. We compute
as follows

J(V) — J(U) = i/ﬂ % (Vw2 Ve ) dz—G (/Q(vi)2> e </Q(ui)2>

_ /Q%(|vaj+t¢l2— Vi, |?) da
e (/Q((ﬂj - t¢>)+)2> +G (/Q(“J')Q)
14 Y le (/{WO}(@ + t¢)_)2> mye (/,2(“)2)1

i#]

:t/ﬁvajwatG’ </Q(uj)2> /Qujgb
+2 ( [ )/ﬁu¢+o<>

i#j

- t/g (vajws (M (wj)uy =D Ai(wi)ui)d ) +o(t) .

i#£]

For ¢ small enough we find J(V) < J(U), a contradiction.

The case g > 1. The idea of the proof is analogous, but a new difficulty arises due
to the fact that we can use only test functions belonging to the Nehari manifold
No. Let us show the new argument in the proof of the inequality 2. Assume by
contradiction that the assertion does not hold for a certain index ¢ and thus the
existence of 0 < ¢ € C2° such that

/Q {Vﬁjv(ﬁ— ()\1 wj)u Z)‘l (w; Uz) ]da; <0

i#]

We will obtain a contradiction constructing a k—tuple in NV that decreases the value
of cq. Let Ay == Aju; — 32, Ajuy with [A; — 1| < 6 for all i: if § is small
enough we can also assume by continuity that

(15) /Q [VAJ’UJV(ZS — ()\1(Wj)/\jﬂj — Z )\1((4)@))\1’&@)@1)] dx < 0.
i#]

By the inf-sup characterization of ¢, and by the behavior of the function J* (Au)
for fixed u > 0, we can take § so small that

(16)  VJ*((1—6)uj)u; >0, VI (14 8)u;)u; <0, vj.
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Let us fix £ > 0 small and let us consider a C! function t : (RT)* — R* where
t(A1, ..., \) = 0if for at least one j it happens [A\; — 1| > §, and t(A1,..., \g) = ¢
if [\; — 1| < 6/2 for every j. Next we define the continuous map

(A1, o M) = Ajs — > At + (A1, ooy Ak) D
J#i
Note that @~ is a positive function whose support is union of £—1 disjoint connected
components, each of them belonging to the support of some u;. Now we define the
function U (A1, ..., A\g) = (1, ..., Ug) as
(Aju; +t( A1, M) T ifi =3,
(At + (A1, o Ae)) ™ X w0}, if 0 # 5.

Uy =

Let us compute .J (U ): in complete analogy with the calculations in (14) we have
- 1 g 12 9 .
JO) = [ (SIV@a)F + SIVel ) de+t [ V(4;3,)90
o) Q
-G (/((Ajuj + t¢)+)2> - ZG(/ (A + t¢))2> <

< J()\lul, ceey )\kuk)
+{/rz <V (Au;) Vo — (M (wj) Aju; — Z)\l(wi))\iui)(ﬁ) +o(d).

i#j
By (15) and taking ¢ small enough, this implies
TO A,y M) < J(Aquns oo, Aur)

if [\; — 1| < 6/2 for every j.

Now, if ¢ is small, we can assume that (16) holds for U (A1, ...y Ag) instead
of (Aruq, ..., Agug). Thus, by Miranda’s fixed point theorem [22], there exists
(141, ..., poi;) such that |p; — 1] < §/2 and

VJ(U(H’lv nuk)) : 0(/1417 "'7”’]6) =0,

that means U (i1, ..., i) € Np. But this is in contradiction with the definition of
U as in Theorem 2.1 and the fact that

J(U(,U,l, ...,/Jk)) < J(,ulul, ...,Mkuk) < J(U) = inf J(V)
VeNy

With this the proof of the inequality 2 is done. Let us now briefly sketch the proof
of the last inequality, namely

7A’qu S Al (w,)ul
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for all 4. As usual assume by contradiction the existence of ¢ > 0, ¢ € C°(12)
such that

for all \; such that |\; — 1| < ¢, § small enough. As in the proof of the inequality 2,
we can assume 0 small enough to satisfy (16), and we consider the function ¢()\;)
analogous to the one introduced therein. Then we let @( ;) := \ju; —t(\;)¢ and we
define U with components @; = 1, 4; = u; if j =1,...,k — 1, j # i and finally
g (z) = up(x) if x € {ug > 0}), tg(z) = P~ ifx € {u; > 0} N{P(x) < 0}.
By computing .J (U7 ()\;)), taking into account (17) and choosing £ small enough we
obtain

JUN)) < J(ury ooy it -ug,) A —1] <6/2.
Now a contradiction with the properties of U as in Theorem 2.1 can be obtained by
arguing as in the final step of the proof of the inequality 2. ad

2.3. Regularity results

Aim of this section is to prove Theorem 1.1 in the case p # 1 (as already said, the
case p = 1 is treated in the following section).

The differential inequalities obtained in Lemma 2.1 allows the application of
the regularity theory developed by the authors in [8]. To be more precise, consider
a k—tuple of H] functions (v1, ..., vg); we setw; := {v; > 0}, fi(s) == A (w;)s,
;= v; — Zﬁéi vj and

Fl@Bi) = M(wi)vi — Y Ai(wy)v;.

J#i
With these notations, if (w1, ..., u) is as in Theorem 2.1, then Lemma 2.1 says
that (uy,...,ug) € S, where
V; ZO, UlUJZOIf’L#]
S:={ (v, ) € (H(2)F: P
—Av; < fi(z,v;), —Av; > f(x,0;)

This class of functions have been introduced by the authors in [8], where a number
of qualitative properties for its elements are obtained. We collect those properties
in the following theorem, referring to [8] for its proof. We first need a definition:

Definition 2.1. The multiplicity of a point x € (2 with respect to the k—tuple
(v1,...,0) s
m(z) = #{i : meas ({v; >0} N B,(x)) >0, Vr >0} .

Theorem 2.2. Let (v1,...,v;) € S, andlet w; := {v; > 0}. Then, V := Zle U4
verifies the following properties.

1. The function V is Lipschitz continuous in the interior of 2; if 02 is regular,
then V' is Lipschitz up to the boundary. In particular, w; = {v; > 0} is an open
set.
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2. Let x € {2 such that m(zx) = 2. Then,

lim Voi(y) = — lim Vo;(y) .

v; (y)>0 v (y)>0

3. Indimension N = 2, the set {m(x) > 3} consists in a finite numbers of points
where V'V is identically zero.

4. In dimension N = 2, let x € {2 such that m(x) = h. Then, V admits a local
expansion around x of the following form:

h
2

V(r,0) = re

cos (Z(e + 90)) ‘ +o(r?)

asr — 0, where (r,0) denotes a system of polar coordinates around .
5. Indimension N = 2, the set {m(z) = 2} consists in a finite number of C'—arcs
ending either at points with higher multiplicity, or at the boundary 0.

By the above discussion, (u1, .. ., ux) shares all these properties. In particular,
this implies that the partition consisting of its supports, besides belonging to Py, is
an element of Py.

Lemma 2.2. Let (w;) be the k—tuple provided in Remark 2.1. Then w; is open
for every i. Moreover we can assume, without loss of generality, that each w; is
connected (that is, (w;) € Py, and it is a solution of (5)).

Proof. By Theorem 2.1, w; = {u; > 0}. Hence the application of Theorem 2.2,(1)
provides that each w; is open. Assume that, for some ¢, w; is not connected, and let
{a;};jes denote its connected (open) components. We observe that, for every M >
0, #{j : Ai(aj) < M} < oo (indeed 2 is bounded and lim, | A1 (w) = 00).
Then A\ (w;) = minj{A;(a;)} = Ai(an). Replacing u; with u;],,, we obtain a
k—tuple of functions with open, connected supports, that again achieves (7). O

Proof of Theorem 1.1 (case p # 1). Let (uq, . .., u ) the functions provided by The-
orem 2.1 and let w; = {u; > 0}. Clearly, u; = a;¢;, where ¢, denotes the positive
eigenfunction associated to A\ (w;), normalized in L?, and a; = )\}/ 2(a1) (wi). As
shown in Lemma 2.1, each u; satisfies the required differential inequalities. There-
fore, Theorem 2.2 applies, implying that each w; is open. Finally, also Lemma 2.2
applies, and the theorem follows. a

A remarkable consequence of the above results is the equivalence between the
original problem (5) and the relaxed one (6):

k k
(18) inf A(w;))P =  inf A (w;))P.
S, DO = it > ()
Up to now, this is true only when p # 1. The discussion in the following section
will trivially imply that it holds also in the case p = 1.
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Remark 2.2. Let us conclude this section with a remark about the generality of the
theory so far developed. Actually, the procedure leading to the proof of Theorem 2.1
and, consequently, to Theorem 1.1, can be trivially adapted to study, for instance,
nonhomogeneous optimal partition problems. Namely, let m;, n; € L such that
inf,en{m;(x),n;(x)} > 0; finally let a; € RT and g € R, r € R such that ¢ > 1
and r > 2. By defining the first weighted—eigenvalue as

\ ) fwi n;(2)|Vu(z)|"dz
tlws) = min I, mi(@)|u(z) e
uZ0 °

we consider the problem of finding a partition of {2 in k open sets that achieves
k

(19) cg= inf 11 3 laihi(wi)] 7.

(wi)ePr  Tq Py

Then, with obvious changes in the functional setting, namely by redefining

Jiw) = % / (o) V(o) e = — ( ; mi<x>|u<x>|fda:)q

r

the whole procedure applies to problem (19). Note that this includes the remarkable
case of the r—laplacian, and will be crucial in connection with the analysis of the
Fucik spectrum developed in the last section.

3. The limiting casesp = 1, p = oo

In this section we study the asymptotic behavior of the solutions to the problem
(8) both as p — 1 and p — oo. This analysis will provide existence and regularity
results, analogous to those obtained in the previous section, for two remarkable
optimal partition problems that we cannot directly treat with the above techniques.
Let us start our description by observing that the eigenvalues corresponding to (5)
are uniformly bounded in p:

Lemma 3.1. Letp > 0, p # 1 and let (w1 p,..wp) € Pk achieving (5). Then
there exist 0 < m < M < oo such that

m < A(wip) <M Vi, Vp.

Proof. The bound from below depends on the monotonicity of the first eigenvalue
with respect to the inclusion

wC = M\(w) > ().

Hence it suffices letting m = A1 (£2). The bound from above simply follows by the
minimality of the optimal partition. a

In the following we shall denote A; ,, := A1(w; p). Let us also recall that, if u;
are the eigenfunctions associated to ¢, then by Theorem 2.1

q—
q

q—1 :
(20) < / u?,p) =Xip= ( / IVui,ﬁ) :
2 (P73

for all 7.
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3.1. Proof of Theorem 1.1 (case p = 1)

Let

Q21 = inf le wi),

(wl)GPk

and let p — 1, hence ¢ — o0: since \; ;, is uniformly bounded in p, we obtain
by (20) that u; ,, is bounded in H!. Therefore, there exist u; € H' such that (up
to a subsequence) u; , — u; weakly in H'. Since the convergence is also almost
everywhere, then, calling w; := {u; > 0}, we have that the (w;)’s are disjoint. We
claim that (w;) is a solution of (21) and that the corresponding u; satisfy suitable
extremality conditions.

To start with, let us observe that, by virtue of Lemma 3.1, there exist pi; € [m, M]
such that, up to a subsequence, lim,_,; A\; , = p;. By weak convergence, the
differential inequalities for u; , pass to the limit, namely

—Au; < pyug and — Au; > piu; — Z/Jj’dj.
J#i

This allows to prove that the weak convergence is indeed strong. To this aim, let us
test the inequality —Au; > piu; — ;5 pju; with u;: then

/|Vui\22,u,;/u
(%} 2

On the other side, by —Au; , < A; pu; p tested with u; , it holds

/ |Vui,p|2 < )‘i,p/ u?,p'
7} ”

By gluing the two previous inequalities when passing to the limit we obtain

/ |V, |? Zlimsup/ |V |2
2 [0}

This finally provides u; , — u; in H'. Furthermore, by the variational characteri-
zation of the first eigenvalue we have p; = A1 (w;).

As a consequence of this analysis we have that ¢, — ¢; and that (w;) achieves
c1; furthermore it holds

—Au; < A (wi)u; and — Au; > A (wi)u; Z)\l (wj)uj,
J#i

as required. But now we are in a position to apply the already mentioned regularity
theory (Theorem 2.2, Lemma 2.2), providing (w;) € Py, and concluding the proof.
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3.2. The case p = <.

Let p — oo (hence ¢ — 1). By virtue of the basic property

1
k P
pan;o E al | = max{ay,...,a;},
i=1

where a; are positive numbers, we shall succeed in recovering our existence and
regularity results for a partition achieving

22 w = inf A i ).
22) Coo = Imf e, (i)

Indeed we are going to prove

Theorem 3.1. There exists U € S such that ({uy > 0}, ..., {ur > 0}) achieves
the value (22).

Proof. Let p — oo; note that in this case we do not know if u; 4 is H I_bounded.

But if we define
Ui,q

(C i)™

then (20) ensures ||v; 4|1 < 1 for all ¢ and ¢. Hence v; , admit a weak limit (up
to a subsequence) and all the analysis developed in the previous case still holds. In
particular, if we call u; the H' limit of vj,¢> again the extremality conditions hold
true and consequently ({u; > 0}) belongs to Py. Let us now prove that ({u; > 0})
is indeed a solution for (22). By the strong convergence of the v; ,’s and the above
mentioned basic property we know that

Viq

VTS,
co = <Z )\f,(I) — max{\ ({u1 > 0}), ..., \y({ur, > 0})} := My,
i=1

hence it is enough to prove that M}, = cs. To this aim let (@1, ...,&) € Py a
k—tuple of disjoint sets achieving

inf max A\ (w;) <e
Proi=1,....k (wi) < coo

(such a k-tuple exists by arguments similar to the ones in Remark 2.1). Then, as
p — 00, it holds

14

c§ < (Z Al(wi)p) — max{ A (@1), s M (@r)} < Coo-
i=1

This implies

1
M = lim ¢f < Coo-
p*}OO

By the minimality of ¢, the opposite inequality co, < M} is immediate, thus
M;, = ¢ as claimed. O
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4. The first curve of the Fucik spectrum

Let us consider the problem
(23) —Au = Mt — pu”

in 2 c RY with boundary condition u = 0 on 942; the Fu¢ik spectrum of —A on
H}(£2) is defined as

F ={(\pu) € R* : problem (23) has a non-trivial (weak) solution } .

As already discussed, this object has been argument of a quite extensive literature
devoted to study its structure and its connections with the solvability of nonlinear re-
lated problems (see references in the introduction). In particular, it is known by [16]
that, besides the pairs of equal eigenvalues and the semi-lines (A1 (§2), t), (¢, A1 (§2))
forall ¢ > 0, F contains a first nontrivial curve Cy through (A2(£2), A2(£2)), which
extends to infinity. The objective of this section is to give a new description of C in
the variational setting developed in the present paper. To this aim, let r be a positive
number; we introduce the problem of finding a partition achieving

(24) c(r) = inf max{ri;(wi), A1(ws)}.

(w;i)EP2
Our characterization is given by Theorem 1.2 as stated in the introduction. We recall
the result:

Theorem 1.2. Forallr > 0, there exists u € HE(§2) such that ({u™ > 0}, {u™ >
0}) achieves c(r). Furthermore, the pair

(25) M ({u® > 0}), M({u” > 0}) = (re(r), e(r))

belongs to the Fucik spectrum JF and it represents the first (nontrivial) intersection
between F and the line of slope r.

As a consequence we have a variational characterization of the second eigen-
value of the Laplacian in HJ (£2):

Corollary 4.1.

A2(02) = Jgg max{A1(w), \1(2\ w)}.
Proof. Note that, for the choice 7 = 1, in view of (26), it holds that ¢(1) is an
eigenvalue corresponding to a sign—changing eigenfunction. Hence ¢(1) > A\ (£2).
On the other hand, it follows from the property of ¢(1) of being the first intersection
with the Fuéik spectrum F and the well-known fact (A2(2), A2(£2)) € F that
¢(1) = A2(£2). From this the thesis follows. O

Proof of Theorem 1.2. Let q > 1 be fixed: by Remark 2.2, with the choice k = 2,
m;(z) = n;(x) = 1l and a; = r, as = 1, we immediately obtain the existence of
a pair (uq 4, ua,4) Whose supports (w; 4, w2 ) achieve the value

— g 21 at =
o= it (e ),
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Now we choose a sequence ¢ — 1 and we follow the limiting procedure in Sect. 3.2
and the arguments therein. We thus obtain, when passing to the limit as ¢ — 1,
the existence of a pair of H}(§2)-functions (u1,uz) with the following properties.
First, U = (u1,u2) € S, and ({u; > 0}, {us > 0}) achieves the value
inf  max{ri(wi), A1(w2)}.
(w;)EP2

Let us now define the function u := uj — us, thatis, u; = uT and uy = u~. Since
U € &, then properties (1) and (2) of Theorem 2.2 hold. Hence u is regular and it
is a nontrivial solution of

—Au=X\({u > 0put — A\ ({u” >0})u"

on (2. We have
(26) ra({u” >0}) =M ({u” > 0}) =c(r).
Indeed, assume by contradiction that ¢(r) = rA;({ut > 0}) and rA;({u™ >
0}) = M({u™ >0}) =m > 0.Letz € d{u™ > 0} Nd{u~ > 0}. Since u is
regular, we can choose p > 0 small enough in such a way that, by the monotonicity
and continuity properties of the first eigenvalue, there holds

rAi({ut >0}) > rA ({ut >0} U B(z,p)) > rA ({ut > 0}) — %
and

M({u™ > 0}) < M({u” > 0}\ B, p) < m({u” > 0}) + 7.

In this way we have a new partition ({u™ > 0} U B(z, p),{u™ > 0} \ B(z,p))
which lowers the value ¢(r), a contradiction. As a consequence, we finally obtain
that the pair (r~1c(r), ¢(r)) belongs to F.

We are left to prove that (25) is in fact the first nontrivial intersection of the
spectrum with the line of slope r. First we observe that, by the monotonicity of
the first eigenvalue with respect to the inclusion, ¢(r) > A1 (£2) for every r > 0.
Assume by contradiction the existence of a pair (r ~!u, p1) € F such that i < ¢(r).
This means the existence of v € Hg withv* # 0such that —Av = 7~ pvt —pv=:
testing the equation with v* we have

IR Y O P\
Jolom 2 Jo vt
Since ({v™ > 0}, {v~ > 0}) is an admissible partition of {2, it must hold
Jo IVUT P [ |Vv2} =/
Jo PP Jo v 7

a contradiction. O

r

c(r) < max {7"

Hence, by denoting

Cy = {(r7te(r), e(r)) € R%, r > 0},
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we have that C; is indeed the first nontrivial curve of the Fu¢ik spectrum. We wish
to emphasize that our variational characterization of C'; immediately provides the
main feature of the first curve and of the eigenfunctions associated to each element
of C1 (see [16]). In particular, just by reading the definition of ¢(r) we can prove
the following

Proposition 4.1.

(a) C is a continuous and strictly decreasing curve, symmetric with respect to the
diagonal.

(b) Cy C {(z,y) € R? : = > X\ (£2),y > \(£2)} and it is asymptotic to the
lines \1(2) x Rand R x A\ (£2).

(c) Any eigenfunction associated to (z,y) € C1 admits exactly two nodal domains
(Courant nodal domain theorem).

Proof. (a) The symmetry of C; can be derived by interchanging the role of w; and
wo. The continuity is immediate by the definition of ¢(r) as in (24); the monotonicity
of the curve is equivalent to the fact that 1 > ro = ¢(r1) > ¢(r2): but this directly
follows once again by the definition of ¢(r).

(b) The first part is given by the fact that ¢(r) > A1 ({2). Proving the existence of the
asymptotes is equivalent to show that ¢(r) — A1(£2) asr — 0. To this aim, lete > 0
be fixed and consider a small ball of radius p, such that A\ (2\ B(z, p)) < A1 (2)+e¢.
Let us consider the partition made up by w; = B(x, p) and ws = 2\ B(z, p), then
choose r > 0 small enough in such a way that Ay (B(z, p)) < A1(§2) + e: it turns
out that ¢(r) < max{rA;(w1), A1(w2)} < A1(£2) + . We have thus proved that
Ve > 0 there exists r = 7. > 0 such that A1 (£2) < ¢(rz) < A1(£2) + ¢, concluding
the proof.

(c) The nodal property is already true by definition of ¢(r) and the procedure of
partitioning {2 exactly in two connected subsets (see Lemma 2.2). O

4.1. Further results.

In this section let us develop some extensions of the previous techniques. The first
applies to the search of further elements of the Fucik spectrum. Then, we show how
to recover the case of more general operators.

For 1 < h < k, let us define the numbers

cnk(r) = (w‘i?efpk max{rAy(wi),...,rA1(wn), A\ (Wht1)s -y A (we) } -

We know by all the previous discussion that the infima above are attained and that a
suitable choice of the eigenfunctions u; corresponding to the optimal partition w;,
satisfy the extremality conditions stated in Theorem 1.1. Moreover we have that

ch k(1) = AM(wj) = ri(ws), 1<i<h,j>h+1

Now assume that the interfaces I ; = 0w;NOw; consist only of points of multiplic-
ity two and moreover that I'; ; = Qunlessi € {1,...,h} and j € {h +1,...,k}.
Let us consider the function

U=1U] — Up+1 + U2 — Upp2 + .. ..
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Then, by property (2) in Theorem 2.2, we have that « is regular and thus it is a
solution of the equation

+

—Au = rilchvk(r)u —cpp(r)u™,

in the whole of (2. Therefore, under the above topological assumptions on the
interfaces I; ;, we have proved that

(rteni(r),cni(r)) € F,

providing a new nontrivial element of the spectrum. This may happen in several
practical situations, as shown by the numerical experiments in [19]. For instance,
this is always the case when working in 1-dimensional domains. This actually
proves the existence of a sequence of curves of the Fuc¢ik spectrum, as stated in
Theorem 1.3.

Let us conclude by pointing out some possible generalizations of the above
results. Actually, thanks to the discussion developed in Remark 2.2, we already
know that the abstract setting leading to the proof of Theorem 2.2, applies to more
general problems. As a consequence, we can prove results analogous to Theorem 1.2
and 1.3, which describe nontrivial elements of some possible generalization of the
spectrum. In particular, we can characterize a first nontrivial curve of elements in
the spectrum of the p—Laplacian (see [14] for the definition and a comparison) just
replacing the notion of first eigenvalue with the one related to the new operator,
namely

p
A1(w) == min M
uevzi(’]’(u) fw |u(3c)|1’d:r:

Another interesting application consists in the characterization of the first curve of
elements for a generalized notion of spectrum in presence of positive weights p, q.
Namely, Theorem 1.2 applies to describe the set of (A, xt) such that

—Au = Ap(x)u® — pg(w)u”

has a nontrivial solution. In this case we have the natural replacement of the defi-
nition of \; with the corresponding weighted ones

\ o [Vu(@)Pda
1((4}1) - 71,61;51()1121) fwl p(‘T)"LL(x)Pd:I;v
w0

\ . L, [Vu(z)?dz
1(we) = min T, a(@)u(x)Pda”
uZ0

Finally, let us only mention that the whole theory can be easily modified in
order to apply to general boundary conditions besides the Dirichlet case.
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5. Monotonicity Formulae

Consider the general problem of minimizing

k

@7) B(k,N) = _in Z

T PN k —
where SV 1 denotes the boundary of the unit ball in RV and
Pk,N): = {(wl, ..,wp) € SN w; is open and connected,
wi Nwj :V)ifz‘yéj}.

In this section we are concerned with the properties of 5(k, N') and with its relation
with some extensions of the monotonicity formula. First of all, it can be proved that
B(k, N) is achieved by a partition containing only open and connected sets of SV 1,
This directly comes by Remark 2.1, Theorem 2.2, and Lemma 2.2, where the results
are obtained for partitions of domains in R . The proof of this fact for partitions
of SV =1 can be recovered (possibly through local charts) in a straightforward way.
Let us now concentrate on the value of 3: when there are only two parts, the
optimal partition is achieved by the equator—cut sphere (see [23]) and hence

B(2,N) =2VN —1,

(thus, in particular, for £ = 2 and N = 2 our Lemma 1.2 exactly gives the result
in [6]). When k£ > 3 the only exact value of 5 we can give refers to the dimension
N = 2 and reads

B(k,2) =k,

as can be found in [7]. Nevertheless, for k£ > 3, we are going prove that
B(k,N)>2vN -1

in any dimension larger than 2, as a consequence of the monotonicity of 3 as a
function of k:

Proposition 5.1. The function (-, N) : N — R is non decreasing. Moreover,
B(k,N) > B(2,N) for k > 3.

Proof. Let N > 2be fixedandlet (£21,...,2x+1) € P(k+1, N) be a partition of
SN—=1 which achieves 3(k+1, V). Let us assume, to fix the ideas, that A (£241) >
A (82;), 1 = 1,... k. If we consider ({21, ..., (2) as an element of P(k, N) we
easily obtain

k
Bk 1 N) = o S VA2 2 1Y VAR 2 Ak N),

i=1 i=1

and the equality holds iff A\ (£2;) = A (£2k41) for every ¢ and (£2y,...,82%)
achieves ((k, N). As a first consequence, we obtain the weak monotonicity of
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To conclude the proof of the lemma, we will show that 5(3, N) > (2, N).
Assume by contradiction that (3, N) = (2, N). By the above considerations
(in the case k = 2), we obtain that A1 (£21) = A1 (£22) = A1(£25) =: Ay and that
(21, £25) achieves 3(2, N). Let (u1,u2) € S denote the associated eigenfunctions.
Then, by definition of S, we obtain both —Awu; > A\ (£21)u; — A1 (22)us and
7Aa2 > )\1(92)11,2 — )\1(91)’[1,1, that is, 7A(’U,1 — Ug) = )\2(11,1 — Ug) on SNil;
but u; — ug = 0 on {23, in contradiction with the well known properties of the
eigenfunctions of the Laplace operator (unique continuation property). O

As we said, the function 3 naturally appears when trying to extend a variant
of the monotonicity formula to the case of many subharmonic densities. In this
perspective we are going to prove Lemma 1.2.

Proof of Lemma 1.2. To start with, we observe that the function @(r) is absolutely
continuous. The idea of the proof consists then in showing that &'(r) > 0 for
almost every r. Let us start with some estimates. First, since each w; is positive and
—Aw; <0, testing with w; on the sphere B(x,r) =: B, (with r < ) we obtain,

for every ¢:
B, o, On

Let Vyw; := Vw; —nd,w; be the tangential component of the gradient of w;. We
apply the Holder inequality to the previous equation, then we multiply and divide
by the L2—norm of Vw;, and ﬁnally we use the Young inequality. We have

fB,,, [V |* < faB J (5' w;)?)V? <

Upp, wD'?
< faB,,,ivaz-n *op, (Onw))!? - 2y <
1/2
(28) Jop, @
<% [Jo, IVrwil? + [y, @uwr)?] - <f51|3w z

IN

S . 1/2
1 2. 9B, Wi
2 faBr |vwl| <f837- VTUUQ) ’

Now let v{”) : S¥=1 — R be defined as v'" (€) 1= w; (w0 +r€). Then Vo (¢) =
T VTwz(xo + 7). By the previous mequahty we obtain

1/2 . 1/2
f(‘)BT [V |? > 9 <faBT |vai|2> > 9 (r—Q Jona |Vv§ )|2>

fBT |Vwi‘2 fBBT wZQ fSN—1('UET))2

>

M({ol” > 0}).

=N

Since w;w; = 0 a.e., the supports of the v( ) constitute, for a.e. r, a partition
of SNV—1. Therefore, summing up on i the previous inequality and recalling the
definition of G (and also (18)), we finally have

Vw;
(29) Z f;B v |2 > ﬂ(h N) for almost every r.
B, | YWi
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Now we are ready to prove the lemma: by computing ¢’(r) we obtain

hB(h, N) ,
P (r) = T RB(LN)FT H/ [V

1
—e Vw;|? Vu;?| =
+Mh,> [T/ 1wt ) [ i

=1 VED)
hB(h, N) Jop, Vwil?
= &(r)
(- 5 o S0
Replacing (29) in the previous equation, the lemma follows. O

Remark 5.1. The argument above shows that the function @ is in fact strictly in-
creasing, except in the case when w;(r,0) = r®¢;, where & = 3(k,N) — N + 1
and the ¢;’s are the first eigenfunctions of the Laplace-Beltrami operator on the
unit sphere, associated to the optimal partition (27).

With similar ideas we can prove also Lemma 1.3.

Proof of Lemma 1.3. We follow the outline of the proof of Lemma 1.2: we test the
equation with u; and, after some calculations, we obtain the counterpart of (28),
that is

/ |:|V’U,Z|2 —|—u12 E aijuj]
By i
1/2

1 Jop, u
< - Vuil? +ul > aiju; -
<3 /E)BT [| wg|* + uj iU,

i ] faBT {\VWP iy az‘jug}

As in the proof of that lemma we let v : S¥=1 — R be defined as v( )(5 ) =
u;(r€), and again Vvi (f) = r2Vru;(rf), providing

1/2
faB,. |VU1|2 + 'UE Zj;ﬁ'i QiU
Jos, v
0B,

faB,,, |VU1‘2 + U? ZJ#L AUy
fBr |Vul-|2 + u? Zj# i Uj

Vv
)

v
3N

Ai(r)
Where (r) () ()
fSN—l |vviT |2 +T2(vi7 )2 Z];&z aUU '

Jw- (]

By computing ¢’ as in the proof of Lemma 1.2, and taking into account the previous
calculations, we have

, h
D' (r) > D(r) (—M+2Z\/T>

r

Ai (’I") =
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Hence we are lead to prove that there exists r( sufficiently large, such that
(30) d'(r) >0 Yr > 1.

Observe that here we can not conclude as in the proof of Lemma 1.2: indeed,
the supports of the functions UZ-(T) ’s are not mutually disjoint, and thus we can not

compare the value of Y 1/ A;(r) with 5(h, N). To overcome this problem, we will
letr — oo, proving the convergence of (suitable multiples of) the v(r) ’
of functions on SV ~1 having disjoint supports.

To start with, observe that we can assume w.l.0.g. that each A;(r) is bounded
in r, otherwise (30) would be already proved. By this boundedness, we derive that,

for r large,

stoa k—tuple

31) / W2 >C > 0.
SN-1
Indeed assume not. This means that as » — oo we have (up to a subsequence)
/. N L ( 2 — 0. By the Holder inequality and since r is large, we infer that
1
—_— u; — 0.
‘6B7'| 0B,

Now we recall that u; is subharmonic, since it solves equation (4): hence, by the
Mean Value Theorem and the previous inequality, we have u;(0) = 0, a contradic-
tion since w; is strictly positive.

Let us now prove (30) by showing that

h
Z )>H Yr > rp.

To this aim we argue by contradiction, and we assume the existence of r,, — oo
such that

(32) VAi(rn) < W < B(h,N).

HM:

Let us define

We have

33) C > Ai(ry) = Binl? + 72 (re)
(33) C = Ai(rn) /SM [Vv,|+7”n<Hllva

J#i

2) (Bin)”> aijﬁm] .

J#i
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Since by definition fsN . v = 1, equation (33) implies that fsN L (’ui,n)2 is
bounded. We infer the ex1stence of a subsequence n; — oo and ¥; #Z 0 such that
Diny, — U, weakly in HY(SN~1), as k — oo. This immediately gives

hm Ai(rp,) > fSN VP = M ({z; > 0}).

T 02

SN 1

Taking into account (31), we infer by (33) that v; ,, U;.», — 0 a.e., and therefore,
by weak convergence, v;-; = 0if i # j. Hence the supports of the ;s constitute a
partition of SV 1. Using this information and summing up on i the last inequality,
we have

h
li n —
Jm, Z Vi) 2 50
This provides a contradiction Wlth (32), concluding the proof. a

Let us conclude this section by pointing out a straightforward consequence
of the above monotonicity formula. Indeed, it induces some growth restriction to
the solutions of (4) with positive components, as the following argument proves.
First, notice that Lemma 1.3 with the choice h = k and any k' < ((k, N) gives
&(r) > P(r') for all r > r’. We can assume w.l.o.g. that $(r’') = 1 so that

(34) H/ (|Vu2 )P +ui(z Zauu] )dw>r r>r.

J#i

Let us now go back to the differential equation for u;: multiplying by u; and
integrating we have

|V | + u? ai-u) = / u;Op; -
/B(O,7‘)( Z T a9B(0,r)

J#i
Let us now suppose that there exists a > 0 such that, for all ¢
Oru; < Cr.

Then the rh.s. is bounded by CrN~1r®+1r® Using this in (34) we have, for
large,

k
rkk’ < H/ (|Vui|2 + uf ZaijUJ) < C’rk(Zo“"N)_
i=1 7 B(0,r) i
This provides o > (k' — N)/2 for every k' < 3(k, N). Hence we can state the

following

Proposition 5.2. Let U = (uy,...,ux) be a solution of (4) on RN with strictly
positive components. Assume that there exists o > 0 such that |VU| < Cr®. Then

a > (B(k,N)—=N)/2.

In particular in dimension N = 2, if k£ > 3 all the positive solutions of (4) are
unbounded at infinity, together with their gradients.
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6. Liouville type Theorems

In the spirit of Proposition 5.2, let us focus our attention on some nonexistence re-
sults of Liouville-type which follow by application of the monotonicity formulae.
We start by proving that the system (4) does not admit Holder continuous solu-
tions: this is a crucial step when analyzing the rate of convergence of a class of
competition—diffusion systems, as the parameter of interspecific competition tends
to infinity ([9]).

Proposition 6.1. Let k > 2 and let U be a solution of (4) on R?. Let o € (0,1)
such that

|ui(2)]|

35 max sup ——— < 00
G i=1,.. xe]RII)V 1+ fa]e

Then, k — 1 components annihilate and the last is a nonnegative constant.

Proof. By the strong maximum principle, every u; is either identically zero or
strictly positive. Let h be the number of the components not identically zero. If
h = 1, then the proposition follows, without any growth assumption, by the straight

application of Liouville’s theorem. Hence let h > 2 and uq, . . . , uy, strictly positive.
Let B, = B(0,r). By Lemma 1.3 we know that

(36) H h,/ <|Vuz )+ ui(w Za”uj )dm>C’>0

J#i

when /' < 3(h, N) and r is large enough.

On the other hand, let us consider a smooth, radial cut—off function which is
equal 1 in B, and vanishes outside Bs,.. Let us multiply the :—th differential equation
by n%u; and then integrate:

/ | Vug|> + 1 U2Za”u] g/ [2nuVnVu
BQT J;,gl BQT

1
<5 [ wwubaz [ v
2 Ba, B,
and hence

C
IV |> +u? Y agu; < 4/ u?|Vnl? < —/ u?.
‘/B Z o 27‘\37‘ T2 B2T\B7‘

J#i

By (35), when p is sufficiently large, we have that u(z) < C’p® for all z € 0B,:
using this fact in the above inequality and passing to polar coordinates we obtain

2r
/ [V |® + uf E agu; < —/ N-1+20g, - CopN-201-a)
B,

Jj#i

for all indices i. Let N = 2; comparing with (36) we have r"" < Cr2=2(1-2) for
large enough. But now, we can choose &' := 1+ « < 2 < ((h, 2), which provides
a contradiction. a
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Following the same line of the previous proof, but exploiting the monotonicity
formula Lemma 1.2 (with 7 = 00), the subsequent result follows at once:

Proposition 6.2. Let k > 2 and letU = (u1, ..., ux) such that u; -u; = 0ifi # j
and —Au; < 0 on R? for alli. Let o € (0, 1) such that

sup 7‘161(1'” < 0
z€RN 1+ ‘x|o¢

foralli =1,... k. Then each component u; is constant.

It is worthwhile noticing that an analogous nonexistence result holds for harmonic
functions on the entire space and it can be proved in a similar fashion by using the
original monotonicity formula Lemma 1.1.

Proposition 6.3. Let u be an harmonic function on R%. Let o € (0, 1) such that

)
z€RN 1+ |x|()/

Then u is constant.

In fact, the last assertion could be proved even easier, by a simple test of the equation
—Au = 0 with .

References

1. Alt, H.W., Caffarelli, L.A., Friedman, A.: Variational problems with two phases and
their free boundaries. Trans. A.M.S. 282, 431-461 (1984)
2. Brown, B.M., Reichel, W.: Computing eigenvalues and Fucik-spctrum of the radial
p-Laplacian. J. Comput. Appl. Math. 148, 183-211 (2002)
3. Brown, B.M., Reichel, W.: Eigenvalues of the radially symmetric p-Laplacian in R".
Preprint 2002
4. Bucur, D., Buttazzo, G., Henrot, A.: Existence results for some optimal partition prob-
lems. Adv. Math. Sci. Appl. 8, 571-579 (1998)
5. Buttazzo, G., Timofte, C.: On the relaxation of some optimal partition problems. Adv.
Math. Sci. Appl. 12 (2), 509-520 (2002)
6. Caffarelli, L.A., Karp, L., Shahgholian, H.: Regularity of a free boundary with appli-
cations to the Pompeiu problem. Annals Math. 151, 269-292 (2000)
7. Conti, M., Terracini, S., Verzini, G.: An optimal partition problem related to nonlinear
eigenvalues. J. Funct. Anal. 198, 160-196 (2003)
8. Conti, M., Terracini, S., Verzini, G.: A variational problem for the spatial segregation
of reaction—diffusion systems. Preprint (2003)
9. Conti, M., Terracini, S., Verzini, G.: Asymptotic estimates for the spatial segregation
of competitive systems. Preprint (2004)
10. Cuesta, M., De Figuereido, D.G., Gossez, J.—P.: The beginning of the Fucik spectrum
for the p—laplacian. J. Differential Equations 159, 212-238 (1999)
11. Dancer, E.N.: On the Dirichlet problem for weakly nonlinear elliptic partial differential
equations. Proc. Roy. Soc. Edinburgh Sect. A 76, 283-300 (1977)
12. Dancer, E.N.: Competing species systems with diffusion and large interaction. Rend.
Sem. Mat. Fis. Milano 65, 23-33 (1995)
13. Dancer, E.N., Du, Y.H.: Competing species equations with diffusion, large interactions,
and jumping nonlinearities. J. Differential Equations 114, 434—475 (1994)



72

M. Conti et al.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Dancer, E.N., Guo, Z.M.; Uniqueness and stability for solutions of competing species
equations with large interactions. Comm. Appl. Nonlinear Anal. 1, 19—45 (1994)
Dancer, E.N., Hilhorst, D., Mimura, M., Peletier, L.A.: Spatial segregation limit of a
competition-diffusion system. European J. Appl. Math. 10, 97-115 (1999)

De Figuereido, D.G., Gossez, J.-P.: On the first curve of the Fu¢ik spectrum of an elliptic
operator. Differential Integral Equations 7, 1285-1302 (1994)

De Figuereido, D.G., Ruf, B.: On the periodic Fu¢ik spectrum and a superlinear Sturm—
Liouville equation. Proc. Roy. Soc. Edinburgh Sect A 123, 95-107 (1993)

Fucik, S.: Solvability of nonlinear equations and boundary value problems. (Mathe-
matics and its applications, Vol. 4) Reidel, Dordrect/Boston 1980

Horak, J., Reichel, W.: Analytical and numerical results for the Fuéik spectrum of the
Laplacian. Preprint (2002). J. Comp. Appl. Math (to appear)

Korman, P., Leung, A.: On the existence and uniqueness of positive steady states in
Lotka—Volterra ecological models with diffusion. Appl. Anal. 26, 145-160 (1987)
Lazer, A.C., McKenna, P.J.: On steady state solutions of a system of reaction—diffusion
equations from biology. Nonlinear Anal. TMA 6, 523-530 (1982)

Miranda, C.: Un’osservazione sul teorema di Brouwer. Boll. U.M.IL. Serie II, Anno II,
1, 5-7 (1940)

Sperner, E.: Zur Symmetrisierung von Funktionen auf Sphéren. Math. Z. 134, 317-330
(1973)



