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ABSTRACT. For a class of population models of competitive type, we study the asymptotic be-
havior of the positive solutions as the competition rate tends to infinity. We show that the
limiting problem is a remarkable system of differential inequalities, which defines the functional
class S in (2). By exploiting the regularity theory recently developed in [10] for the elements of
functional classes of the form S, we provide some qualitative and regularity property of the limit-
ing configurations. Besides, for the case of two competing species, we obtain a full description of
the limiting states and we prove some quantitative estimates for the rate of convergence. Finally,
we prove some new Liouville type results which allow to have uniform regularity estimates of the
solutions.

1. INTRODUCTION

A central problem in population ecology is the understanding of the interactions between biological
species. To this aim, different models based on reaction diffusion equations can be successfully
employed, in particular to investigate phenomena of coexistence and exclusion of competing species.
Several theoretical studies have been carried out mainly for competition models of Lotka—Volterra
type, in the case of two competing species, see e.g. [4, 7, 22, 23, 20, 24, 27, 28, 29]. In these
papers, the main point is to investigate the existence of spatially inhomogeneous solutions; in
most cases, the pattern formation is shown to be driven by the presence of different diffusion
rates when the coefficients of intra—specific and inter—specific competitions are suitable related.
Recently, also the case of three competing densities, which is far more complex, has become object
of an extensive investigation [14, 15, 25, 26]. A different approach to the occurrence of nontrivial
solutions for models of Lotka-Volterra type, consists in studying the pattern formation driven by
strong competition, see [12, 13, 18, 19, 21]. It turns out that the presence of large interactions of
competitive type produces, to the limit, the spatial segregation of the densities. In other words, in
the limiting configurations all the populations survive, but have disjoint habitats. The objective
of this paper is to improve the understanding of the spatial segregation phenomenon governed by
strong competition. To this aim, we consider the following model.

Let Q C RY be a connected, open bounded domain with smooth boundary 9 and let k > 2 be a
fixed integer. We consider the system of k differential equations

—Au;(z) = —kuy(x) Z a;ju;(z) + fi(z,u;)) x€Q
(1) i
ui(z) = @i(x) x € 0Q
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for : = 1,...,k. This system governes the steady-states of k competing species coexisting in the
same area ). Here u; represents the population density of the i-th specie, whose internal dynamic
is prescribed by f;; the positive constants - a;; determine the interaction between the population
u; and uj, which is possibly asymmetric. Besides, the boundary data ¢; are positive W (9Q)—
functions with disjoint supports, namely ¢; - ¢; = 0 for 7 # j, almost everywhere on 0f2.

In our model, the interspecific competition rate x > 0 has to be regarded as a large parameter,
and the major goal of the paper consists in analyzing the behavior of the positive steady-states of
(1) (i-e. solutions where u; > 0 for all ), as k tends to infinity. For the sake of simplicity, in the
course of this investigation we shall assume f; = 0 for all ¢. The reader could easily extend all the
results contained in the paper, with the exception of Sections 4 and 5, also in presence of large
class of nontrivial dynamics f;.

The segregation phenomenon has already been observed in literature, mainly in the case of two
competing densities. Recently, suitable free boundary problems have been studied in connection
with the asymptotic behavior of some models of population dynamics with diffusion, see in [16, 19,
32]. In the present paper, we suggest a different approach for the study of the limit configurations,
which applies to systems with any number of densities. We associate to (1) the functional class

u; > 0, uiloq = @i,
(2) S=19 (ur,-yup) € (HQ) : wyou;=0ifi #j
—Auigo, —AaZ‘ZO

where @; :==u; — 3,4 Z—;u] At first we establish that S contains all the asymptotic limits of (1):

Theorem 1. Let (u; ) be a positive solution of (1). Then, there exists (u;) € S such that, up to
subsequences, ||u;x — uillgr — 0 as k — oo.

Therefore, the class S is the natural framework where investigating the qualitative properties of
the asymptotic limits of highly competing diffusion systems. In the recent paper [10], the authors
have developed a theory concerning the regularity and the properties of the free boundary of the
elements of analogous functional classes. This theory can be promptly used to give a description of
the limiting configurations in presence of symmetric coefficients a;; = a;;. This is done in Section 3,
where we also discuss those results that can be adapted to the case of non-symmetric interactions.

A main part of the paper is devoted to perform the asymptotic analysis as k — oco. In the case
of two species we are able to provide both a full description of the limits and precise quantitative
estimates for the rate of convergence. Our main result reads as follows.

Theorem 2. Let k = 2 and let ® be the harmonic extension on ) of the boundary data w1 — @a.
Then, for every k > 0, problem (1) has a unique positive solution uy , > ®*, ug ,, > ®~. Moreover,
if we set @1 = ®F, &y = &, there exists C > 0 such that

kYO g — @il 1) < C, as K — 00.

This analysis is carried out in Section 5, in light of the existence and uniqueness results obtained
in Section 4 for the same system of 2 equations on the whole of RY. Besides, we prove that the
convergence of u; , to ®* is actually the most regular possible, in the sense that the Lipschitz
constants of u; ,, are independent of .

Theorem 3. Let k =2 and let (u;,x) be a positive solution of (1) at fived k > 0. Then there exists
L > 0 such that

sup Wi () — ik (y) -

x,y€eN |z -y
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for alli=1,2 and for all kK > 0.

The case of three or more competing species is far more complex. It seems to be hopeless to provide
explicit formulae for the limiting densities, and the rate of convergence to the final configuration is
no longer available. Nevertheless, besides some qualitative properties of the limiting state, that we
already discussed, we can prove uniform regularity estimates of the solutions. Precisely, in Section
6, we show that the Holder constants of any order o € (0,1) of u; ,, are independent of &.
Theorem 4. Let (u;,) be any solution of (1) at fixed k > 0. Let o € (0,1). Then there exists
L, > 0 such that
sup Ui () — Uik (y)
z,y€Q |z —y|*
foralli=1,...,k and for all k > 0.

< Lq

The proof relies on a blow up procedure and on some new Liouville type results proved in Section
7. Namely, we show that the system (1) on RY cannot have positive solutions which are Hélder
continuous.

Theorem 5. Let k > 2 and let U = (uq,...,ux) be a solution of
—Aui(z) = —u(x) Zaijuj (x) r €RN
i
r € RV

v
o

for every i. Let o € (0,1) such that

~max sup T P < 0.
i=1,....k z,yERN |.’IJ — y|

Then, k — 1 components annihilate and the last is a nonnegative constant.

An analogous nonexistence result holds true in the class S as well, see Theorem 7.3. In order
to establish our Liouville results, we need to provide suitable monotonicity-type formula, on the
line of [1, 5], which applies to the solutions of (1) and to the element of S, for any k and in any
dimension. Similar results when N = 2 have been recently proved in [11].

2. EXISTENCE AND ASYMPTOTIC BEHAVIOR

In this section we first prove that (1) has a positive solution at any fixed x > 0; then we perform
the asymptotic analysis as K — 00, in order to derive a suitable limiting problem for our population
model.

Our approach to existence relies on the application of Leray—Schauder degree theory (see for
instance [33]). As a first step, we need some apriori estimates for the solutions of (1). To this aim,
let U = (uq,...,ux) be a solution of (1) at fixed . Since the r.h.s of the equation for u; is non
positive, we immediately obtain that

3) —Au; <0 in Q.
Let us now define, for all i:
0 o= - N Y
U := u; Z ajiu].
J#i
A straightforward calculation leads to

R .
—AU; =K g = E ajnujup

a
g#i 7 htj
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and provides an opposite inequality for ;:

Functions satisfying the above differential inequalities exhibit some remarkable boundedness prop-
erties that will be useful both in proving the existence and in studying the asymptotic behavior of
the solutions to (1) as k — oo. For this reason let

F:={U € (H"(Q)* : u; >0 such that (3), (4) hold, u; = ¢; on 9Q, Vi = 1, ..., k}.
The functions in F share the following properties.

Lemma 2.1. Let ®; be the harmonic extension on Q of the boundary datum p; and let us denote
Qjj

by U; the harmonic extension on § of @; := @; — Zﬁéi o Pir Then, for oll U € F and for all
1=1,...,k, it holds

(1) \I’ <a1§ui<<bi OTZQ,
(ii) 3¢> < Zu; < 2ZV; on 09,

(iii) ]-" is bounded in (H(Q))".

Proof: since u; satisfies
—A@i Z 0 in Q

T/L\i = (,/O\i on 89,
then, by the maximum principle, it holds @; > ¥; in Q and
0 0
5) ' = o on 9

Now note that if z € 9Q and u;(x) = ¢;(x) > 0, then u;(z) = 0 for all j # i: this in particular
ensures %uj(x) < 0 (recall that u; > 0). Using this information in (5) we obtain the chain of
inequalities:

B aij O B B
Zui(z) < Z = = u(x) + 5o Vilz) < oW

ov aj; Ov 5] ~ Ov
In an analogous way, by the equation —Awu,; < 0, we immediately have that u; < ®; and
0 0
—u; > —,.
R

In order to prove the boundedness of F, let U be fixed and consider the inequality —Awu,; < 0.
Multiplying by u; and then integrating we obtain

[wur = [ eislu<o
o0

Since a%ui < 8%\111" then [|u;[| g1 (o) is bounded by a constant depending only on the data. ]

Now we are ready to prove the existence of solutions. We have

Theorem 2.1. For every fized k > 0 there exists at least one solution Uy of (1). Moreover, U, is
of class W1>°(Q) and it belongs to the class F.

Proof: as already observed, every solution of (1) belongs to F. Besides, the standard regularity
theory for elliptic PDE ensures that every solution is W1 and hence of class C%®, for every
0 < a < 1. To prove the existence, we perform the change of variables v; := u; — ®; (with ®; as
in the previous theorem), so that Av; = Au; and v; vanishes on Q. It is easy to see that finding
positive solutions to our problem is equivalent to solving the fixed point equation

(6) V — ALF(V) =
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where V = (vq,...,vx) € (CO*(Q))* (with « fixed), A = 1 and
L (CO (@) — (Cg™(@)F C (CO Q) (LV)i = (—A) vy,

F: (CO(Q)F — (CO(Q))F (F(V))i = —r(vi + i) 305, aij (v + ©5).

Let W be any possible solution of (6) for a fixed A € [0,1]. Then, apart from a change of variables,
it solves (6) and it belongs to F. Thus, by Lemma 2.1, we know that AF'(W) is bounded in L*°.
Since L is compact, then ALF (W) is bounded in (C'O"X)k7 not depending on A. As a consequence,
since W = ALF(W) by assumption, there exists R > 0 such that, if B denotes the ball of center
0 and radius R in (C%)* then

V — ALF (V) # 0 for every V € dBp, for every X € [0,1].

By standard degree arguments (recall that degree theory trivially applies to the map I — ALF') we
obtain
deg(I — LF, Bg,0) = deg(I, Bg,0) = 1.

Now the theorem follows in a standard way. |

Now that we have a solution for every fixed x > 0, we are interested in their behavior as kK — oco.
We find that a limit always exists (up to subsequences), and it belongs itself to the class F.

Theorem 2.2. Let U, = (U1 ..., Uki) be a solution of (1) at fixred k. Let Kk — oo: then, there
exists U € F such that, for alli=1,... k:

(i) up to subsequences, u; ,, — u; strongly in H*,
(i) ifi # j then u;-uj; =0 a.e. in
(i) —Awu; =0 in the set {u; > 0}.

Proof: by applying Lemma 2.1, we immediately obtain the existence of a weak limit U such that,
up to subsequences, u;, — wu; in H' . The weak limit U belongs to F, since the differential
inequalities (3) and (4) for u;, pass to the weak limit, and moreover the compact embedding
HY(Q) ¢ H'/?(0Q) provides u; = ¢; on 0Q.

Let us now multiply the differential equation for w;, with wu; . itself and integrate on 2:

Ja — Joa ‘Pi%uiﬁ =-Ja m‘iz,n D Qij U

By Lemma 2.1 again, we know that the 1.h.s is bounded independently of x: then, letting x — oo

forces
/ 1 K Z a’Z] ’U,] K
J#i
This implies u; () - uj () — 0 a.e. in Q when ¢ # j, and consequently u; - u; = 0 a.e. in Q.
In particular this provides @; = u; on {u; > 0} and consequently it holds —Au; = —A%; > 0 on

{u; > 0}. Since the opposite inequality is satisfied for u; on the whole domain, assertion (iii) is
proven.

In order to prove that the convergence to U is in fact strong in H!, let us test the inequality
—Au; > 0 with u;: then

(1) /nmf /'%—mzo
o0

On the other side, by —Aw; ,, < 0 tested with w; 5, it holds

(8) /ﬂvmnﬁ /’ mnga
onN

Since %um — 8%1“ in L?(09), passing to the limit in (8) and using (7) we obtain

/ | V|2 ZlimSUp/ [V |
o Q
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This finally provides w; , — u; strongly in H*. |

3. QUALITATIVE PROPERTIES OF THE ASYMPTOTIC LIMITS

By Theorem 2.2, all the asymptotic limits of the solutions of problem (1) belong to the functional
class S defined in the introduction. A very similar class was introduced by the authors in [10] in
connection with some optimal partition problems. In that paper, functions in & were shown to
enjoy regularity and qualitative properties of various nature. Compared with the definition of the
class S given in [10], in the present paper we consider a slight change in the “hat” operation there
(namely, ; = u; — >, u;). This allows to take into account the presence of the coefficients a;;
in (1), where possibly a;; # a;;. Nevertheless, some of the results in [10] (cfr. Sections 6, 7, 8, 9.1,
and the first part of Section 9.2) can be proven also for the class S in (2), with trivial changes. We
list all these results below, referring to [10] for the proofs. From now on, (uq,...,ux) will denote a
limiting configuration of solutions to (1) as k — oo, according to Theorem 2.2. Let us first recall
a definition.

Definition 3.1. The multiplicity of a point x € € is
m(z) = 8{i : meas ({u; >0} N B(z,7)) >0, Vr >0} .
Theorem 3.1. The function U := Zle u; verifies the following properties:

e U is Lipschitz continuous in the interior of ; if OQ is of class C*, then U € W1H>°(Q),
o let x € Q such that m(x) = 2. Then, if
lim Vui(y) = — lim Vu;(y) .

u;(y)>0 uj(y)>0

In dimension N = 2, we can prove some topological properties of the segregated configuration
induced by U. Namely

Theorem 3.2. Let N = 2. Then the following properties hold true.

o Let g € Q such that m(xg) = 2. Then VU (o) # 0 and the set {z : m(x) = 2} is locally
a C'—curve through xg.

o Let xyg € Q such that m(xo) > 3. Then |VU(x)] — 0 as © — xo. Besides, there exists
{zn} C Q such that m(z,) =2 and x, — x9

If furthermore, the interactions between the species are symmetric, then more is true.

Theorem 3.3. Let N = 2 and a;; = aj; for all i,5 = 1,...,k. Assume furthermore that each
{u; > 0} is connected: then the following hold.

o The set {m(x) > 3} consists of a finite numbers of points.

o Let x € Q such that m(x) = h. Then, U admits a local expansion around x of the following
form:

#)

as r — 0, where (r,0) denotes a system of polar coordinates around x.

o The set {m(x) = 2} consists in a finite number of C'-arcs ending either at points with
higher multiplicity, or at the boundary OS).

(9) U(r,0) :r%|cos(g(9+00))|+o(r

The proof of Theorem 3.3 strongly depends on the validity of global differential equations for certain
auxiliary functions related to the symmetric 4;, as defined in [10]. In the case of nonsymmetric
interactions, global equations are no longer available, and we cannot recover the validity of those
qualitative properties of U. As a matter of fact, numerical computations seems to show that
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when more that two populations meet, the segregated states induced by the strong competition
in presence of nonsymmetric interactions, exhibit a truly different behavior when compared with
the segregation in the symmetric case. In particular, the representation formula (9), asserting that
the zero set departing from a multiple point is made up by straight lines which share the angle in
equal parts, seems to be false. We intend to return on this in a subsequent paper.

4. THE CASE OF TWO DENSITIES: THE PROBLEM ON R¥.

In this section we restrict our studies to (1) in the case of two competing species. At first, we
study the the model on the whole of RY and we establish some existence and uniqueness results for
nontrivial solutions at fixed k. This analysis will be crucial in the next section when performing the
asymptotic study of the solutions of (1), as k — co. In order to simplify the notations, throughout
the section we assume aja = ag; = kK = 1 (this is equivalent to choose as new unknowns the
functions kasiu1, kKajauz). In this setting, our problem becomes

—Auy(z) = —ui(z)uz(x) zeRN
(10) —Aug(z) = —up(z)uz(x) reRN
ui(z) > 0 r € RV,

Subtracting the two equations, we obtain
up —uz = P,

where ® is an harmonic function on RY. With this notation, writing = uy, system (10) becomes
equivalent to

(11) ~Au = —u(u—®), u>d" on RY.
We start proving that ® cannot be constant.
Lemma 4.1. Let C > 0. Then the equation

—Au=—-uu—-C), u>C

has no solution defined on the whole RY.

Proof: let u > C' be a solution of the equation. We define

o(r) = ]{) L

where B, is the ball with center in the origin and radius r. Recalling that  u? > (+ u)?, we have

¢'(r) = @*(r) = Ce(r)

with ©(0) =: po > C, ¢'(0) = 0, and we want to prove that all the solutions of this class of
initial value problems explode for finite r. In a standard way, the left hand side can be written as
rI=N(rN=1o/(r))". Using this fact and trivial sign considerations, we have that ¢’ is non negative
on the subinterval of [0,+00) where it is defined, and hence ¢(r) > ¢g. We choose a positive
constant k in such a way that s — Cs > ks? whenever s > ¢g. We finally obtain (rV~1¢’)" > k2.
We claim that

1
o"(r) + "

rN ) > ke?
PN = kg
(0) > ¥(0)
©'(0) =¢'(0) =0

(
(
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implies ¢(r) > 1¥(r) where they are defined. From this the lemma will easily follow, since, as it is
well known, all the regular positive radially symmetric solutions of Au = ku? blow up on bounded
domains. To prove the claim, let w(t) = ¢(t) — ¥ (t). We have

(r" ') > k(e + )w
w(0) >0
w'(0) = 0.

Let by contradiction R be such that w(t) > 0 on [0, R), w(R) = 0. As a consequence, 7V =1’ is
strictly increasing on [0, R], and thus w’(R) > 0. But this is incompatible with the definition of
R. u

Let us now restrict our attention to the case NV = 1. Since ® is harmonic and non constant, it is
affine, and hence, after a suitable change of variables, we can take ®(z) = z.

We have
Lemma 4.2. The equation
(12) —u" = —u(u—z), u>z" onR

has an unique solution n. Moreover n(z) = O(e®) as v — —oo, n(z) —z = O(e™*) as x — +00,
n(z) = x +n(—x) and n is a strictly increasing convex function.

Proof: as a first remark, we notice that if u(x) is a solution (respectively a subsolution or a super-
solution) of (12), then also x + u(—x) is a solution (respectively a subsolution or a supersolution)
of (12); therefore, if we prove the uniqueness of the solution, then the symmetry property will
follow. To prove the existence, we exhibit a global subsolution and a global supersolution for
(12), that constitute an ordered pair. We have that u(z) := x is a subsolution of (12) in the
sense of distributions; indeed, 0 and z are solutions, and u(z) = max{0,z}. On the other hand,
simple calculations show that e® is a supersolution. As a consequence, we have that also x + e %
is a supersolution, and thus @(z) := min{e®,x + e~ *} is a supersolution of (12). Since obviously
u(x) > u(z), we obtain the existence of a solution n such that u(r) < n(z) < u(x), and thus n
has the required decadence properties at +00. It remains to prove that n is unique and that n’ is
positive on R.

To start with, we will prove that any £ solution of (12) is strictly increasing and shares with 1 the
same limits at +0o0. The uniqueness of n will then follow from the maximum principle.

Since &(z) > z7T, clearly ¢”(z) > 0 on R. We want to prove that also £(z) > 0 on R. Let
by contradiction z¢ < 0, £(zg) =: & > 0, £'(xg) =: &) < 0. We recall that, if v is such that
v’ <w(v—2z) for x < xg, v(zo) < &, V'(z0) > &), then &£(x) > v(x) on the subinterval of (—oo, o]
where they are defined (this can be shown using elementary comparison argument; the proof, as a
matter of fact, is very similar to the one of the (more complicated) analogous result in the proof
of Lemma 4.1). But, if we set v(z) := 6/(z — A)?, then v/ = v? < v(v — ) for < z¢ (recall that
xo < 0), and v(zg) — 0T, v'(z9) — 0~ as A — —o0. As a consequence, we can choose A such that
&(x) > v(x) on the left of xg, and thus £(x) blows up on the right of A, a contradiction. Hence we
know that &(x), £'(z) and £”(x) are all strictly positive on R (in particular, this is true also for 7).
We deduce that &'(z) — 07 as z — —oo, and, recalling the equation, also £(—oo) = 0. Hence
we have shown that every solution of (12) annihilates at —oo; in particular, this is true also for
&(—x)+x, and we deduce that £(z)—z annihilates at +o00. Finally let w(t) := £(¢t)—n(t) and assume
by contradiction that w(t) # 0. By the previous considerations, w(—o0) = w(+00) = 0, and thus
w achieves either a positive maximum or a negative minimum in some point . But subtracting
the equations we obtain w”(z) = (&(Z) 4+ (&) — Z)w(Z), and this is clearly a contradiction to the
fact that £ +n — x is strictly positive on R. |
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Now we take into account the problem on R¥ in any dimension, that is, equation (11). In this
situation we can not expect to extend straightforward the results we obtained in the case N = 1;
the reason, in fact, is that when N > 2 there is a great variety of harmonic functions on RY. In the
following Lemma, we will prove an existence result for a class of harmonic functions (containing,
for example, the harmonic functions ® growing at infinity in a polynomial way). Next, we will
prove an uniqueness result in the class of globally Lipschitz solutions.

Lemma 4.3. Let ® # C an harmonic function on RN such that

oy TR + 2
wcrn  cosh(®(x))

< M < 4o0.
Then problem (11) has at least a solution.

Proof: as before, we look for ordered global subsolutions and supersolutions. First we observe
that u := ®* is a subsolution, indeed 0 and ® are solutions and u(z) = max{0, ®(z)}. Moreover,
since ® # C, ® must change sign on RY and thus v is a proper subsolution and the possible
solution u verify u(z) > ®*(z) on RY. On the other hand, we assume without loss of generality
that M > 1 and we define @ := M cosh(®(x)). Through standard calculations one can easily verify
that w(xz) > u(z) for every x. If we show that @ is a supersolution, the lemma will follow. Since
w is smooth, we can verify the inequality pointwise using directly the equation. Recalling that, by
assumption, |[V®(z)[? < M cosh(®(z)) — ®(x), we obtain

—AU(z) = —M|V®(x)|? cosh(®(z)) >
> —M cosh(®(z))(M cosh(®(z)) — ®(z)) = —u(z)(u(z) — (x)),

and this concludes the proof of the lemma. [ |

As we mentioned before, in general we are not able to prove uniqueness for the solutions of (11),
and, by the previous lemma, we know that (10) has many families of solutions. Nevertheless,
we can prove uniqueness of globally Lipschitz solutions. Let (u1,u2) a globally Lipschitz solution
of (10); then ® = u; — uy is globally Lipschitz. We recall that a globally Lipschitz harmonic
function must be affine (indeed any of its directional derivatives is harmonic and bounded, and
hence constant). Hence, after a suitable change of variables, we can assume ®(z) = z; (where
z = (21,...,2n5) = (x1,2)). Obviously in this setting the function u(z) = n(x1), where 7 is
defined as in Lemma 4.2, is a globally Lipschitz solution of our problem. According to the following
result, this will be the only Lipshitz solution of (11).

Theorem 4.1. Let ® be harmonic and globally Lipschitz on RN (that is, ® is affine). Then there
exists exactly one solution u of (11) such that u is globally Lipschitz on RN . In particular, the only
globally Lipschitz solution when ®(x) = 1 is u(z) = n(z1).

To prove this result we need to apply a technical lemma that will be useful also in the following
sections.

Lemma 4.4. Let Bop C RY be any ball of radius 2R, and Bg the ball of radius R sharing the
center with Bag. Let A, M be two positive constants and u € H'(Bag) be such that

—Au < —Mu on Bag
u > 0 on Bop

A on 6BQR.

IA

u

Then for every a € (0,1) there exists Cy, > 0 (not depending on M, A and R) such that

e < Code ®BYM  op Bp.
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Proof: to start with, we claim that

" (r) + N — 1<p’(7°) ~ My @'(r)>0 r € [0, +00)
r
(13) 9(0) =A>0 — { olr) < KV r € [0, +00)
)\7”(])V71 VM
#(0) =0 o) 2 20 S e frohoo),

where ry > 0.

To prove the claim, we observe that ¢ is defined on [0, +00) (the equation is linear) and that ¢ > 0,
¢ > 0 on (0,400) (indeed, as before, if by contradiction ¢ is positive on [0, R) and ¢(R) = 0
then ¢'(R) < 0; on the other hand, since (rV~1p’) = MrN =1y, then rV~1¢’ is strictly increasing
on [0, R] and hence ¢'(R) > 0, a contradiction). Now, since ¢’ is positive, we have " < My
and hence, using the initial conditions and comparison arguments, ¢(r) < AeVM Finally, we
define @(t) := rV=1o(r); computing, we have @ > M@, @(ro) > ro '\, @ (ro) > 0. Using again
comparison arguments, we obtain @(r) > rY ~*Xcosh((r — r79v/M), and the claim follows.

Now let 1) be the solution of

W)+ ) = My
Y(2R) = A
v(0) =0

Clearly 1 satisfies the assumptions in (13) for a suitable A. If we let v(x) = ¥(|]z — x|), where z
is the center of Byg, then by construction we have that v is a radially symmetric function with
—Av = —Mwv on Byg, v = A on 0Bsg, and hence, by the maximum principle, 0 < u(x) < v(z) on
Bsgr. Moreover, since v is an increasing function, if we prove that (R) < CQ,RAe_“m, then we
will obtained the required bound for ||u||c and the proof of the lemma will be concluded. Using
the third inequality in (13) and choosing o = SR, 3 € (0,1), we obtain

ABN-1RN-1 e2RVM

9efRVM oN-IRN-1

A=y(2R) >

that gives
2V (a4pRVAT
Substituting in the second inequality in (13), we finally have

N
Y(R) < AWG( 1+ﬁ)R\/ﬁ’
that, setting « = 1 — 3, provides the desired inequality. [ |

Proof of Theorem 4.1: let u a globally Lipschitz solution of (11) with ®(x) = ;. We will prove

that
ou

8.131'
from the uniqueness of 7 as solution on R (see Lemma 4.2) the lemma will follow. Fix M > 1. We
start proving that there exist positive constants A, a < 1, not depending on M, such that

(14) rn<-M = 0<u) < Ae— VM,

To this aim, let B3 C RY be a ball of radius 3 such that for every 2 € Bz we have z; < —M,
and B; and Bj the balls with the same center and radius respectively 2 and 1. We will prove the
required inequality for every point such that z1 < —M — 2; since u is Lipschitz, the reader will
easily see that, possibly changing the constant A, one can obtain the inequality up to x; < —M.

=0 Vi#l,;
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Let v(z) a smooth cut—off function such that v(z) = 1 on By and y(x) = 0 outside Bs. Multiplying
the equation with v2u and integrating we obtain

0= / (Vu - V(v?u) + y*u?(u — 21)) = / (V2| Vul? + 2yuVu - Vy + y2u?(u — z1)).
B3 B3
Since [2yuVu - V| < (M/2)(yu)? + (2/M)(Vu - V)2, we obtain
M M
/ 72 Vaul? +/ Yul(u—z— )<= [ (Vu-Vy)>2
Bs Bs 2 Bs

Using the fact that u is globally Lipschitz, we deduce that the right—hand side is bounded. Recalling
that —xq > M, we can then write
/ M <c,
Bs 2

/ u2§£.
B2 M

Since M has been fixed larger than 1, we obtain the existence of a point xy € Bs such that
u(zo) < C not depending on M. Using the fact that u is Lipschitz, we have that u is bounded on
0Bs, not depending on M and on the position of Bs. But now, since u — x1 > M on By, we are
in a condition to apply Lemma 4.4 obtaining |u(z)] < Ae=*YM and (14) is proved.

that implies

Arguing in the same way, an analogous inequality can be written for u—x; when x7; > M. Recalling
that w is Lipschitz, we finally obtain

0<u(z)—z7 <C onRY.

Now let j # 1. We want to prove that

0
(15) wl>M = |24 gemavar
8[1}]‘
Let w := ng); we have that —Aw = (—2u + x1)w. Since |z;| > M and u > z], we obtain

—2u + x1 < —M. Taking the absolute values, we have

—Alw| < —Mw| on By
lw| > 0 on Bs
lw] < L on 0Bsy,

where L is the Lipschitz constant of w and Bs any ball of radius 2 contained in {|z1| > M}. Lemma
4.4 applies again and (15) follows.

Now we are ready to prove the lemma. We want to show that w(z) = 0. Since Aw(z) and w(z)
have always the same sign, w(x) does not admit positive maxima and negative minima. Assume
by contradiction that w, for instance, is positive somewhere, and let supgy w(z) =: £ > 0. £ can

not be achieved. Let (z(™) be a sequence such that w(z(™) — & By (15) {™ 4 oo, hence, up

to a subsequence, we can assume xgn) — 1. Let y™ the projection of z(™ on the hyperplane

{21 = 0}, and define u, (z) = u(z — y™). Since y{™ = 0, we have

—Aup () = —up (@) (un(z) — 21).

Moreover we know that u — x7, agg(f)

converges uniformly on compact sets to a limit @ that solves the equation on R¥, and its j—th
partial derivative achieves its maximum in (Z;,0,...,0), a contradiction. [ |

are bounded on RY; by Ascoli’s Theorem we have that wu,,
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We conclude the section with some asymptotic estimates. To this aim, we scale back in problem
(10) and we study the behavior of the solutions in dependence of k. We detail the procedure for
N =1, which is the case we need in the following section.

Let n be fixed as in Lemma 4.2 and define, for every ¢ > 0,

ns(x) =0n (%) then ni(z)=1n'(§)

(16
w@) = b (5).

S

It is clear that ns solves
1 1
s = —5*3776(776 — ).

Actually, when 6 = x~'/3, the evolution of 15 as § — 0 describes the behavior of problem (1),
when Q@ =R and k = 2.

We introduce the Dirac distribution D, and the Heavyside function H, and recall that, in distri-
butional sense, we have H' = D. We want to prove the following lemma:

Lemma 4.5. As § — 0 we have
nY — D = 0(5"?) = O(k=/5) in D’
ny — H = 0(6Y/%) = O(k~ /%) in L*(R)
ns — T = 0(6%?) = O(k~Y/2) in L*(R).

Proof: if we denote by (-,-)pp the duality pairing between the distributions and the compact
supported C* functions on R, for every ¢ € D we have

(nj = D, $)prp Jo (H (%) =0/ (%)) ¢/ (z) do
SV H =1 || g2 ||| 2

(Ji I () — H(y) 26 dy) "
5 (f In(y) —y* 2o dy) .

IN

5 — H| 2

s — |l 2

5. TWO DENSITIES ON A BOUNDED DOMAIN

In this section we carry on the asymptotic analysis of the solutions of (1) in the case of two
densities. As a result we shall give a complete proof of Theorem 2 stated in the Introduction.

As in the previous section, after a change of variables, we can assume ajs = ag; = 1 (this is
equivalent to choose as new unknowns the functions agjuy, ajous and as new data 1 /a1, w2/a12).
In this setting, the problem writes

—Aui(z) = —krui(x)uz(x) ASEY
a7) ui(r) = @i() z € 0%
ui(x) > 0 z €N
i = 1,2

We can write problem (17) in the equivalent form
—Au(z) = —ru(z)(u(z)— o(x)) z €

(18)
u(z) = O(z) x € 0N
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where © = u; and ® is the function defined on the whole Q as
Ad(z) = 0 x €
O(z) = p1(z) —p2(z) = €N

5.1. Existence and asymptotic behavior.

Theorem 5.1. For every positive & Problem (18) has a unique solution u, > ®* with

uw — | 1 () = Ok~ Y% as Kk — .

Proof: we first prove the existence of u,, and to do that we apply again the sub—supersolutions
method. Clearly u(z) := ®*(x) = sup{0, ®(z)} is a subsolution. Let 1s be defined as in (16). We
define

s () == ns(D(x)).
Since 75(t) > t* we have usx) > u(z) for every positive 4. Hence, to obtain the solution u,,
we need to prove that through a suitable choice of § Us is a supersolution of (18). Recalling the
properties of 1 and the fact that A® = 0 on 2, we obtain

A5 () = (@) - [V~ o ) s (0) — @),

Therefore, if we define L := ||V®| s, we obtain that, choosing § = (L?/x)'/3, s is a supersolution.

Let us come to the uniqueness. Assume by contradiction the existence of two solutions, v and v,
and consider the differential problem for w = v —v: —Aw = a(z)w on Q and w = 0 on 0, where
a(z) = u(z) + v(z) — ®(x) > 0. Then w = 0 by the maximum principle.

Finally, the convergence properties: recalling Lemma 4.5 we have that us(x) — &1 (z) almost

everywhere on 2, and hence also ugs(z) — ®*(z) pointwise. Moreover u,, and &+ agree on the
boundary of (2, therefore we can use the gradient norm for H'(£2). We have to estimate

_+ _ &t _ —
[ 19, o /A BT) - (uy — @)

—Aus — @) (ug — )+ | Als — uy) - (u; — @T).
Q Q
Using the equations verified by us and u,, and recalling that ®(z) < &*(z)

that we chase 0% > |V®|?k, we find, after easy calculations,
v ‘I’|2

< uy(z) < s(x) and

A(ﬂg — u,@u) < ( Uy — @)(2@5 — (I)).

Combining the last two equations, we obtain then
/ |V (u, — ®1)|? < / Aas — 1) - (u, — 1) + 7/ VO (15 — ®)(2us — @) (Ts — dT).
To estimate the right hand side we use the well known coarea formula. The last term becomes

5% / VD|2(s — ) (25 — ®) (s — D) =

+oo
[ R )~ st — () ) [V =

“+o0
:5%/ (ns(t) — t)(2ns(t) — t)(ns(t) —t7) - (/M v<I>(a:)dHN1> dt < 09,

where C only depends on the fixed functions ® and 1 (we used the fact that ns(t) = dn(t/9)).

/ ~Aus — ") - (u, — @) = /VU5—(I>+ ) V(u, — @) =
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= /Q[nfs(q)) — H(®))V® - V(u, — ") =

L VO - V(u — @)
|- (/{@(z)_t} L= )dté

Vo - V(u, —dT) _
< ’ H / K dHN 1
<l o B

< 82|V (up — ©7F)l2
by Lemma 3.6 and again the coarea formula. This finally gives
IV (e = )2 = O(5/%) = O(x~/°)

as required. u

5.2. Uniform Lipschitz Continuity. Clearly, being our equations autonomous, the solution wu,
is smooth for every fixed x > 0. Nevertheless, the limit ®* is only Lipschitz continuous. In this
section we prove that the convergence of u, to ®* is actually the most regular possible.

Theorem 5.2. Let u,, be the unique solution of (18) such that u, > ®+ as in Theorem 5.1. Then
the Lipschitz constants of {u,} are independent of k.

Proof: the proof is based on a blow—up technique; so we assume by contradiction the existence of
a sequence (z,) C € such that it holds, as k — oo,
e = |Vu(z,)| — oo with [|[Vuglleo — tr < K-

We consider the rescaled functions

V(1) = - u(rer + )
KMK

where 7, = u,(x4)/ s so that v, (0) = 1. Note that by construction |Vv,(0)| =1, and ||V, ||co —
1 too. We have that v, is solution of

3
(19) —Av, = —r"“:'ﬁv,.g(v,.€ —®,) on Q,

where @, (z) = ®(r,z+2,)(reps) "t and Q, = {z € RY : roz+ 2, € Q}. We obtain the following
convergence properties.

1. Since r, — 0 and 09 is regular, then Q, — Qu, where Q. is the whole RV or an half
space, depending on the behaviour of the distance between z,, and 9€2; in any case, 0 € Q.

2. Since |[V@yullr=(0.) < e |V L.y — 0 and @,(0) < (repwe) tu(zys) = 1, then @,
converges uniformly to some constant ¥, with ¥ < 1.

3. Since v,, is Lipschitz continuous, uniformly with respect to &, and v,(0) = 1 by construc-
tion, then there exists a limit function, say v, defined on 24, such that v, — v uniformly

on compact sets of Qoo.
Let us now consider the sequence M, := r3u,.x~1; we shall discuss separately the case when M,

is bounded or not since we shall reach a contradiction using different arguments.
Case 1: M, is unbounded.

Let us multiply (19) with v, and integrate over a ball of fixed radius R (possibly intersected with
Q). We get

2 2 9
M, v (v, — ) = — [Vog|® + V= Vser
BrMQ, BrMQ, a(Brn)  ON

Note that the right-hand side is bounded uniformly in &, since v, (0) =1 and ||V, ||co — 1.
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Thus for R fixed we have
M, V2 (v, — ®y) < C

K
BrNQ,

(C depending only on R) and since v, > ®, we deduce that v2(z)(v.(x) — ®.(x)) vanishes almost
everywhere as k — co. Taking into account that v,(0) = 1 for all «, jointly with 2. and 3. above,
we conclude that, at least for R small, v = ¥ = 1 on Br N Q. In particular, by 3., v, — 1
uniformly on compact sets. In fact, we shall prove that the convergence of v, to 1 is also of class
C*; this will provide |Vv(0)| = 1, in contradiction with v = 1.

In order to prove the C' convergence of v,, to 1, we shall apply Lemma 4.4 to w := v, — ®,.. As a
first remark, we can extend such a function to the whole Bg, setting w = 0 where it is not defined.
We denote again with w such extension, observing that it belongs to H!(Bg) (indeed, v,, and ®,
agree on Br N 9Q,). We observe that, with this extension, —Aw < —(v,M,)w. By the uniform
convergence of v, — 1 on Bg, we can assume that v, > 1/2, and this provides

—Aw < —(M./2)w on Bpg.

By applying Lemma 4.4 we then obtain v, — ®, < Cre~“2VMs on Bpr/2. Going back to the
equation for v, we realize that

7A'Un = a,{(fﬂ)?},{ on BR/2
where 0 < a,(r) < C;M.e~“2VMr — 0. From this the required regularity is ensured.
Case 2: M, is bounded.

Let M = lim, oo M, (up to subsequences) so that the limit function v is solution of —Av =
—Mv(v—T) on 2 and v > V. By the strong maximum principle, this means that either v = ¥
or v > W. In the first case, again —Awv, — 0 uniformly, that is, v, converges at least in the
C! topology and thus Vv(0) = 1, a contradiction. In the second case, the contradiction is easily
provide by the nonexistence result Lemma 4.1. ]

6. UNIFORM HOLDER CONTINUITY

Let us now go back to the case of an arbitrary number of species governed by (1). By Section
2, we know that, at fixed x > 0, the system admits a solution U, = (u1 s, ..., Uk ) With smooth
components. Aim of this section is to establish some regularity of the Uy’s, uniformly in . After
Theorem 5.2, we know that when k£ = 2, the solutions of our model are Lipschitz continuous,
uniformly with respect to k. In the general case, we cannot prove uniform Lipschitz estimates,
nonetheless there holds

Theorem 6.1. Let U, be any solution of (1) at fired K > 0. Let o € (0,1). Then there exists
L, > 0 such that

(20) sup Ui,/-i(x) - Ui,n(y)
z,yeN ‘LL' - y|a

foralli=1,... k and for all kK > 0.

< Lq

The proof of this result requires several steps. It relies upon a blow up procedure which leads to
apply the Liouville type results established in Section 7.

To start with, let us assume by contradiction that the supremum in (20) is unbounded in x; namely
let

(21) L, := max max i () = u;'i(y”
t z,ye ‘JJ - y|

be such that L, — oco. Note that this is a maximum, since 2 is bounded and each wu; is Lipschitz
continuous up to the boundary. We can assume w.l.o.g. that L, is achieved by u; . at the pair
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(4, Yx); let us now blow up each u; ,, with center at z,, and parameters L, and r, (which will be
chosen below, according to different cases):

V() = mui,n(xn + 7ex)

KT K

with z € Q, := {x € RN : x, + r.x € Q}; by the regularity of OQ we have that, when 7, — 0,
up to a subsequence ., — €, where Q. is the whole RY or an half-space (depending on the
behaviour of the distance of z,, from 0Q). We easily obtain that v; , is solution of

—AUZ‘,H = —]\4,@1117,'€ Zj;éi a5V, O Q,i
Vikg = Piw on 02,
where M, := L,r2t® /k and ¢, ,; is obviously defined. Note that

o) R e ) R ) B ) e 7 Yo | B

U o,y€Qs |z —yl|* |(Yn — @) /7]
for all k. We remark that |z, —y.| — 0 as kK — oco: indeed, let by contradiction |z, —y.| > > 0 and
choose . = |, —yx|; by definition we have that ||v; x || L (q,) — 0, and hence |vy . (0)—v1 (1)] — 0,
in contradiction with (22). To proceed with the proof, we need a technical lemma.

Lemma 6.1. Under the previous notations, let r.. — 0 as k — oo, such that:

(1) there exists R’ > 0 such that |y, — xx| < R'ryw,
(i) M, 0.

Then v; (0) is uniformly bounded with respect to k, for every i.

Proof: assume to the contrary that vy, .(0) is unbounded for some h, and let R > R’, with R’ as
in (i). Since vy, is Holder continuous (uniformly in x, see (22)) and M, 0 we have that
1, = inf M, vp, . — 00.
B(0,2R)NQ,

We claim that:

||M5Uh,fivi75HLOO(B((LR)OQK) — 0 for all ¢ 7& h.
To prove the claim, we will apply Lemma 4.4 to each v; , with ¢ # h. To this aim, we observe that,
if 092, intersect B(0,2R), then, for x sufficiently small, vy, , is strictly positive on 0€2,, N B(0,2R).
This means that v; ., ¢ # h, is identically 0 on 09, N B(0,2R). Therefore we can extend v; , on
B(0,2R) \ Q, as the null function (we will write again v, ,, for this extension). It is easy to prove
that this extension belongs to H(B(0,2R)), inherits the same Hélder constant, and satisfies (in
distributional sense)

—A’Ui,ﬁ S —aihLﬂ]i,,@ on B(O,QR).

Thus, in order to apply the above mentioned lemma, it suffices to prove that v; , is bounded on
0B(0,2R). To this aim we choose a smooth positive cut—off function 7, vanishing out of B(0,2R),
we multiply the —th differential equation by 772’01‘,;{ and then integrate:

/ 772|VU7;,,§ 2 +/ 2nvi,nvnvvi,m + aihlﬂ/ 772’01'2,& S 0
B(0,2R) B(0,2R) B(0,2R)

that implies

[ WP [ttt [ g <0
B(0,2R) B(0,2R) ’ B(0,2R) ’

and finally

(23) ainl, / Pl < / T[22,
B(0,2R) B(0,2R)
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2
[ wnPide< s v [ v,
B(0,2R) ' B(0,2R) B(0,2R)

On the other hand, recalling that v; ,, is Holder continuous with constant smaller or equal to 1, we
have

Clearly,

inf wv;,> sup v;,— (4R)
B(0,2R) B(0,2R)

and thus

2
1
/ v, > 5| sup v / n* — (4R)" n%;
B(0,2R) ’ 2 \ B(0,2R) B(0,2R) B(0,2R)

Using these inequalities in (23) we immediately infer the boundedness of v;, in B(0,2R) (as
Kk — 0), and hence on dB(0,2R), as required. Now Lemma 4.4 applies providing

sup v, < Cre”2Vis,

B(0,R)
with C; and C3 not depending on . Finally, using the Hélder continuity of vy, .., we have

sup  Myop, < inf Myvp . + (4R)* = I, + (4R)®,

B(0,2R)NN, B(0,2R)NQ
and the claim easily follows. We observe that, as a consequence,
(24) | = Av; x|l (B0, R)n02) — O for every i and every R > R'.
Now consider ¥; (%) := v; (x) — v;,,(0), for every i: by the uniform Hélder continuity, v; , — 0
uniformly on compact sets. Moreover, by (24), the convergence is C", so that (22) holds for @; on
Qoo (recall that, by assumption (i), (y. — zx)/r. belongs to B(0, R) N€,). Finally, again by (24),
it holds

—A’f}l =0 in Qoo

Now, if Qs = RY, we obtain that 9; is an entire harmonic function with strictly sublinear growth,
and hence, by Proposition 7.3, it is constant, in contradiction with (22). On the other hand, if Q4
is the half space, we have that ©; is constant on the boundary of Q. (this is because the boundary
data are fixed, and thus uniform Holder continuous with respect to k). Therefore we can extend ¥,

as an harmonic function on the whole RY by symmetry, obtaining again the same contradiction.
|

Proof of Theorem 6.1: let us define

1
_ K 24«
Tk = ([1%> .

We distinguish the proof in two main cases, according to the behavior of the ratio

|mf€ _yn|
e

D, =

Case 1: D,, is bounded.

In this situation we choose the parameter of the rescaling as r, = 7,,. We observe that, with this
choice, M,, = 1. Hence Lemma 6.1 applies providing the boundedness of each v; ,(0). Then, up to
a subsequence, there exist vy, ..., v, such that v; , — v; uniformly on compact sets. Furthermore,
since M,, = 1, then Awv; , is bounded; hence the convergence to v; is in fact of class C'. This
ensures that each v; is Holder continuous and that

vi(z) — vi(y)|

(25) max —————— = 1.
Y€ T —y|®



18 M. CONTI, S. TERRACINI, G. VERZINI

Moreover the differential equations pass to the limit and we have

7AU¢ = —U; Zaijvj n Qoo
J#i
for all i. Let Q. = R"™: by Proposition 7.1 we obtain that v; is constant for every i; for i = 1 this
is in contradiction with (25).
On the other side, if O, = Rf (any half space) we can argue as follows. Let us first observe that
each v; ,, satisfies a pinching properties as stated by Lemma 2.1:

\Ili,n < Ui,k S (I>i,/-c~

Here ®; , (resp. ¥, ,) is the harmonic extension on Q, of ¢; . (resp. of @; ), the rescaled data.
Since v; ,, is bounded on compact subset of @ for all 4, then ¢; ,, is bounded on compact subset of
aM (observe that 0 does not necessarily belong to aM ). We infer that ®; ,, and ¥, ,, are bounded
on compact subset of @, for every i. Then we obtain the existence of ®; (resp. ;) such that, up
to subsequences, ®; , — P, (vesp. U, — 61) uniformly on compact sets of Rf , and furthermore
W; < v; < ¥;. On the other hand, it is easy to see that

(I)i K _ (I)Z lad \Ijz K - \Ilz K
max max [©i.r(2) W) -0, max max |Wi () W)

— 0
tozyeQ |z —yl|* tozyeQ |z — y|*

)

indeed the functions above are obtained rescaling functions that are Holder continuous and do not
depend on x. This means that ®; (resp. ;) is constant for every i. Now observe that, since
Qi Pjx = 0 ae. if i # j, then possibly only one of the ®; is a positive constant while all the
others are identically zero. We want to show that this implies that all the v;’s are constant; this
will be again in contradiction with (25). Let P, =0: from 0 < v; < &; we obtain v; = 0. On the
other hand, let ®; > 0: by the properties of the boundary data we obtain ®; = ¥;, and again v;
is constant.

Case 2: D,, is unbounded.

Tw

In this situation we choose a different rescaling, letting . = |z, — yx|. Since D, = = — oo by

Tw

2+«
assumption, this choice provides M,, = (i ) — o0: hence no limit equation is available. Note
that, with this choice, (22) becomes

(26) xernga(%yl)(vLK(x) —v1,(0)) = 1.

Again, Lemma 6.1 provides that v; ,(0) is bounded for every i. Then, up to a subsequence, there
exist v1, ..., v, such that v; , — v; uniformly on compact sets of RY. This convergence is sufficient
to guarantee that (26) holds for v;. Let us recall at this point that the differential equation for v;
does not pass to the limit; nevertheless we can apply to the k—uple V,;, Theorem 2.2. This gives the
convergence of v; ,, to v; in H L since —Av; . <0 by definition, we obtain that the same inequality
holds for v;. Furthermore, by that theorem we also know that v;-v; = 0 when ¢ # j. If Qo = RY,
then we are in a position to apply Proposition 7.2, obtaining that v; is constant, in contradiction
with (26). If Qo = RY we arrive to the same contradiction arguing as in the last part of the Case
1. ]

7. NONEXISTENCE RESULTS ON RN

In this section we establish some Liouville type results that are exploited in Section 6, when
performing the asymptotic analysis of the solutions of (1) as kK — co. In particular we shall prove
that the original problem on RY does not have (nontrivial) solutions which are globally Holder
continuous.
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Proposition 7.1. Let k > 2 and let U = (uq,...,ux) be a solution of
—Au;(z) = —u(x) Zaijuj (x) r € RV
J#i
u(z) > 0 zeRN
for every i. Let o € (0,1) such that
“max _  sup L A < 0.
L N PR

Then, k — 1 components annihilate and the last is a nonnegative constant.

A similar nonexistence result is true when studying k—uple of subharmonic functions on RY having
disjoint supports.

Proposition 7.2. Let k > 2 and let U = (uq, ..., u) such that w;-u; =0 if i # j and —Au; <0
on RY for all i. Let a € (0,1) such that

~Imax sup T P— < Q.
i=1,..., k z,yERN |.’II — y|

Then, k — 1 components annihilate and the last is a nonnegative constant.

Finally we observe that, if  is an harmonic function on RY, we can apply the above proposition
with the choice k = 2, u1 = ut, ug = u~. As a consequence the only harmonic functions on RY
which are globally Holder continuous are the constants.

Proposition 7.3. Let u be an harmonic function on RYN. Let o € (0,1) such that

u(z) — u(y)|

= < 0
z,yeRN |J) - y|
Then u is constant.

In dimension N = 2, the above results have been already proved by the authors in [11], based
on suitable variants of the monotonicity formula [1]. In order to recover the above results in any
dimension, we need to establish a full generalization of those formulae, as in the following section.

7.1. Monotonicity Formulae. The monotonicity lemma was originally stated by Alt, Caffarelli
and Friedman in [1] (see also [3]) in the following way:

Lemma 7.1 (The monotonicity formula). Let (wy,ws) € (H*(2))? be non negative, continuous,
subharmonic functions in a ball B(xo,7) C Q (i.e. —Aw; < 0 in distributional sense). Assume
that wy (x)wa(x) = 0. Assume that xg € 0{w; > 0} NQ fori=1,2. Define

|Vw, (z)]?
IVWRYT
Hr2/ |x_$0‘N2x

107’

Then ® is a non decreasing function in [0, 7).

In this section we first extend the result to the case of many subharmonic densities having mutually
disjoint supports. To this aim, we consider the optimal partition value

=g 25 (D - 452).

where the minimization is taken over all possible partitions in k disjoint parts of the unit sphere
SN=1 The monotonicity formula then reads as
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Lemma 7.2. Let h > 2. Let (wi,...,wy) € (HY(Q))" be non negative, continuous, subhar-
monic functions in a ball B(xo,7) C Q (i.e. —Aw; < 0 in distributional sense). Assume that
wi(x)wj(x) =0 a.e. ifi #j and that xo € O{w; >0} NQ for all j =1,...,h. Define

h

_ 1 |Vwi(z)[?
O(r) = H BN /B(z”) |z — $0|N—72 dz.

i=1

Then ® is a non decreasing function in [0,7].

Note that the value 8 can be written as

k
2
k,N i - )\ i
Al )= (w1)e77(k N) kzz: 1(ws)

where v : RT — R is defined as

(N —=2)2 , N-—2
v(x) = 1 +2x 5
Since in dimension N = 2 the function ~ is the identity, the above lemma reduces to the result
proved in [11], Section 5. Besides, when there are only two parts, the optimal partition is achieved
by the equator—cut sphere (see [31]), providing Aj(w;) = N — 1. In this case
B(2,N) =2,

which precisely recovers the original formula.

Proof of Lemma 7.2: the proof follows the line of [1], Lemma 5.2. To start with, observe that
the function ®(r) is absolutely continuous. Then, the idea of the proof consists in showing that
®'(r) > 0 for almost every r. By computing ®'(r) we obtain

hB(h, N) e
) —
'(r) =~ FhB(LN)+1 H/ 1z — 0|V — [
Lo I /. LT
rhﬁ(h,N) Pt le —2olN=2 | Jop, |z — zo[N—2

:@(M( hp(h, N) ZfaB sz| /|33—330\N 2>'

[, IVwil? /| = 2| N2

The goal now is to estimate the summation term in the last equality. Let us start with some
calculations. First we essentially test the equation with w; /|2 —20|™~ =2 on the sphere B(z,r) =: B,
(with » < 7). Due to the singularity of the test function, one should make use of regularizing cut—off
functions. This can be done exactly as in [1], so we omit the calculations and we proceed formally
with the singular test functions.

Since each w; is positive and —Aw; < 0, we obtain, for every i:

|Vw; |2 / w; 0 / w? 1
2 _ VW W9 - Yiyg(— = ).
@7) /B =202 = oy a2 o Sy, V)V )

Let Vrw; := Vw; — nO,w; be the tangential component of the gradient of w;. Let n be a positive
constant to be chosen. We have

w; P 1 , 1/2 , 1/2
TN Wi S N ; Onw; <
/aB,. e~ zo[V 20" = 7N (/aB “’"> /aB,.( wi)

) . f w? 1/2
< 7|VT'LU2'|2 +/ 772(anwz)2:| | JoBr Tt .
2rN-2 l:/BBT n? OB faBT |vai‘2

r
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Now let vi(r) : SN=1 — R be defined as UZ(T) (&) := wi(zo + r€) and set w; := {’UI(T) > 0}. Then
A (€) = r*Vrw;(zo + r€). This entails

1/2 1/2
\V4 12 -2 ("') 2
<faBr Tw;| ) N (r Jon1 IV0;"| ) . 1 SWen)

Jom, w} Jona (072

Note that, since w; - w; = 0 a.e., then the w;’s constitute, for a.e. 7, a partition of SN=1. Besides,

since fAW = ¢0y,, wi(zo) = 0, and by the Poincare’ inequality, we have

w? 1 w? 9 1 N -2 72 2
_ Yivzw(——  y— _ Wi 9 < I 12
/B,.V( 2V (o) /aB,. 2 =z S 2n(w) /aBT, VT

Collecting all the above information in (27), we obtain

(28)

|w; |2 1 1 N -2 / 9 n? / 9
/Br |.13 — $0|N_2 - 2rN-3 <772 /\1((.4}7;) )\1(0)1)) B, ‘ L | \/Al(wi) aB,,,( v )

Now we choose
- 1 N-2 N —2\2 o __VAulw)
(29) (i )\1(wi)< 2 +\/( 5) + ’))_v( M)

in such a way that the coefficients of the tangential gradient and of the normal gradient coincide,
namely

Uk 1 N-2 1

M(wi)  n2y/Aa(wi) i M@)oy (Vaw))

/ |V, |* <7 1 / |Vaw; |*
B, [T =20V 7 29 (/M(wi)) Jos, |z — 2oV 2

Finally, summing up on ¢ and recalling the definition of 3, we have

" Jop, [Vwil?/|z — 2| N2
9B A 0 h
r > —0(h,N) for almost every r.
= Jp, IVwil?/|z — x|V =2 — Tﬁ( : '

In this way we obtain

Using this information in the computation of ®'(r), the lemma follows. [ |

In order to state a suitable form of the lemma which applies to the solutions of (1), we first
introduce a smooth auxiliary function f(r) : [0,00) — (0, 00) such that f(r) = 1/rN=2 when r > 1
and Af(|z|) :== 2m(|x|) is bounded and vanishes outside the ball of radius 1. Now we are ready to
prove

Lemma 7.3. Let N > 2 and let (uy,...,ux) be a solution of (1) such that u; > 0 for all i. Let
h <k be any integer, let ' < B(h, N) and define

where

@i(r) = /B oy LD (Vus@P +ut@) 3 esu@) - mlol)ut(@)]de.

1<5<k
7

Then there exists v’ = r(h') > 1 such that ®; > 0 and ® is an increasing function in [r',00).
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Proof of Lemma 7.3: let us fix b’ < g(h, N), r > 1 and set B, = B(0,r). We follow the outline
of the proof of Lemma 7.2. By computing ®'(r) we have

h

R Z Jop, F2D)(1Vwil? +uf 325, aijuy) ]

P'(r) = PN (Va2 + u? 31 ai5) — m(Jal)u? (2)]

By testing the equation for u; with f(|x|)u;(x), we have

2
2 _ ui u 0
/ F(z)) (IVui | + ug Zawuj = /B v( 5 )Vf(\x|)+/aB 2 5, Ui

J#i v T

= [ miiaur - [ I [ D
s, ' oB, 2 On|z|N—2 op, |t[N=20n "

T

N -2 1 0
Oi(r) = —— ? i Ui
(r) 2rN-1 /OBT u rN=2 /(laBr ! (%u

Let us now set v,lm(ﬁ) := u;(r€) and define
S 19072 4 207?85, 45 iy
Jows(07)?

(/aB,,, u12>1/2 </aBr(8nui)2>1/2 <

1 r
— (IVrui* + 42y agu; +/ 7 (Onui)?| - )
[, (Trul et o)+ [t L

JFi

providing

Ai (7“)

Then we have

/ wZ
8B, l@n !

IA

IN

for any positive constant 7. Hence
1 1 N -2 n?
®i(r) > -~ (— + )/ Vol + / Onui)?
( ) 27,]\773 [ 772 /Ai (T’) AZ (7,,) 9B, | | AZ (7") 8BT< )

o, i T S

By selecting 1? large enough, we learn at once that ®; is positive. Besides, we obtain the counter-
part of (28), that is

D,(r) < ri’ 3[(77\/17 ZX 2)/ VTWQJF\/%(@ aBT(anui)2
o G ) S

J#i

Now choose
2 _ Ai(r)

(VA
With this choice, the three coefficients of the integrals on 0B, coincide, and the right end side of
the previous inequality becomes

i(r) < / f(lz)) |Vuz\2+u22a”uj

JFi
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With this we can estimate the summation term which appears in the computation of @' as follows
W2
/
() 2 o) [ - 25+ 2 Y (VA)].
i=1

In order to prove that ®'(r) > 0 when r is sufficiently large, we are thus left to prove that there
exists rg > 1 such that

(30) %Z’y(\/Ai(r)) >h  Vr>r.

It is worthwhile noticing that the supports of the functions ’UZ(T)’S are not mutually disjoint, and
thus we can not directly compare the summation term involving A;(r) with S(h, N) in order to
conclude the validity of (30). Nevertheless, arguing as in the proof of Lemma 1.3 of [11], it is
possible to prove that, when r — oo, (suitable multiples of) the vim’s converge to a k—tuple of
functions o; on SV ~! having disjoint supports w;. This process forces the convergence of A;(r) to
A1(@;), and allows to recover (30) by a simple contradiction argument. The reader is referred to
the aforementioned result for the details. ]

Let us now observe that, if £ > 3, then

(31) B(k,N) > 2
Indeed, reasoning as in Proposition 5.1 of [11], it turns out that § is a nondecreasing function of

k and, moreover 3(k, N) > (2, N) = 2 for k > 3. This information is crucial for the proof of our
Liouville type results.

Proof of Proposition 7.1: let B, = B(0,r). By Lemma 7.3 and (31), we know that

(32) H S | [ leD(Vu@)P + u?(@) Y aguy(a) m(|z|)u3(x)]dx >0 >0
J#i
for any h’' < 2, if r > 1 is large enough.
On the other hand, let us consider a smooth, radial cut—off function which is equal 1 in B,

and vanishes outside Ba,. Let us multiply the i—th differential equation by 7% f(|z|)u; and then
integrate:

1
/B FU) (P IVl + n?u? > aijuy) Si/B Flz)n? | V)2

JAi
w2 [ geputval — [ Vs [ v s(e)
BQT BZr BZr
Recalling that Af = 2m, by testing with n?u?/4 on Bs,, we have

2,2
n-u 1
[ VIEEsel =5 [ mllald
BQT B2r

To estimate the remaining terms on the r.h.s., observe first that Vn vanishes outside Ba, \ B, while
on the annulus |Vy| < Cr~L. Besides, since r > 1, f(|z]) = |z|>~" and |V f(|z|)| = (N —2)|z|*~V.
Collecting all this information, we end up with

C
9 12 2 2 2 < 2
[, [ eevm st o) —m(ert) < 5 [

J#i
By assumption, when p is sufficiently large, we have that u,(x) < C’p* for all z € 9B, and for all

indices i. Hence )
'
/ % _ / pN71+2adp:C,rN+2a.
BQT\BT T
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Comparing with (32) we have rh < Cr2 for any r large enough. The choice of b’ := 1+ « in
(32), which is admissible as o < 1, immediately provides a contradiction when r — oco. ]

Arguing as in the previous proof, but exploiting the monotonicity formula Lemma 7.2, Proposition
7.2 follows at once.
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