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Abstract. We prove some results about existence, uniqueness and qualitative behavior of positive
solutions to equations of the type

—Au= a(.x/lxl)# Ffxow)  in R\ {0}, ©.1

depending on the behavior of the function « of the angular variable x/|x|. Our main resuits concern
the critical nonlinearity f(s) = s"+2/% =2 The proots are based on variational arguments and the
moving plane method.

0. Introduction and statement of the results. In this paper we are concerned with
equations of the form

—Au:a(x/lxl)ﬁz—+f(x,u) in R"\ {0}, ©.1)

where a € C'(S"~'; R). We shall always assume n > 3. Equations of this type arise
in the study of nonlinear Schrédinger operators when the field presents a (possibly)
nonisotropic singularity at the origin (the coefficient a being a function of the angle
only). It is known [14, X] that « = -2 is the smallest exponent that gives sense to
the linear operator —A — a(x/|x|}|x|™ at the origin. As to the case @ > —2, the
Dirichlet problem for equations involving critical nonlinearity and singular coefficients
has been studied by Egnell in [8], for bounded domains. On the other hand, in R" \ {0},
the Kelvin transform u(x) —> |x|*~"u(x/1x|?) maps the operator — A — a(x/|x|)|x]|™
into the operator |x|™"~*(—A — a(x/|x|)|x|~*+*) showing a relation between the cases
o < —2and @ > —2. Moreover, a Pohozaev-type identity implies some nonexistence
results when « # 2 (see Remark 1.5).
Among the nonlinear functions f, the case
u 2y

~Au=a(x/|.x|)|7+u' in R\ {0}, 0.2)
x
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where 2* = 2n/(n — 2), is of special interest. Indeed this equation is invariant under
scaling u(x) — R®™"/2y(x/R) and also with respect to weighted composition with
Kelvin’s map u(x) — [x|*""u(x/|x|?). Moreover, necessary conditions suggest that
the exponent 2* — 1 is the more likely to admit solutions having nice behavior near the
origin and at infinity (see Theorem 0.1 below). Equations like (0.1) and (0.2) have been
widely studied when a = 0; see [1-4, 6, 9-13, 15-16]. In particular,

—Au =¥} (0.3)

is the Euler-Lagrange equation corresponding to the minimization of the Sobolev quo-
tient | Vu|[3/|u][3. over the completion D'-2(R") of C3° with respect to the norm (| V||,
It was shown by Talenti [18] that the best Sobolev constant is attained by a positive,
radially symmetric function, besides all the functions obtained by rescaling it. On the
other hand, Gidas, Ni and Nirenberg [9, 10] and Caffarelli, Gidas and Spruck 7] proved
that positive continuous solutions to (0.3) are radially symmetric about a point; this fact
implies uniqueness (up to rescaling and translations of the domain) among the posi-
tive solutions that are regular either at zero or at infinity and, in particular, of Talenti’s
minimizers. In addition, they showed that the same equation but with an exponent
1 <6 < 2% — 1 admits no continuous positive solution, without assuming any decay
condition at infinity. The main tools in proving radial symmetry of positive solutions
were the moving plane method and a suitable use of Kelvin’s inversion map.

The main purpose of this paper is to show how equation (0.2) may share with (0.3)
some of the features described above, depending on the behavior of the function a. To
begin with, we associate to the linear part in (0.1) the quadratic form

u>

Q(u) i=/ 1Vul? - ax/Ixl)— 0.4)
R

|12
and its “first eigenvalue” (see Section 1)

O)

la) = 1 .
l( ) ueD'2(R")\ (0} fR'r ﬁ

When a = 0, Hardy’s inequality yields A,(0) = (rn — 2)2/4. We shall see that, if
Xi(a) > 0, then Q'/2 defines an equivalent norm in D!-2(R"). We first show how the
coercivity of the quadratic form Q affects the existence of solutions to (0.1).

Theorem 0.1. (i) If Ai(a) < O and f > O, then (0.1) has no positive solutions in
the space DV2(R"). (ii) There exists no solution u € D'"2(R") N LE+! of (0.1) when
) =5%ando #£2* — 1.

The above result leads us to examine the existence of solutions to (0.1) in cases when
Xi(@) > Oand f(s) = s¥~!. Our first attempt goes through the minimization of a
Sobolev type quotient.
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Theorem 0.2. Assume A(a) > Oand maxgra > 0, ifn > 4, and fs,,v, a>0ifn=3.

Then
O(u)
L ——
ueDV2RONO} [jue]|3

is achieved. Therefore (0.2) admits a positive solution in D' Z(R™).

As usual (compare with the results in [6]) the dimension n = 3 shows some pe-
culiarity. It is worthwhile noticing that the above infimum cannot be achieved when
a<0, except for a = 0, though, as shown in Theorem 0.5, this fact does not prevent
the existence of positive D'2(R")—solutions to the equation. Also, we point out that
solutions in D'2(R") do not exhaust all the possible solutions, as shown by the next
result.

Theorem 0.3. There is a positive solution u & D'*(R") of equation (0.2) which is
homogeneous of degree (2 — n)/2 if and only if A;(a) > 0.

Besides the minimization of Sobolev type quotients, another interesting similarity
between (0.2) and (0.3) concerns qualitative properties of positive solutions.

Theorem 0.4. Assume a(x) = A € [0, (n — 2)2/4). (i) The positive solution of (0.2)
is unique (up to rescaling) in the class of functions L* (By) U L* (R" \ B)). (ii) When
F(s) =s% 1 < 6 < 2*—1, there are no positive solutions of (0.1) belonging to L7 (B)).

We point out that, when A > 0, W,L‘f—solutions are not continuous at the origin,
and neither are they regular at infinity (i.e., u(x) = O(|x|>™")); the assumption on the
L¥ —integrability in a neighborhood either of zero or of infinity plays here the same role
as regularity did in [9, 10].

Theorem 0.4 follows from a general result about radial symmetry of positive solutions
(Theorem 2.1) and from the study of the ODE associated to (0.2). The proof of Theorem
2.1 is based upon a suitable application of the moving plane method as used in [9, 10,
12]. Due to the already mentioned lack of regularity, the decay estimates, that played
a central role in [9, 10], are no longer available. We shall show how the integral
estimates can successfully replace the pointwise decay properties. The analysis given
in Sections 2, 3 and 4 shows that, through the results on radial symmetry, the problem
of positive solutions to (0.2) is equivalent to the same problem for (0.3) (that is with
a = 0), atleast among functions satisfying suitable integrability conditions and provided
a(x) = A € [0, (n — 2)%/4). This is not the case when A < 0; indeed the following
result holds.

Theorem 0.5. Assume a(x) = A < 0. There exists A* < O such that, when A <
A*, (0.2) admits at least two positive solutions in DL2(R") which are distinct modulo
rescaling. Moreover, one is radially symmetric while the second is not.

This type of result does not come unexpected, given the Bahri and Coron existence
results [1} about the Dirichlet problem for (0.3) on a class bounded domain having
nontrivial topology. Indeed, very roughly speaking, as A — —oo, the effect of the
larger singularity amounts to a richer topology of some sublevel set. We shall show that,
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though the minimization of the Sobolev quotient in D2(R") fails, some constrained
minimization problems are solvable, in spaces of functions enjoying suitable symmetry
properties.

The paper is organized as follows: in Section 1 we study the basic properties of
the quadratic form Q and we prove Theorems 0.1 and 0.3. In Section 2 we prove a
general symmetry result for positive solutions to (0.1) that will be applied in section 3 to
nonlinearities of the type f(s) = s?. Section 4 contains some analysis of the behavior
of positive spherically symmetric solutions to (0.1). Theorem 0.4 easily follows from
the results of Sections 2, 3 and 4. Sections 5 and 6 are devoted to the proof of Theorems
0.2 and 0.5 respectively.

Notations. Throughout this paper, D'-2(R") will denote the completion of C§° (R") with

respect to the norm ([, [Vol|?) "2 When n > 3, this space is embedded into L>" (R"),
where 2* = 2n/(n — 2). § will denote the best constant in Sobolev inequality:

. . 1Vu)?
S = inf fR—,L
aeDHRNO ||

1. The quadratic form and the first eigenvalue problem. Let a € C'(§""'; R),
n > 3; to keep simpler notations, in the following we shall identify a with its positively
homogeneous extension of degree zero. We associate with a the bilinear and quadratic
forms

7 Q) =0, u) = (Vul? —a(x)u—_2 .
x Rr |x|

(1.1

uv

Q(u,v) =/ Vu-Vv—a(x)l

Thanks to Hardy’s inequality,

a2 2
uf L 5/ Vul?, (1.2)
4 R" |X|2 R"

the above forms are continuous in D'2(R") x D'2(R") and D'2(R") respectively.
Therefore there exists a unique bounded symmetric operator Ly e L(D"3(R")) such
that (LQu, U>DI.2(RN) = Q(u, v).

To study the sign of Q, we define the first eigenvalue of Q as

Qu)

Aa) = n — . 1.3
l( ) uE'D'Z(R")\[O; fR“ ﬁ:—;f ( )
The next result motivates this choice.
Lemma 1.1.
Vol 4+ (n—2)1_ax) 2
@ = it e Ve (S W)¢* (1.4)

eeH'(§"-1)\{0) fs,._u @2
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Proof. Let us call £ the right hand side of (1.4). We first prove that A;(a) < £. Let
£ : RT — [0, 1] be a smooth cut—off function such that §(s) = 0, fors € [0, 1/2], and
£(s) = 1 for s > |; moreover for ¢ € (0, 1) we define the function

E(s/e) ifs <1

8O) =V casesy  ifs> L.

In this way &, (s) = & (1/s), for every positive s. Now let w, € D'2(R") be defined by
we(x) = 12| 2E ((x g1 (x /11,

where ¢, € H'(8"~") is one positive eigenfunction associated to £.

We remark that w, (x) = e@="/2w (x /) if |x} < & while we(x) = " "2w), (ex)
if |x| > &~'; therefore by scale invariance of the integrals below, for a constant C > 0
independent of &, we have

1 1
f Vwe? + —wl= [ [Vu P+ —wi=<C. (1.5)
{xl<ElUlIxlze ") fx| R x|

From the definition of A, (a) and from estimate (1.5) we find a constant C, independent
of & such that

fRn |Vw£|2 - a(x)ﬁ.? < Cl + fgsu}sg-l |Vw£| a(x)":[z

Jre e Jecimize |',:|
_G +2loge™! fo IV |? + (‘”'2’ —a(x))e?
2loge™ [ 9} ’

A(a) <

As £ — 0 the last term tends to £; thus A (@) < £. To prove the reverse inequality, we
associate to each w € C3°(R" \ {0}) its transform w, homogeneous of degree (2 —n)/2,
defined

©
17)(x)=(/ et 2(x/R)dR)" . (1.6)
0

Standard manipulations of multiple integrals yield

2 2
o[ v 2 w?
/ Y */1;'- ek / Ao "/ VAR

On the other hand, by differentiating in (1.6) and using Holder inequality we obtain

. ]
IV (x)| < (/0 T ——|Vw(x/R)*dR)"";

so that

f Vol < [ (Vw*.
Su—l R
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Let now define ¢(x) = w(x/|x|). Since & is homogeneous of degree (2 —n)/2 we have

o <Jomt 1V0P + (2 —a)g? [ IV — a(r)i?
- fSu—I (Pz ‘/:s'u—l w?

2 w?
<fRn IVwl® - a(x) i
- /, an?

R" [x[

Therefore, by density of C§°(R" \ {0}) (remember that n > 3), the above inequality

holds for every w € D'2(R") and ¢ < X, (a); thus the proof is complete.

Remark 1.2. Since $"~' is a compact manifold, £ = A, (a) is achieved by a positive
function g satisfying the equation

(n -2)?

—Agrg + ( —a(x)e = A(a)p,

where A -1 is the Laplace~Beltrami operator on $"~'. Now one easily sees that
wi () = 1|42, (x/1x])

solves the eigenvalue problem

w

—Aw = (alx) + A (a)) ,
[x]2

in R"\ {0} . (1.7)

Obviously, due to its homogeneity, w, ¢ D'-2(R"). On the other hand, it is easy to prove
that the infimum in (1.3) cannot be achieved, and that (1.7) has no solution in D"2(R").

Proposition 1.3. Assume Ai(a) > 0. Then (Q(u))'/? is an equivalent norm in D" 2(R").

Proof. Assume by contradiction that, corresponding to every & > 0 there is u, €
D'2(R") such that Q(u,) < €”ML-||2—D|.2(R,.)- We then deduce that A, ((1 — &)~ !a) < 0.
From the characterization given in Lemma 1.1, 4, is clearly continuous with respect to
the C(S"~")—norm of the coefficient a. Therefore, as & —» 0, we find that A,(a) <0, a
contradiction.

Proof of Theorem 0.1, part (i). Assume by the contrary that there is a positive solution
u € D'"2(R") of (0.1). Let A, denote the annulus {x € R” : r < |x| < R}. Taking
the cross L?(A,. g) products of (0.1) by wy and of (1.7) by u, by the divergence theorem

we obtain
. uw) ou dw)
fw, = (@) — = Wyo— —U—— .
Avr |x| dAg OV v

Since the left hand term is in any case positive, for A)(a) < 0, the proof will be done
when we show that we can choose sequences of r, — 0 and R, — 400 such that the
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integrals over the boundaries dA,, g, tend to zero as v goes to +00. To see this we
estimate, for any positive p,

awl ou
/ “I"V_l'*'u"lvé—;l < Null gz s IV wi L e s Hlwi lezpsn IVl L2 gse-).-
Ix|=p

By the homogeneity of w, the above expression can be estimated with

o [y relo [ o)
x|=p

|xi=p

where C, and C; do not depend on p. Since u € D''Z(RM), the integrals

+00 . +o¢
/ dpf u¥  and f d,o/ [Vul?
0 |x|=p 0 lxi=p

converge. Thus, since p~' is not integrable at the origin and at infinity, there are
sequences r, — Oand R, — 400 such that, when p, = r, and p, = R,,

p\,/ u?’ + pv/ |Vu|2 — 0.
[x]=py lx[=p.

Proof of Theorem 0.3. It is easy to see that u(x) = |x|?7/2p(x/|x|) solves equation
(0.2) if and only if ¢ is a solution of the equation

(n'“2 z 2%
—Agnr + —T)—(p =ax)p+¢° L (1.8)

To solve (1.8), we consider the minimization problem

o o 9eP + (5~ at)e?
eeH'(S"\{0) (_[Sn—l l(plzk)z/z“

Since A (a) > 0, by Lemma 1.1 the value of the infimum is positive. Moreover,
HI($"") is compactly embedded in L”(S"""), for every p < 2(n — 1)/(n — 3).
Therefore, since 2* = 2n/(n — 2) < 2(n — 1)/{(n — 3), the minimization problem (and
thereby (1.8)) admits a solution. On the other hand, if A;(a) < 0, (1.8) does not admit
any positive solution (just take the L? product of (1.8) by the positive first eigenfunction).

Remark 1.4. Using the variational theory for even functionals, one can easily prove
that (1.8) has infinitely many solutions (see, for instance, Struwe [17. 11.5]). This means
that equation (0.2) has an infinity of solutions homogeneous of degree (2 — n) /2 that
may change sign.
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Proof of Theorem 0.1, part (ii). The proof relies on a Pohozaev type identity [13]; the
reader can also find the proof in [17, IL.1]. We multiply (0.1) by Vu(x) - x + %u and,
integrating by parts over the annulus A.r = {r <|x| < R}, we obtain

2 —(n—2)@+ 1) u(,+,_/ (P20 L
20+ 1 Arn 34,z

du 1 u? 1
Vu . x— + = —x - — )
Ve T RO vt ey }
Itis not hard to prove, arguing as in the proof of part (i), that the boundary integrals tend
to zero, at least for suitable sequences of r,, R,. Again, since the left hand side of the
above identity does not vanish, we obtain a contradiction.

Remark 1.5, In a similar way one can prove that, when « s 2 and a has a constant

sign, the equation
u 2%

—Au=alx/lx))— +u

|x[*
has no solution in D''2(R") N L2(R", 4%,

b IX'G
2. The moving planes method. We are concerned with positive solutions to the
family of equations

Au= AI—;? + f(xlu).  in R"\ {0}, 2.1

Our goal is to prove symmetry about the origin of positive solutions to (2.1), under suit-
able assumptions on A, f and u. Our arguments are based on the moving plane method.
This technique has been used by several authors (we quote Serrin [13], Gidas, Ni and
Nirenberg [9,10], Li [12], see also references therein) to prove symmetry and mono-
tonicity of positive solutions to various nonlinear elliptic problems, both in bounded and
unbounded domains. Roughly speaking, the moving plane method consists of two main
steps: first in reflecting the domain about a fixed hyperplane (say x; = A << 0) and
proving that the value of the solution at each reflected point is larger than the value at
the point itself and secondly in moving the hyperplane to a critical position: finally the
solution results to be symmetric with respect to this limit hyperplane. When the domain
is unbounded, a major difficulty consists in checking the first step; this was done in [9,
10, 12] by exploiting estimates on the pointwise decay of the positive solutions. Due
to the lack of regularity at zero and at infinity, these estimates are no longer available
when A > 0; instead, we shall use integral decay estimates.

Consider the following assumptions:

(A1) A €0, (n—2)%/4),

(f1) f:R*\ {0} x R* — Rislocally Lipschitz in s and nonincreasing in |x|,

(f2) 3p(x) 20,0 € LL(R"\ {0)) suchthat YO < 5 < ¢, L flxl)

px)ek,
(ul) pu* € L"*(R"\ B,), Vr > 0,
2) u € W l(R"\ 0)) N LE.(R" \ {0)),

loc loc

(u3) u e L¥(R"\ B)).
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Our main goal is the following result.

Theorem 2.1. Under the assumptions above, every positive solution of (2.1) is radially
symmetric about a point.

Remark 2.2. When there is an actual dependence on |x|, or when the solution has a
nonremovable singularity at zero, the center of symmetry will be, of course, the origin.
Otherwise, the problem is invariant under translations of the domain and symmetry may
occur about any point.

We shall use the moving plane method to prove symmetry in each given direction.
To this aim, for A € R we consider the reflection

x=(x5,...,Xy) —_— = 2h =X, X,
where x € T* = {x € R" : x; < A}, and we put
ut(x) = u(xty (2.2)
of course we have that
wh(x) = u(x), forx € d3T* ={x e R" : x| = A}. 2.3)

The proof of Theorem 2.1 is based on the following result.

Theorem 2.3. Let u be a positive solution of (2.1). Under the above assumptions we
have that either u* > u on £*, for every A < 0, or there exists \* < 0 such thatu*” = u
on TV,

Indeed, an easy consequence is the following result (see [19]).

Corollary 2.4. If either u has a nonremovable singularity at zero, or the nonlinear
(A/1x|¥)s + f (x|, s) is strictly decreasing in |x|, for every s, then u is symmetric about
the origin. Otherwise u is symmetric about some point x € R".

Preliminaries. Let us write v*> = u* — u; then v* satisfies a linear boundary problem
of the type

{ —AV = (Ti% + ar(x))v* + A (y) in T4\ {0*} 24)
vi(x) =0 on 9X*, (2

where

f(‘-xI»u}\) - f(lx‘v ll)

ur —u

1 1
ht(x) = A(W - W)“ + f(xM, ) = flx) ub) .

a(x) =

A key argument in proving positiveness of the v*’s will be the following result.
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Lemma 2.5. Ler w sarisfy

—Aw > ( +a(x))w in T\ {xo}

A
x?
W(X) = on 32)‘,

(2.5)

and assume that w € W,i,’cz(Z)‘ \ {x0}) and that w= € L¥ (X*). Then, denoting Q= =
(x € % s w(x) < 0},

4A )
(n—2)2""°

either w(Q7)=0,0r |a"| g > S(1 - (2.6)

Proof. Let0 < ¢ << 1, and let , : R" — [0. 1] be a Lipschitz continuous cut—off
function satisfying

N:(x) =0 if either |x — xg| < £ or {x| > 2¢~!,
ne(x) = 1 if |x — xo| > 2e and |x| < &',
[Vne(x)| = &7 ife < |x —xg < 2e. 2.7)

Vi)l =¢  ife™ < |x] <2¢7 !, (2.8)

Define
2. - -
W = ngw ) 1// =n.w .
Then we have

/lvwzf Vuw™ Vo + Va2 (w™)?
- _

so that, testing (2.5) with ¢ and using Holder and Hardy inequalities, we obtain

/ IVt/fizs/ (2 a0y + (Vi Pwo)?
Q- Q-

(|2

<
T (n~2)2

/ IV + at o P o +/ VP (w™)?
Q- La=I(Q") Q-
Finally, using Sobolev’s inequality, we infer
4A 2 1+ 2 2, =2
(1- D | IV P < S Ma g, | IVYR Vo ["(w™)".
(n=2)*" Jo- Q- Q-

Assuming that 1(227) # 0 and dividing the above inequality by ||V |13, we obtain the
desired inequality for ¢ — 0; indeed, since (w™)* is integrable, we have, by Holder’s
inequality and (2.7)—(2.8),

2 —32 —12 ac
/n— Va1l (W)™ = ClIWT L oy s ssiutetsiaizetyy = 0 as€ — 0.



ELLIPTIC EQUATIONS WITH A SINGULAR COEFFICIENT 251

Proof of Theorem 2.3. Looking at (2.4), by (f1) we have
h*(x)>0  inZ*, (2.9)

Thus the v*’s solve problems of the type (2.5). We shall use the alternative (2.6) in order
to prove that the v*’s are nonnegative. To this aim, denoting Q; = {x € T* : v*(x) <
0}, we remark that, by assumption (f2),

at(x) < plr)u(x)  VxeQy: (2.10)

hence, by (ul) we have the following a priori estimates on the L"2_norm of the coeffi-
cients a;” on the set where the v*’s are negative:

||0A+(x)||w:(g;) < lpullpwrigry < lpullpnezsy - (2.1

Step 1. We claim that there is A < O such that v* > 0 in £* \ {0}, for every
A < A. To this aim, we show that Lemma 2.5 is applicable. Indeed, as already pointed
out, the v*’s solve problems of the type (2.5). Moreover, as A < 0, the only possible
singular point of v* = u* — u in T* is 0* = (21, 0....0), where (possibly) only u*
is singular; therefore, by (u2), v* € W,L'S(E" \ {0*}). Finally, from (u3), we have that
(v")~ e L¥(T*); indeed (v*)™ is bounded by u itself and, since A is negative, u is in
L¥(=H).

Thanks to (ul) there exists A such that, for every A < A,

4A

”pl«l/i ”LH/E(E).) < S(l — m) .

Putting Q7 = {x € T* : v*(x) < 0} we then obtain from (2.11) that, for A < A,

4A

lan Oy < SO = =55) -

Therefore the alternative (2.6) of Lemma 2.5 yields v* > 0 almost everywhere in X%,
for & < A. By the strong maximum principle we then deduce that v* > 0 in £* \ {0*},
for A < A.

Step 2. Let us define A* = sup{A < 0:v* > 0 in £*\ (0"} ,V A < A}. If either
A* = 0or v* = 0in £* the proof is done. Arguing by contradiction, let us assume
that A* < 0 and v*" % 0. Since we clearly have v*" > 0, we deduce that v** > 0 in
T2\ {0*'}, by the strong maximum principle.

From (ul), for every ¢ > 0, there is 8y > 0 such that

",OMIL ”Lu/z(}:l\):).*) <&, YA€ [X*. A + (SO) .

On the other hand, since v*" is positive in £*" \ {0*'}, by convergence almost every-
where and thereby in measure of the v*’s to v*" in £*", we have that || pu” v igp e
converges to zero as A tends to A*. Therefore there exists 0 < §, < 8 such that

4A
————-—-—3) -z,
(n—2)

)

lou | Loragarnzisy < S(1 — YA €[0, A" +8)).
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In this way, using again estimate (2.11), we obtain

4A

& oy < S(1 —
lax™ll vegar) ( 2

), YAE[D,,A*+6)).

Then applying once again Lemma 2.5 we obtain v* > 0 and therefore v* > 0 in
TA\ {0}, forevery A € [A*, A* + §}), in contradiction with the definition of A*.

3. Symmetry properties of positive solutions. Consider the equation

—Au = A# +u?, ue WRARID\ODNLE®RI\ (). B.1)

Theorem 3.1. Assume A € (0, (n — 2)%/4)and 6 > 1. A positive solution u of (3.1) is
radially symmetric about the origin in the following cases.
(i) 6 =2* — 1 and either u € L* (B)) oru € L* (R" \ B));
(ii) 6 < 2" —1andeitheru € L¥ (By) oru € (L®~""/2(R"\ B)NLY (R"\ B)));
(iii) @ > 2* — landu € LT (R" \ B)) N LE-D/2YRr\ B)).
Proof. We first prove the assertion under the integrability conditions at infinity. In all

three cases assumptions (A1), (f1), (u2) and (u3) of Theorem 2.1 are clearly satisfied.
As to (2) and (u2), we remark that, by convexity of f,

M < Qte_l

s —t

, VOo<s <t

and by assumption, «’~! € L"2(R"\ {B,}) ﬂL;'O/Cz(R” \{0}) (note that, when § = 2* —1,
@ - Dn/j2 =2%).

To prove the theorem under the L2 assumption at the origin, we use the conformal
equivariance of the Laplacian and we define

| X

v = ()
Then v € W,,2(R" \ {0}) and, as Av(x) = lx}="=2 Au(x/|x[?), it solves the equation

—Av=A— 4 |x|fR=Dn=2,8
[x|?

Note that the new nonlinear f(|x|,s) = |x|?"=2="-25% satisfies (f1) only if n + 2 —
O(n —2) = 0, that is § < 2* — 1. Moreover, since vl revByy = llull 25,y and
[|1x|C=D=0=208 =1}l 2oy = =" po2ep,y < Cllull2(g,), we can conclude that
all the assumptions of Theorem 2.1 are fulfilled.

Remark 3.2. When ¢ < 2* — | the assumption u € L2 (R"\ {0}) is actually redundant,

loc

for every W,L‘Cz (R" \ {0}) solution is locally bounded. Concerning the regularity of

solutions to (3.1) at infinity, one can show that, when § < 2* — 1, every solution
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in L@-D/2(R7\ B)) N LE(R™ \ By), where § = max(2, (6 — 1)n/2), is actually in
DY2(R" \ By) and therefore in L¥ (R" \ By).

4. Analysis of the radially symmetric case. In this section we are concerned with
positive entire radially symmetric solutions of (3.1). Writing u(x) = ¢(|x}), |x| = r and
denoting by “ ’ ” the derivation with respect to r, then ¢ solves the ordinary differential
equation

, n—1 A
<p’+—r—;p'+r—2<p+<p9=0, r>0. 4.1
Equations of the above form with A = 0 have been studied in [11]. We are going to
show that the above class of equations is actually equivalent to that with A = 0. To this

aim we put ¥ (s) = e*¢(¢*), and, denoting by “ " " the derivation with respect to s, we
find that (4.1) is equivalent to

VAhy+ky+y’ =0 4.2)
whena=2/(9-l),2a+1+h=n—1anda2+ha+k=A. Putting

f(n—2)—n—2

O=—"26-1

, (4.3)

the above relations become

n-2 ~ ~ (n —2)?
—8, h=20, k=6>+A— .
2 + 4

Note that, as 6 > 1, the sign of # (and of h) is the same as that of & — 2* + 1. Thus
equation (4.1) is conservative if and only if § = 2* — 1, is accretive when 8 < 2* — |
and it is dissipative when 6 > 2* — 1.

Case 6 = 2* — 1: Since 6 = 0, (4.2) becomes

(n —2)*

¥ —( Ay +yrt=0. (4.4)
Looking at the phase—plane, positive orbits of (4.4) are those at energy level E(Y) =
(1/2)(W)? — (1/2)((n — 2)2/4 — A)Y? + (1/2*)%” less than or equal to zero. For
E = 0 we have one homoclinics whereas negative value of E correspond to periodic
solutions. The minimum value of the energy is achieved by the stationary point ¢ =
((n — 2274 — A)% ™. We point out that, as long as A < (r — 2)*/4, equation (4.4)
is equivalent to

(n —2)

4

£ E+E¥ =0, 4.5)

by means of the substitution ¥ (s) = n"~?/2&(ys), where n = (1 — 44/(n — 2)2)'/2.

As the function £(s) = (n(n - 2))("_2)/ fen=2s/2(] 4 ¢25)2=M/2 generates the unique
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homoclinic orbits of (4.5), the expression of the unique (up to shifts) homoclinic solution
to (4.4) is easily obtained.
Recalling our initial substitution ¢(r) = =72y (log(r)), we can classify all the
positive entire solutions of (4.1), when 8 = 2* — 1:
e one solution homogeneous of degree (2 — n) /2, corresponding to the nonzero
constant solution of (4.4);
® atwo parameter family of solutions behaving like O(|x|="/2y pear the origin
and at infinity (which are not homogeneous), corresponding to the periodic
solutions of (4.4);
o the solution

(n(n _ 2)nﬁ)(/1—2)/4
(lxl [ (l + lxlzm))m—Z)/Z s

LIA(X) = (46)

where
4A ) 172

22

na = (1

together with all its rescaled u p(x) = RZ=M12y(x/R).
Note that this last family describes all the regular solutions (either at the origin or at
infinity; i.e., belonging to L¥' (B;) N L (R" \ B))).

Case § < 2* — 1: In this case § < 0; thus @ > (n — 2)/2 and h < 0. Follow-
ing [L1], when k& < 0 there are no positive solutions. When £ > 0, every positive
orbit must connect the two stationary points O, = (0, 0) and 0y = (k)91 ).
Since the system is accretive (& < 0), we obtain that every positive solution satisfies
im0 ¥ (s) = (k)= and lim,, 10 ¥'(s) = 0, as (—k)"/*~ " minimizes the
energy. Going back to (4.1) and looking at the corresponding ¢ (r) = r=*yr(log(r)), we
obtain that every positive entire solution of (4. I) behaves like »~% at the origin. Since
0 < 2* — limplies thate > (n — 2)/2, such a function cannot be LY (B)).

5. The minimization problem. We are concerned with the minimization problem

S(a) = inf Q)

5 0. (5.1)
weD-IRN]0) ”“”2"

Note that the best constant in the usual Soboley inequality is S = $(0). As A (a) > 0,
the quadratic form defines equivalent norm and inner product in D'2(R"); therefore
S(a) > 0.

Proposition 5.1. Let (u,), be a minimizing sequence, weakly converging to uy % 0.
Then uy is a minimum and the convergence holds in the strong D"z(R")—t()pology,

Proof. The argument resembles that of [6, Lemma 1.2]. We first remark that the
weak convergence implies that Q(u,) = Oug) + Quy — ug) + o(1); indeed, keeping
the notations of section 1 we have Q) = Qug + uy — ug) = Oup) + O(u, —
uo) + 20 o, u, — uy) and clearly QCug, u, — ug) =< Loug, uy, — ug >pragsn— 0.



