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Abstract

In 1999 Chenciner and Montgomery found a remarkably simple chore-
ographic motion for the planar 3-body problem (see [11]). In this solution
3 equal masses travel on a eight shaped planar curve; this orbit is obtained
minimizing the action integral on the set of simple planar choreographies
with some special symmetry constraints. In this work our aim is to study
the problem of n masses moving in R¢ under an attractive force generated
by a potential of the kind 1/7%, a > 0, with the only constraint to be a
simple choreography: if qi1(t),...,qn(¢) are the n orbits then we impose
the existence of 2 € Hj, (R, R?) such that

¢gt)=z(t+(GE—-1)7), i=1,...,n, t e R,

where 7 = 27 /n. In this setting, we first prove that for every d,n € N and
a > 0, the lagrangian action attains its absolute minimum on the planar
circle. Next we deal with the problem in a rotating frame and we show
a reacher phenomenology: indeed while for some values of the angular
velocity minimizers are still circles, for others the minima of the action
are not anymore rigid motions.

Subj-class: Dynamical Systems, Variational Methods.
MSC-class: 70F10, 70G75, 37C80.

1 Introduction

In the recent years, several new periodic solutions to the n-body problem have
been found by minimizing the action functional in space of loops having some
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special symmetries (see [3, 4, 5, 6, 7, 8, 10, 11, 12, 17, 19, 23, 24]). The present
work is motivated by the results in [16] where the authors prove the existence
of collisionless minimizers in very general classes of symmetric loops: a natural
question is whether these minimizers are rigid motions corresponding to central
configurations.

To be more precise we are interested in the 27-periodic solutions to the
dynamical systems of n bodies, g1, ..., ¢, with masses mq,...,m,, interacting
according to the Newton’s law

—miGi = Y VVilgi—q), i=1,...,n (1)
i,j=1
i
where
Viglai —q;) = —7——5, @ €R] 2
J( ]) |qi_qj|a + ()

is the potential that generates an attractive force between each pair of bodies.
According to [2, 10] a simple choreographies is a motion in which the bodies lie
on the same curve and exchange their mutual positions after a fixed time. If
q1(t),...,qn(t) are the n orbits then we impose the existence of x € H}_ (R, R%)
such that

¢t)=z@t+(GE—-171), i=1,...,n, teR, (3)

where 7 = 27 /n. Moreover, we assume that our system consists of particles of
equal masses. Without loss of generality, we may assume that each m; = 1.

Solving (1) under the constraint (3) is equivalent to seek the critical points
of the functional

1 n—1 T ) 5 1 n_l T dt
_A(;(;):Q};)/O |(E(t+h’7’)| dt+§ Z /0 |x(t—|—l7’)—.17(t+h7')|a (4)

hi=0
h#1

on the set

A={zec H RRY:z(t)#a(t+hr),VtcRh=1,...,n—1}.

dt
t+iT)—z(t+hT)|
only depend on [ — h, since there are only n — 1 distinct average on [0, 27] of
distances between two bodies; we can then rewrite the action in (4) in the easier
way

The choreography constraint implies that the quantities fOT Ex

_1 27 ; ) 1”71 27 dt
Alz) = 2/0 O dt 3 ,;/o 20 =z AT 8

Recall that a central configuration is a configuration in which the acceleration
vector of every particles is §; = —kq;, k > 0, and a relative equilibrium motion
is a rigid and uniform rotation of a central configuration around the center of
mass; our main result is the following



Theorem 1. For every o € R and d > 2, the absolute minimum of A on A
1s attained on a relative equilibrium motion associated to the regular n-gon.

In particular Theorem 1 implies that, among simple choreographies:
(i) the minimum is a planar motion;
(ii) the minimum is a motion of relative equilibrium;
(iii) the minimum has minimal period 2.

In other words, we prove that the absolute minimum of the action integral
among 27-periodic loops in H* is the relative equilibrium solution whose central
configuration is an absolute minimum of the potential among all the configura-
tions that generate a simple choreography. This result agrees with the one of
Chenciner and Desolneux in [9] in the sense that, among choreographies, the
minimum of the action is the relative equilibrium motion correspondent to the
minimum among central configurations; moreover it agrees with the work of
Albouy and Chenciner in [2] since the minimum is a planar motion.

In literature we know few works where explicit minima of the action are
determined on special classes of loops. From [9] we can understand the following
assertion

If the minimal central configuration is planar and it is a reqular
polygon, then the correspondent motion of relative equilibrium (A)
(i.e. the circle) is the absolute minimum of the action under

the choreography constraint.

It’s easy to prove that (A) is fulfilled for 3-body in any dimension. If d > 3 the
minimal central configuration is never planar as soon as n > 4, therefore (A)
never holds (see Correction to [9], [18], [20]). Indeed, F. Pacella in [20], proves
that the planar central configurations of 4 equal masses are saddle points for the
potential energy and R. Moeckel, in [18], shows that for every planar configura-
tion of n different masses, there exists a variation on the direction perpendicular
to the plane of the configuration that makes the potential decrease.

Concerning the flat central configurations we know from A. Albouy, in [1],
that the square is the minimal central configuration for 4 bodies and again (A)
holds true. On the hands, we recall that Palmore in 1976, in [21], claimed that
the m-gon is the minimum among flat central configurations, but some years
later Slaminka and Woerner in [22] show the n-gon is not the minimum for
n > 6, n even. This result shows a strong obstruction to the fulfillment of (A)
also in the planar case. Numerically, D. Ferrario, shows in [15] that the square
and the pentagon are the absolute minima for 4 and 5 bodies respectively, while
if n > 6 the n-gon is not anymore the absolute minimizer; but if we take into
account just central configurations that generates a simple choreography, we
have in [15] a confirmation of our result.

The above discussion shows that Theorem 1 relies more on the choreograph-
ical assumption than on the properties of the central configurations. In order



to obtain a better understanding of the structure underlying Theorem 1, we
proceed with the analysis of the same problem in a rotating frame with angular
velocity w > 0. In this case the lagrangian action is

12 , ,. 1 T dt
Atw) =5 [ 100 + o) ESPD | co—amm

where y € A is the loop in the rotating system on which the bodies move with
the choreography constraint y;4+1(t) = y;(¢t + 7). In order the deal with coercive
functionals we shall choose w ¢ N. Our results show a strong dependence on
the value of the angular velocity w. Indeed consider the function h : R} — N,

h(w) = min,en (w;f’)z and let w* := max{w : h(w) = 1}. We will prove that for

w € (0,w*)\{1} Theorem 1 still holds true. In a similar manner, we shall show
that for w in appropriate e-neighborhood of integers k coprime with n, w ¢ N,
the minimum of the action is still attained on the rigid equilibrium motions
associated to the n-gon, but the minimal period of the motion of each body is
now 27 /k (see Theorem 2).

The assertion of Theorem 1 can not be valid for every value of w: in fact
if we consider values of w close to an integer k such that g.c.d.(k,n) = k > 1,
k # n, the minima of the action are more complex orbits that are not anymore
rigid motions, but 2m-periodic curves with winding number k about the center
of mass; furthermore this motions show a clustering phenomenon (see Theorems
3 and 4). Our rigorous results cover a range of w close to the set of integers;
for this reason we investigate numerically the behavior of the minimizers for
values of w close to an half integer. The numerical experiments show that
the minimizers are not anymore rigid motions, moreover they are not planar
provided the number of bodies is large enough (n > 12 fits) while they seem to
be planar circles when n < 9. As a final remark non planar motions appear as
mountain pass points for low number of bodies (n = 3).

The paper is structured as follows: the first four sections are devoted to the
proof of Theorem 1: in Section 2 we recall its proof in the Keplerian case, while
in Sections 3 and 4 there are all the elements to make the proof of Section 5.
In Section 6 we study the minima of the action functional when the bodies lie
in a rotating system with angular velocity w > 0. In the last section we show
examples for Theorems 1, 2, 3, 4 and some non-planar saddle points we have
found numerically.

2 Preliminaries

In this section we recall, for the reader’s convenience, two classical inequalities
and we show the equivalent result of Theorem 1 in the Keplerian case. This
result follows from the application of Jensen Inequality as first remarked in [13]
and [14].



Let ¢ € H} (R, R) such that [¢] = 5 027T q(t)dt = 0, then

27 27
/0 4(t) 2dt > / lg(t) . (6)

The inequality (6) is known as the Poincaré Inequality and to prove it, consider
the Fourier representation of ¢, q(t) = >, 7. cn€™, c_p = Gy; then ¢(t) =
> ez incpe™ and

27 27
/ G(t)2dt =27 Y 2 =2 Y 2 :/ lq(t)|dt;
0 0

nez* nez*

the equality holds if and only if ¢, = 0, for every n ¢ {—1,+1}, i.e. ¢(t) =
cre? +c_1e”® =qcost + bsint, a,b € R.

When we have a vector-valued function ¢ € H3 (R, R?), d € N\{0}, q(t) =
(q1(t),...,qn(t)), [g] = 0, then inequality (6) have to be verified from every
component ¢;(t), ¢ = 1,...,d and the equality is attained if and only if ¢;(¢) =
a;cost + b;sint, a;,b; € R.

Consider now a convex function f on (a,b) C R and g € L(0,27) such that
a < g(t) < b for every t € (0,27), then the Jensen Inequality holds

(5 [ i) < [ sawnan )

Observe that in equation (7) the equality holds if and only if g(¢) = cost.

Take now an inertial system with a fixed body at the origin and a second
one moving on a 27-periodic orbit ¢ € Hi_(R,R%) according to the Newton’s
law

where V(q) = —ﬁ, a € RY, is a generalization of the Newtonian potential.

To seek solutions of (8), we look for the critical points of the functional

A = [l [Tt )

defined on the set
Ak ={q € Hy,(R,R) : [¢] = 0,q(t) #0,Vt € R}.

Using (6) and (7) we can state that the minimum of (9) is attained on a circle.
In fact, applying first the Jensen Inequality to the convex function 1/5%/2, we

obtain
2 /2
1 [ dt 1 o/ o :
27 (t)]> =\ e 2 7 2 ’
T Jo la(t)| o= [T a(t))2dt ST a(t))2dt




then, using the Poincaré Inequality we have

2m T a/2+41
Aa) = g [l LI (10)
’ 5 la)Pat]

N R
= )Pt + —
! (1 latoear) ™

Y
3

In particular

A(g) = min{f(s)}. (12)

s>0

71,)a/2+1

where f(s) = 5+ (QST, s > 0. If there exists § € Ag such that in (10), (11),
(12) the equalities are reached, then g is the absolute minimum of the action A.

Since the minimum of the function f is attained at the point s, = 27ra%+2,
the absolute minimum of 4 have to verify the conditions:

27~
0 ‘q(t)|2dt = Smin,
(H) |q(t)] = c € RY,
gi(t) = a;sint 4+ b; cost, i =1,...,d.

When d = 3, the only function that satisfies (H) is the planar circle g(t) =
a=7eit If d = 4, we identify R* = C2 and we have that (H) are satisfied if and
only if q(t) = (r1e®, rqett), ri,ro € R . Since rorie — rirqeet® = 0, we deduce
that ¢ lies in C and it is a circle. If d > 4, we can reduce the problem to the
two cases we have already examined.

3 Some inequalities

To simplify the notation of this section, we define the integers K := n — 1,
N:=K-1.

Proposition 1. For every 3 > 0, fized any 1, ... px € RY the problem
1
min” L

h—=

has a unique solution on the set {sh : Zthl whSp =1; S1,...,8K € Ri}

Proof. We want to prove that the function f(s) := ZhK:1 siﬁ has a unique min-
h
imum under the constraint

K
Z HnSh =1,
h=1



that is equivalent to prove that the function

Ny N —B
Jeloion) =3 ui(l—zﬂhsg ,
=1 °h h=1

S

has a unique minimum. This function is defined, continuous and coercive on
the bounded set

N
S:{(31,...,31\7):si>O,i:1,...,N,Zuisi<1}.
i=1

Moreover fo is strictly convex on S, since composition of a strictly convex

function with a linear one. The uniqueness of the minimum follows.
O

Corollary 1. For every 3 > 0, fized any (fi1, ... [ix) € (Rj_)K the problem

min ®(s), s=(s1,...,sx) € (R})X, (13)

o (§2) (E)

has a unique solution up dialations, in the sense that if m = min ®(s) and
®(3) = m then ®(s) = m if and only if there exists a positive A such that
s = A\3. Moreover the minimum is attained on § € (R%)X such that

N 1
Bh= 30K 4 (14)
Sh' 2an=15n

. K
and its value is Y, _, L.
- s

Proof. The function @ is homogeneous, for every A > 0 and s € (R%)%, ®(\s) =
®(s). Problem (13) is equivalent to the one we have studied in Proposition 1,
since, fixed fi € (R%)X, then (R%)X = J,. o As', where s' € (R%)* is such that
Zle fins), = 1. The uniqueness of the solution in the sense specified follows
then from Proposition 1.
To find an explicit solution for (13), we impose ﬁ =0,h=1,...,K and we
obtain relation (14).

O

Proposition 2. For every k > 2, k € N and x € (0,2m) the following inequality
holds
1 — cos(kx) < k*(1 — cos x). (15)

Proof. Let f(x) := 1—cos(kz) and g(z) := k?(1—cos ), real functions defined on
(0, 27). First of all observe that the function ¢ := g — f is such that (7 — ) =
o(m + x), so we only have to prove (15) on the set (0,7). Moreover, since



the function g is increasing on (0,7), f increases in (0,7/k) and f(x) < 2 =
f(m/k) < g(mw/k) our claim is to show (15) only on the set (0,7/k). To do that
it is enough to remark that the function ¢ is positive on the interval (0, 7/k),
in fact

and, if x € (0,7/k)
¢ (x) = k*(cosx — coskz) >0 for k> 2. (16)

4 An eigenvalue problem
For every x € A let £ = (&7,...,&%_) € (R})" ! defined as
£7 = /027r l2(t) — z(t + h7)]Pdt, h=1,...,n—1,
and let &, := & = 8msin’(wh/n), where 7 is the circle of radius one centered at

the origin.
The positive numbers ji, are defined as

1 — 1
fin = — 7> Where e= ) —5.
CSh h=1&n
In what follows z;, i = 0,...,n — 1, are n vectors of RZ. If j > n then T; = Ty,

where i = j mod n, so when we write x; with j > n, we actually want to write
the correspondent x;.
Define the linear operator A* : R*® — R"? in the following way

n—1
(Arz); = Z An(22; — Tipn — Tizn), (17)

h=1
where z; € R?, i =0,...,n— 1.
In the first part of this section our aim is to study the eigenvalues and the
eigenvectors of A*. Remark that A* acts on each component of every z; € R?
in the same way
(AFz)! = fn(2z] — xz_i_h —zl_,), (18)
1

S
|

>
Il

fori =0,...,n—1and j =1,...,d. For this reason we can associate to A*
the square matrix nd x nd

D# 0



where D* is the n X n matrix associated to the operator A* restricted to the
first components. The eigenvalues of A* are the eigenvalues of the matrix D*
and their multiplicity is d times the multiplicity of the ones of D#*. We will have
a complete description of A* by studying the eigenvalues and the eigenvectors
of the matrix D*.

Lemma 1. The matriz D" defined below has [n/2] + 1 eigenvalues

1 12
do =0, 7 o < o l seees /2] (19)

The multiplicity of 6o is 1 and the correspondent eigenspace is the one spanned
by a constant vector of R™.

The multiplicity of 01,...,0[n/2) is 2 except when n is even, in this case the
multiplicity of 0,2 is 1.
The eigenspace correspondent to the eigenvalue 0;, | = 1,...,[n/2], is spanned

by the pair of vectors of R™

(E), ), @

Remark 1. If n is even, the multiplicity of 6,2 is 1 since (51n(2”zl))i =

(sin(74)); = (0);.

Proof. g = 0 and its multiplicity is 1 since the kernel of D* is not trivial and
it is composed by the vectors A1gn, where 1g» = (1,...,1) and A € R.

The vectors in (20), that we denote with v; are eigenvectors for D#, in fact
for every Il =1,...,[n/2]

(D"vy); [2 > fin(1 — cos (Thz) )1 (v1)i

and then )
— 2r
= [l — — =1,... .
1 =2 fin(1 - cos ( - hl)), I1=1,...[n/2] (21)
h=1
We can calculate d;:

n—1
2 2sin? (rh/n)
QZ”hl_COS(nh>) - 22 ﬁ+1/ = Z ﬁ+1

h=1

n—1

1 1 1
S B
27rch:1§h 2T

replacing the inequality of Proposition 2 in (21) we obtain the estimate

12
— 22
o < 9 (22)



fori=2,...,[n/2].

The eigenspaces corresponding to 1, . . ., 0, /2] are 2-dimensional (except the
case n even, where the eigenspace correspondent to 4, /o is 1-dimensional, see
Remark 1) since

" 2w 2w 1 — 2w
3 — S — = — s1 27 ) = M 2
;:1 sin < - zl) cos < - zl) 5 ;:1 sin ( - zl) 0; (23)

some therms in the second sum of (23) are zero (sin(kw)), the others are pairs
of opposite numbers of the kind

2 2
sin (217T¢> = —sin (QZﬂ-(n - i)) .
n n

Moreover the eigenvectors in (20) with [ = I; are orthogonal to the ones with
I = lyif Iy # ls. We conclude the proof, since we have found a set of n
independent eigenvectors for the n-dimensional matrix D*.

O

Remark 2. The eigenspace spanned by a pair of eigenvectors of the kind de-
scribed in (20) can be interpreted as 2-dimensional subspaces of R™ or as the
following subspaces of C™

{(ze n ‘erZefl‘m) :ZG(C}, l=1,...,[n/2],
i=0,...,n—1

.....

where J is the complex unit. When n is even, the multiplicity of 6, /2 is 1 and the
eigenspace correspondent to the eigenvector 0, /o is generated by the real vector
(1,-1,...,1,-1).

A priori, the eigenvalues in (21) have not to be all distinct; if we call 61, L €
[—[n/2], [n/2]]NZ* the nonzero eigenvectors of D*, then we know that d, = 6_p,
and the eigenspace of D" correspondent to 61, L € [—[n/2],[n/2]] N Z* has the
form

<Z zLe%‘hL> iz €Cy (24)
i=0,...,n—1

LeL
where zr,,z_1, € C are conjugate and L = {L € [—[n/2],[n/2]|NZ* : 61, = 01}

Lemma 2. Consider z; : R — R%, i =0,...,n—1 and the system
—i;(t) = MA'z(t))s,
r; € Hl (R, R"), i=0,....,n—1 (25)

x;(t+27/n) = zip1(2),

where the linear operator A" is defined in (17). Then the minimal A such that
(25) has a nontrivial solution is Apin = 2m. Moreover if A = Apin the solutions

has the form
2
= @ cos <t + Z) + bsin (t + ﬂi) , (26)
n

..,n—1.

10



Remark 3. Remark that the motion described in (26) is planar and lies on the
plane generated by a, b.

Proof. The linear operator A* acts on each component of the functions z; in
the same way (see (18)), then we can study problem (25) in the case d = 1 and
easily find a solution for d > 2.

If d = 1, the scalar periodic functions x; can be written as

rilt) = 3 agpe’™ (27)

where a; _j and a;; are complex conjugate numbers. Remark that for every
k € Z*, the vector (a;k)i=o0,...n—1 € R™ is an eigenvector for the operator A*;
in fact from

n—1
2 _Jkt . - Jkt
E a; pk-e = —& = E A E Bn(2ai 6 — Qith ke — Gimh ke
kezZ* keZ* h=1
Jkt
- E A(AF(air)), e,

kezZ*
we deduce that for every k € Z*, there holds

k2
A (Au(ai,k))i = Tai,]m

that implies the existence of an eigenvector 0z, (see Remark 2) such that

k2

)\—E.

When we impose that x;(t + 27/n) = x;41(t), from (27) we have
27
aike "N = ai1, (28)
where ay,, ; = aox. Remark 2 implies that, since vectors (a; x); are eigenvectors
for A*, we can write
2m 1
ik = Z ar,ke” Sk
LeLl
where £ = {L 10 = %} and ar, = a_r ; relation (28) then becomes
27 74 27 7(s
Z ar. ke JEHDL — Z ar.kemn JL+k)
LeL LeL

that is verified when ar, = 0 or, if apr # 0, when kK = L 4+ nZ. Since
L € [=[n/2],[n/2]] N Z*, using (19), the minimal value for the parameter X is

A min K min L* +nZ min L ! 2
min — e _— —_— = — = 2T
kL 0, L or, L 9p &1

11



and it is achieved for |k| = |L| = 1. The solution of (25) associated to Apin
then is

2 2
nB)= Y e’ = asin (Wi + t) + beos (Wz' + t) : (29)
n n
k=+1

with a,b € R.
When d > 2, each component of the functions z;(t), ¢ = 0,...,n — 1 has the
form (29) and then

L. (27, - 27
zi(t)=dsin | —i+t) +bcos| —i+1t],
n n

with @,b € R

O
Let z € A and define
i :R—-RY  z;(t)=x(t+ir), i=0,...,n—1, (30)
the motion of the (i + 1)-th body. Since = € A, z; € Hi_(R,RY).
Corollary 2. For every x € A
o n—1
[ oz e (31)

and the equality holds if and only if the functions x; associated to x (see (30))
have the form (26).

Proof. First of all observe that if z € A is not the zero function, (31) is equivalent

to
n—1 p2m . 2
- Z; t)|°dt
T a0 Son .
Zi:O fo <(A”$)ivfﬂi>u@d dt
in fact
n—1 o n—1n—1 2
Z/ <(Aux)iawi>Rd dt = ZZﬂh/ (2$§—$i$i+h—$i$i—h)dt
i=0 0 i=0 h=1 0
n—1ln—1 27
- Y Y m / (202 — 204 )dt
i=0 h=1 0
n—1n—1 27 n—1
= XS [l mPd=n Y e
i=0 h=1 0 h=1
and
n—1 2 27
Z/ |j:i(t)|2dt—n/ |2(t))?dt.
= Jo 0

12



The functional

Ja) e Do Jo lE ()t
= == ,
Z?:o 0 " ((Arz);, xi>]Rd dt
defined on A, is bounded from below (by a strictly positive constant) and, if
(Zn)n is a minimizing sequence then
~l@nlla = 2T 2(t)[?dt is bounded,
- the compactness in L? of the space of 27-periodic functions with zero mean
value in H'(0,2m) ensures that if z,, — = in L? then

1 2 —1 p2

Yiso Joo ((AFn)i, (@n)i)ga dt — Y000 fo T {(AF@)i, @i)ga dt,

- the boundedness of ||2,||a = ||4n||z2 ensures that 4, — 4 in L? and then (by
the lower-semi continuity of the norm)

J(z) <liminf, J(x,).

So we can state that the minimum of J exists. The minimal value of J corre-
sponds to the first eigenvalue \,,;, for the problem (25). From Lemma 2 the

inequality follows.
O

5 Proof of Theorem 1

The idea of the proof is to find a functional A defined on the set A such that:
(i) A(z) > A(z) for every x € A;

(ii) A(x) attains its minimum on the circles;

(iii) A(z) = A(z) if and only if z is a circle.
With this aim we remember the definitions of £%, £, i and ¢ given in Section 4
and we use the Jensen Inequality, applied to the convex function f(s) = sa%
and g(t) = |z(t) — 2(t + h7)|?, to obtain

n—1

1 °r P 1 w
.A(-'If) > 2/0 | (t)‘ dt + 2 hgl (é‘}ﬂi‘)a/Q . (33)

Remark that in (33) the equality is attained if the quantities |z (t) — z(t + h7)|?,
h=1,...,n—1, are constant.

Take now

- 1 27 1

A@y:—/ ()2t + ¢ - (34)

2 0 n—1_ ¢ @
h=1 /’thh)
L (em)2tt . .
where ¢ = *=5——c. Corollary 1 ensures the inequality
Alz) > Az). (35)

13



The quantities fij, are defined in such a way that the minimum of the functional
/2

(Zh L&D Q/Q) (Zh 1 ,uhfh) is obtained if £& = &, and its value is ¢, so if

z is a circle the equality in (35) is attained.
From Lemma 2 follows that if we define

1

1 a/2’
ZZ 1 Hh h)

A(z) =21y inéf +é €A, (36)

h=1

/N

then ~ -
A(z) = A(z), (37)
and the equality holds if z satisfies (26).

To study the minima of the functional A let us consider the function g :

1 —

R: — R, g(y) =21y + a/Q, which has a unique minimum at § = (O‘—ﬁ) A
n—1 _

attains its absolute minimum on the functions € A such that Y, —) in&f =

1
(%) 2+ among others on the circle of radius

ac a2
ne ()7 -

Condition (ii) is then verified. To conclude the proof we show condition (iii), i.e.
that the only = € A such that the quantities |z(t) —z(t+h7)|%, h=1,...,n—1,
are constant and, at the same time verify (26) are the circles. We prove this in
the following Proposition.

Proposition 3. For every x € A such that |z (t) tw(t + hr)? are_constant,
h=1,...,n—1, and x(t) = dcost + bsint, then @-b =0 and |a| = |b|.
Proof. Let 7, = ht and consider
z(t) — z(t +15,) = @ (cost — cos(t + 73,)) + b (sint — sin(t + 73,))
= @ (cost(1l — cosTp) +sintsin7y) + b (sint(1 — cos 15,) — sin 7, cost)
= 2sin (T—h) [a (costsm — +sint cos —) +0b (Sintsin Th _ cost cos T—h)}
2 2 2 2 2

then the square of the distances between each pair of bodies are
lz(t) — 2(t + 73)|* = 4sin® (%h) [|EL’\2 sin? (t + %L) +1b]? cos (t + %)
—2a - Bsin (t+ 5 ) cos (14 5]
— 4sin? (%’1) [|a|2 + (|z§|2 - |a\2) cos? (t + %") —&-bsin(2t + Th)]

it (1) [
2

5 + (|I_)‘|2 - |&|2) cos (2t +73,) — @ - bsin(2t 4 73,)
these quantities do not depend on ¢ if and only if @- b = 0 and |a@| = |b].
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6 Minima in rotating systems

In this section we try to generalize the previous results to the case when the
n particles move in a non-inertial system, more precisely in a system rotating
with angular velocity of intensity w. We shall prove that Theorem 1 still holds
in some range of w. This is not a technical obstruction: indeed the assertion of
Theorem 1 does not hold true for many angular velocities w.

Suppose d = 2, let x(t), the orbit on which the bodies move in the inertial
system and y(t) the orbit in the non-inertial one. We suppose that the two
systems are linked by a rotation with angular velocity of intensity w > 0, then
the relation between the orbit in the inertial system and the one in the the

rotating system is
x(t) = e“ty(t).

We want to minimize the action among 2m-periodic loops in the rotating system,
y € A, which satisfies the choreography constraint y;1(t) = y;(t + 7), where
yi(t) = y(t+ir), ¢ = 0,...,n — 1, is the motion of the (¢ 4+ 1)-th body and
Yn(t) = yo(t). In the inertial system the motion verifies the following conditions

ot 4 21) = 292 (t), ai(t) =e T (t 4+ 7). (39)

We seek the loop that minimize the action integral in the rotating system.
The mutual distances among bodies are invariant under a rotation, and, since
the potential depends only on these quantities, when we write the action as a
function of the orbit in the rotating frame, y(¢), we have the only difference in
the kinetic part

B } 27 . ) ln_l 27 dt
A= [0+ raPa S [ e )

Proposition 4. Ifw =k € [2,n—1]NN and if k,n are coprime, then the action
does not admit any minimum.

Proof. Consider the loops 4, (t) = R,e’*, R, — +o0 if v — +00; (y,(t)), form
a not converging minimizing sequence for A.

O
Proposition 5. If w = n, then the action admits a continuum of minima.

Proof. From (39), we have that the orbit in the inertial system is 2m-periodic
and verifies the choreography condition x;11(t) = x;(t + 7). Since the center
of mass is not fixed, all 2m-periodic circle with radius expressed in (38) are
minima in the inertial system. In the rotating system the minima are y(t) =
(R(a,n)etTt + c)e=mkt ¢ € C.

O

Proposition 6. Ifw =k € [2,n —1]NN and g.c.d.(k,n) = k>1,k+#n, let
ji=n/k and j:=k/k. Then
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(i) the action does not achieve its infimum;

(ii) any minimizing sequence (y“)), has the form

g =725 (C%) +n(t + z‘T)> e’ +o(1),, i=0,...,n—1

i=m modj and m=0,...,5—1

where |cm)| — +00 if v — +o00 form =0,...,j — 1 and the function n is
the minimum of the action described in Theorem 1 withn = k.

Proof. Conditions (39) in the inertial system imply that
2t +2m) = x(t), mip1(t) = e 2™ g (t + 1); (41)

then we have j equal systems (up to rotations) with k bodies each in which the
bodies are linked by a choreography constraint. We can split the action as the
sum of two part

A= ]-Afg + Ainta

where A; is the action of each subsystem with k bodies and Aj,; is the sum of
the interactions between each pair of bodies in different subsystems. Therefore
the infimum of the action is j-times the action of the minimal motion with k
bodies.

On every minimizing sequence A;,; — 0, so that the center of mass of every
subsystem will go to infinity in a radial direction and the angle between two of
such directions is a multiple of 27 /j; moreover the motion on every subsystem
tends to the minimal orbit with k& bodies we have found in Theorem 1.

O

Consider the function i : RY — N, h(w) = min,ey- (“’;72”)2 and let w* :=
max{w : h(w) = (w— 1)}, (w* = 3). We can state the following

Theorem 2. If w € (0,w*)\{+1}, then the functional in (40) attains its min-
mmum on a circle with minimal pertod 2w and radius depending on n, o and
w.

Proof. Following the proof of Theorem 1, we would like to show the existence
of a constant depending on w, ¢(w), such that the following inequality holds

27
/0 [9(t) + Jwy()|?dt > c(w Z g, (42)

for every loop y € A. Using the same arguments of Lemma 2 we have that (42),
is equivalent to

z“ o \yx )+ Jwyi(t) 2dt

> clw s 43
S (A ) gadt ) (43)
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where y; : R — R? describes the motion of the (i + 1)-th body v;(¢) = y(t + i7),
1 =20,...,n— 1. Following the proof of Corollary 2, the functional at the left
side of (43) attains it minimum on the set A and the minimum corresponds to
the first eigenvalue for the problem

—iji(t) + 2Jwy; + w?y; = AAFy(t))s,
i € HL (R,R?), i=0,... n—1 (44)
Yi(t +7) = yiy1(t)

where A\ € R and A* : R?™ — R?" is defined in (17). To find the first eigenvalue
for the periodic problem (44), we write the Fourier series

yi(t) = Z bige’, i=0,...,n—1
=

and, as in the proof of Lemma 2, we obtain that the vectors (b; x)i=0,... n—1 € R”
are eigenvectors for the linear operator A*

n—1
(k= w)?bik = A An(2bik = bipns — biong) = A(A*(bir)), -
h=1
It follows that there exist d1, eigenvalue for A* such that d; = (ki\‘”)z.

When we impose that y;(t + 2X) = y;41(t), we obtain the relation k = L + nZ
and, since w € (0,w*)\{1} and §; < [?/27, the minimal value for X is verified
for L = 1. Then we obtain that the minimal eigenvalue for the problem is

c(w) = 2m(w — 1)

As in the proof of Theorem 1, we can conclude that the minimal loop for the

2\ L/ (e+2)
functional in (40) is a 2w-periodic circle with radius R, = (%)

O

Remark 4. When the bodies move in a d-dimensional space, we can use the
same arguments of Lemma 2 to show that the orbit is planar and, precisely,
that it lies on the plane orthogonal to the direction of the rotation. In fact, we
can decompose the motion in [d/2] 2-dimensional spaces (if d is odd, there is
no motion in the last dimension since the choreography constraint could not be
verified) such that the first of them is the plane of the rotation. The eigenvalues
correspondent to the motions in the 2-dimensional subspaces are all 21 except
the one of the plane orthogonal to the rotation that is c(w); since c(w) < 27 the
motion is a planar circle on the rotating plane.

Theorem 3. Suppose that n and k are coprime. Then there exist € = e(a,n, k)
such that if w € (k — €,k + €) the minimum of the action is attained on a circle
with minimal period 27 /k that lies in the rotating plane with radius depending
onn, a and w.
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Proof. Take w € (w*,n—1/2), w ¢ Z+1/2 and let [w], =k € [2,n—1]NN, the
integer closest to w. Suppose k coprime with n. We define a new linear operator
AMF that on the two components of the rotating plane acts in the following way

n—1

(ARFT ="k 2yl — vl — vl ), (45)
h=1

where jif = W7 £F = 8msin®(nkh/n) and & = S0 @%/2 On the
other components A*F acts in the same way as A*. The eigenvalues for the
operator A** corresponding to the components on the rotating frame are the
same eigenvalues of the matrix D*, but rearranged in a different way, we will
call them 6{“. It is easy to calculate that the smallest eigenvalue for A*F is
5,@ = 1/27. As in Theorems 1 and 2, to prove that the minimum of the action is

a circle with minimal period 27 /k in the rotating plane we would like to verify
that N2 12

min G _k ) = G _k ) =271(w — k)2 (46)

1 0, oy

In fact, since on the components orthogonal to the rotating plane, the minimal
eigenvalue is 27 (see Remark 4) and (w — k)2 < 1 (k is the closest integer to
w) the minimal eigenvalue on the rotating plane is smaller than the ones on the
orthogonal directions and the motion will lie on the rotating plane.
Since the minimal eigenvalue is 1/2m, condition (46) is implied by

1 . 2 2
5§3X§mmkm((w—k+l),(w—k—l)), (47)

where 0¥ is the largest eigenvalue of the linear operator A**. Fixed n and
a, (47) is verified if we take w in an appropriate e-neighborhood of k. We
can then assert that the minimum is the planar circle with minimal period
27 /k that lies in the rotating plane. Moreover the radius of a minimal circle is

o \ V(@2 2
R, = (2c(w))

, where ¢(w) = 27(w — k)=

O
Remark 5. Whenn = 3, §2,,,. = 1/2r and condition (47) is always verified. In

this particular case if w € {1,2}, the action does not admit a minimum; if w =
3/2, the minima are all circles with minimal period m or 27; if w € (0,3/2)\{1}
the minimum is attained on circles with period 2w and if w € (3/2,3)\{2} the

minimum is on circles with period 7.

Remark 6. Calculating the values of 6, ., we remark that if 4 < n < 9,
condition (47) is verified for every a > 0, this implies that taking k coprime
with n, then for every w € (k — 1/2,k + 1/2) the minimum of the action is

attained on a circle with minimal period 2w [k that lies in the rotating plane.

An interesting situation appears when the integer closest to the angular
velocity is not coprime with the number of bodies. In this case we prove that
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the minimal orbit is planar, but it is no more a circle, as the following theorem
states.

Theorem 4. Take k € N and g.c.d.(k,n) = k > 1, k # n. Then there exists
e =e(a,n, k) >0 such that if w € (k — €,k + ¢)\{k} the minimum of the action
s attained on a planar 2mw-periodic orbit with winding number k which is not a
relative equilibrium motion.

Proof. Let (wy,)y,, w, — k as v — +o00. If m(w,) is the minimal value of the
action correspondent to w, then m(w,) — inf jA; (see Proposition 6) for the
continuity of the action in w. Then there exists vy such that when v > vy,
m(wy) is attained on a orbit of the kind described in (%) of Proposition 6.

O

Remark 7. With the same argument we used in the proof of Theorem 4, we can
assert that there exists € = e(a,n) > 0 such that if w € (n—e,n+¢€)\{n} then the
minimum of the action is attained on a orbit of the kind y(t) = (R(a,n)e®’t +
c)e Ikt ¢ € C (see Proposition 5).

In the theorems above we have examined the minimizers of the action func-
tional when the angular velocity of the rotating system is in the interval (0,n —
1+¢€), where € = €(,n,n — 1) according with Proposition 4, 6 and Theorems 2,
3,4, or when w € (n —&,n+¢&), £ = £(a,n) according with Proposition 5 and
Remark 7. Consider now w > n, such that

w=w+In, leN*, @e(0,n).

When @ = 0 then we are in the same situation described in Proposition 5. If
@ = k, Propositions 4 and 6 still hold true replacing w with @. When @ is not
an integer, then Theorems 2, 3, 4 still hold replacing w with & and with the
following differences: in Theorems 2 and 3 the minimal period of the minimizing
circles are in this case respectively 27 /ln and 27/(In + k); in Theorem 4 the
winding number of the minimizing orbit is k + In.

7 Numerical results and further comments

We give now some numerical examples of the planar orbits we described in The-
orem 4. The algorithm we use to minimize the action functional acts following
the steepest descendant flow, for this reason it could happen that the orbits
in Figures 1, 2 are just local minima for the action and not the global ones;
anyway their qualitative behavior is the one described in Theorem 4. In Figure
1 there are some examples of the orbits we have described in Theorem 4 when
the angular velocity w is closed to an integer that divides the number of bodies.
In Figure 2 the we consider values of the angular velocity that are close to an
integer that is not coprime with n and that does not divide it.
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3 4 -2 o 2 4 6

n=12, w =61, a=1

10 -8 -6 4 2 [ 2 4 6 8 10

n=24, w=61a=1

Figure 1: Examples for Theorem 4, w close to an integer that divides n.

Theorems 2, 3 and 4 examine the minima of the action integral for values
of w close to integers; this limitation is not just a technical obstruction, we can
in fact find numerical examples of minima that are not the ones of Theorems 2,
3 and 4 when w is close to the half of an integer. In the left column of Figure
3 we show some examples of non planar minima correspondent to values of w
close to the half on an integer; on the right side we show their projections on
the plane x3 = 0. Remark that in the example with 12 bodies, the projection
of the curve on the horizontal plane is still a circle with winding number 7, that
is the integer closest to w; this orbit has a similar behavior to the “hip-hop”
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n=24, w=16.1, a =1

Figure 2: Examples for Theorem 4, w close to an integer that divides n.

found by A. Chenciner and A. Venturelli in [12]. In the other two pictures, with
15 and 17 bodies respectively, the projections on the x3 = 0 plane are orbits
similar to the one described on line by Simo with winding number equal to the
integer closest to w.
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-3

n=17w=448, a=1

Figure 3: Minima of the action with angular velocities close to the half on an
integer.

The analysis of the minimizers of the action in a rotating system suggests
the existence of saddle critical points; in fact in many cases we have an infinity
of absolute minima, in other we proved the existence of absolute minima, but we
can compute numerically other relative minima. By a Mountain Pass algorithm
we have found some example of such saddle critical points. In Figure 4 we show a
saddle point for the 3-body problem with angular velocity w = 1.5, between the
circles with minimal period 27 and 7 (see Remark 5). The second picture is a
saddle point for the 4-body problem with angular velocity w = 2.2, between the
circle with minimal period 27/3 (that is a local minimum) and orbit described
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in Theorem 4 for k£ = 2. The last picture of Figure 4 is a saddle point for the
5-body problem with w = 2.5, between the circles with minimal period 7 and
27/3. Remark that these saddle points are collisionless.

n=5w=25 a=1

Figure 4: Saddle points.

In this setting, we suggest a new way to explain the eight shaped curve that
Chenciner and Montgomery found in [11] as a minimum of the function integral
among simple choreographies with some special symmetry constraints.
Consider n bodies, n odd, moving in R? on a loop z(t) = (x1(t), z2(t), x3(t)) in
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the set A. We impose the following symmetry constraints

x1(t) =z (t+7), x1(t) = —z1(—1),
Ta(t) = wa(t +2m), w2(t) = —w2(—1), (48)
£C3(1f) = $3(t + 271’), .’E3(t) = .933(—t).

Remark that these constraints are satisfied by a eight in the plane x3 = 0 or by
a circle in the plane z; = 0. In the set A with (48), we have two circles that
attains the minimum

(0, Rsint, Rcost) and (0,Rsint,—Rcost)

where R is determined in (38). This two curves are isolated minima; the Moun-
tain Pass Theorem, ensures the existence of a saddle point, which is the mini-
mum among the maximal points of the paths joining these two minima. Using
a numerical mountain pass algorithm, we find that the eight in the plane z3 =0
is a saddle points between the two circles.
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