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Abstract

We study biorthogonal bases of compactly supported wavelets con-
structed from box splines in RV with any integer dilation factor. For
a suitable class of box splines we write explicitly dual low—pass fil-
ters of arbitrarily high regularity and indicate how to construct the
corresponding high—pass filters (primal and dual).

1 Introduction

Biorthogonal bases of univariate compactly supported wavelets of arbitrarily
high regularity were first constructed in 1992 by Cohen, Daubechies and
Feauveau [7]. The innovation consisted in greater flexibilty in the filters
design and in avoiding the asymmetry and the numerical complexity of the
coefficients of Daubechies orthonormal wavelets. Since then, aside from the
direct tensor product construction, there have been several extensions to
higher dimensions and/or to general dilation matrices: see e.g.[4], [6], [9], [11],
[12], [13], [16], [20], [21], [23]. As in the unidimensional case, special emphasis
was put on compactly supported wavelets constructed from multivariate box
splines, because spline functions are fairly well understood, allow explicit
computations and possess additional properties (see [2] for a general reference
on box splines).

A general framework for the construction of biorthogonal wavelets is pro-
vided by multiresolution analyses. One starts with a refinable box spline ¢
(with respect to an expanding matrix S, SZ" C Z"), generating a multires-
olution analysis with low—pass filter mq (i.e, the symbol of the refinement
mask of ¢); then one tries to construct a polynomial dual filter mg, which



in turn defines a compactly supported dual distribution ¢ by means of an
infinite product. If ¢ and ¢ have Fourier transforms with enough decay
at infinity and have mutually orthogonal translates, then the construction of
biorthogonal wavelets amounts to solving a matrix extension problem. It was
shown in [20], [16] that the Quillen—Suslin algorithm provides a constructive
solution to this problem.

Therefore, the concrete construction of a filter my giving rise to a com-
pactly supported dual function ¢ of (arbitrarily) high regularity is a major
issue in the theory of biorthogonal wavelets, and this problem was addressed
in several of the above mentioned papers. Generally speaking, there are only
few constructions avalaible for dual pairs. In some cases a single pair is
produced by explicit computation, but in many other cases it is possible to
construct a whole family of filters which are dual to a given primal filter and
generate a functions @ of arbitrarily high regularity. As in the univariate
case [7], one technique consists in constructing an appropriate filter, satis-
fying an interpolatory condition, which can be written as the product of a
given filter and its dual. A general method for this construction appears in
[16] and several applications are given. General as it may be, this method
cannot guarantee arbitrarily high regularitry in many important cases. Using
a different method to construct the relevant polynomials, He and Lai pro-
duced explicitly the dual filters for bivariate box spline in such a way that
¢ has arbitrarily high regularity.

This paper was inspired by the above mentioned paper [13], and can be
considered as an extension of the results and the methods therein contained.
Namely He and Lai paper deals with bivariate box splines and scaling matrix
21, while we study biorthogonal compactly supported spline wavelets in any
dimension N with scaling matrix M - I, where M > 2 is an integer, [ is the
identity matrix and the underlying lattice is Z”". While their construction
is based on univariate Daubechies polynomials, our construction uses the
multivariate Bernstein polynomials. We refer to [3] and [17] for the relation
between Bernstein and Daubechies polynomials.

We assume that ¢ = ¢=, is a box spline on R, with full rank unimodular
matrix = having integer entries. Such a spline is obviously refinable with
respect to M - Iy. In section 2 we notice that, arguing along the lines of
[21], there always exists a dual filter mg such that the corresponding ¢ is
the convolution of a box spline and a compactly supported distribution. If Zp’g
has sufficient decay along the directions of =, then we can prove that ¢ and
¢ have orthonormal translates. Therefore the high—pass filters obtained by
means of the Quillen—Suslin algorithm give rise to biorthogonal compactly
supported wavelets.



Thus the problem arises of investigating which box splines (with uni-

modular =) admit a dual polynomial filter mg such that ¢ has the required
decay. In section 3 we prove that this is the case for box splines with Fourier
transform of the type

B() = l_N[ <1 - eX'p(—lek)>ak l_N[ <1 —exp(—i(wr Fwa+ -+ wk))>bk

Pl Wi Pl i(wl +wy+ -+ wk)
(1)

where a; > 0 and by > 0 are integers. Setting

(1) - )
we have that
mow) = 2 T g [T o+t ook

For such splines, we will construct explicitly a dual filter mq of the form

mo(W) = H?(wk)akiak H?(wl +wy+---+ wk)ﬁkibkF(W), (4)

where r(w) is a trigonometric polynomial. In the last section we will prove
that the exponents «; and f; can be chosen in such a way that ¢, defined
via its Fourier transform as

Bw) = [T (o) )

has arbitrarily high regularity. It follows that every box spline of the form (1)
gives rise to compactly supported biorthogonal wavelet bases and the dual
wavelets can be constructed of arbitrarily high regularity.

2 Biorthogonal spline wavelets

We assume in this section that = = [ &, &, ... &k }, where K > N,
is a full rank unimodular matrix (i.e., all the bases in = have determinant
+1) with integer entries. The box spline = associated with = has Fourier

transform K
o =TT (5




In the following we will drop the subscript = and we will write simply ¢ to
denote this box spline. It is known that there exist constants C, Cy > 0

C1< ) |p(w+2mk) | < Cy

keZN

and that ¢ is the scaling function of a multiresolution analysis for any dilation
factor M > 2 and translation lattice ZV (see e.g. [15]). If f is defined as in
(2), then we set as above

mo(w) = 229 T r(6,, ). (6)

¢(w)

j=1

Let now p(w) be any trigonometric polynomial. To p(w) one associates a
Laurent polynomial P(z), z = (z,...,2y) € (C/0)", in such a way that
P(e™) = p(w), where we made e = (e, ... e“~). In particular, we will
denote by P, the Laurent polynomial such that Py(e™) = mg(w). Clearly

K

Po(2) =[] F() ©

7=1
where we have adopted the usual multiindex notation and where
Ittt (M)
= B .
Throughout the paper we will use the following notation. We set £ =

N 2
UL {0,1,..., M — 1}" (with sum modulo M) and 9 = MW Furthermore
we set

F(t)

zexp(ie) = (21 exp(ivey), ..., zy exp(idey)).

We start our analysis with the following proposition.

Proposition 1 Let Py be as in (7). Then, for every integer ¢; > 0, j =
1,..., K, there exists a Laurent polynomial R(z) such that

Py(z) = H F(2%)9R(2) (8)

satisfies the relation

> Py(zexp(ive)) Po(z exp(ive)) = 1. (9)

ecel



Proof. Let .
Q(z) = [ F(z9)=.

Jj=1

Clearly, the matrix =’ in which the j—th column ¢; is repeated ¢; + 1 times is
still unimodular. Then, it was proved in [21, Proposition 1.11] (for M = 2,
but the proof is exactly the same for general M) that the set of polynomials

{Q(z exp(ive))} e

do not have common zeros. Therefore by Hilbert Nullstellensatz (exactly as
in [9, Lemma 3.2.1], or in [21, Proposition 1.11] ), there exists a Laurent
polynomial R such that

Z Q(z exp(i¥e)) R(z exp(ive)) = 1.

This implies immediately (9). m

The trigonometric polynomial

o(w) = Pole) = [T ({6 )7 (). (10)

Jj=1

where r(w) = R(e*), is the dual filter of mg and satisfies (15) below (with
t =s=0). Now we will proceed to construct the wavelet filters.

First we notice that, if P and P are Laurent polynomials represented by
means of polyphase components in the forms

P =M N? z:Pg(zM)zg and P =M N2 Zé(zM)z*E (11)

eelE eelk
(where 2™ = (21,...,2})), then clearly
Z P(z exp(iﬁe)ﬁ?(z exp(ive)) = Z P.(zM)P.(zM). (12)
eelk eelk

In particular we will denote by I, and ﬁg’g the polyphase components (11)
of the polynomials P, and fN’O of Proposition 1. The following extension result
is proved in [20] (see also [16]), but, for the sake of completeness, we will give
a short account of the proof.



Proposition 2 Let Py and P, satisfy (9) and denote by Py, and ﬁg’g their
polyphase components (11). Then there exist MY x M™ matrices [Ps’g} and

[ﬁs,g] , whose entries are Laurent polynomials and whose first rows are [Py ]

and [130,5], such that [PS,E] . [ﬁs’g}T =1.

Proof. We use the same notation to denote the polynomials F, and ﬁg
and the vectors [Fp ] and [ﬁo,g]. Taking into account (9) and (12) we can

apply the Quillen—Suslin algorithm [18] to the vectors Py and P,. Then there
are MY —1 vectors O, having polynomial components, such that the matrix
with first row Py and s-th row @, is not singular on (C/0)". Set

P=0Q, - (Qs-ﬁoT) P

Then P, = [P;.] is orthogonal to P,. The matrix whose rows are P, and P,
is still nonsingular, since the equation APy + Y, A\;P; = 0 implies

MN -1 _ MN -1
)\U_Z<Q5POT) P0+Z)\SQS:OJ
s=1 s=1
whence A\, = 0 for s = 0,1,..., M — 1. Thus its determinant is a Laurent

monomial, and the elements of its inverse [H,.]" are Laurent polynomials.
The first row in this matrix is necessarily ﬁo. Thus, letting 15375 = H, for
s=1,...,MN —1 we have the thesis. m

Remark 1. The above proof is based on Theorem 1.1 in [18], whose
proof is algorithmic, and each step of the algorithm can be implemented by
means of computer algebra systems.

Let P, . and P, be as in Proposition 2. We set

m(w) = M N2 P, (M)l (13)
e€lR

s(w) = M~N2N " Py (M) et (14)
ek

Taking into account (12) and Propositions 1 and 2, we see that the filters
just defined satisfy for all w € RV the system

> my(w+ V)i (w+ V) = 6,0, t,s=0,1,.... MY —1 (1)

celr



or, equivalently,

MN -1
Z ms(w)ms(w + Ve) = doe, € € E. (16)

5=0

In order to interpret these filters as arising from dual multiresolution analyses
and biorthogonal wavelets, we need mgy and mg to be low—pass and m, and
my, for s =1,..., M"Y —1, to be high-pass, in the sense made precise by the
following lemma.

Lemma 1 Let myg be defined as in (6) and mqy as in (10). Moreover let mg
and m; be defined by means of Proposition 2 and (13), (14) for s > 1. Then

mo(Ve) = mo(Ve) =0 for every e # 0, (18)

ms(0) = my(0) =0, forevery s=1,...,M" —1. (19)

Proof. Equation mg(0) = 1 is obvious. To prove (18) observe that if,
say, &y, - - -, &y are columns of = forming a basis, then, by the unimodularity
assumption, the matrix [§;,, ..., ;] can be transformed into the unit matrix

by means of a change of variables with integer coefficients and determinant
+1. It follows that for every ¢ € E there exists a jj, such that f((&;,,Je)) =0,
whence (18). Now, using (15) with s = ¢ = 0 and w = 0, we get also
mo(0) = 1. Thus (17) and (18) hold. Now, we make w = 0 in the system
(16), and we express the m4(0) by means of the m,(Je). We see immediately
that any minor corresponding to s > 0 and € = 0 must vanish, since it
contains the row {mg(Je)}, o Thus ms(0) = 0. The analogous statement
for m4(0) follows exchanging the roles of m, and m;. m

Define a(w) as in (5), with mg as in (10). Clearly ¢ is a compactly
supported distribution with ¢(0) = 1, which is the convolution of the box
spline with Fourier transform

(=) e

=1

and the compactly supported distribution with Fourier transform

HF(M’jw) (21)

Jj=1



where r(w) = R(e*). We set, for every s =1,..., MY — 1

-~
-~

Vs(Mw) = my()Bw), ¢, (Mw) = ity (@) F(w). (22)
Clearly we have

|P(w)] < CH (1+ (&))"

where C' is a constant, and @Zs has the same decay. On the other hand, the
decay at infinity of (20) is majorized by H (4 [ w)|) 9.

In the rest of this section we will assume that the Fourier transform (21)
does not increase too much at infinity. Namely we assume that

@ € L*(RY) (23)

and that there exist ¢ > 0 and C' > 0 such that for every sufficiently large n
one has for all w € RY

n K
[Iror ) <c H + &, w))97 . (24)
h=1 j=1

Obviously, since = is full rank, if (24) holds with o > 1/2 then (23) is satisfied
as well.

Remark 2. Assumptions (23), (24) seem to be hard to verify. Never-
theless, in the following sections we will show that for a remarkable class of
box splines we can prove much better estimates (Theorem 3 below), making
it possible to construct square integrable ¢ of arbitrarily high regularity.

Let ¢ and ¢ be as in (22). We set for every j € Z, k € Z" and
s=1,...,MN -1

ips(x) = MY, (MIiz — k), jps(x) = M2, (Miz — k). (25)

Theorem 1 Let ¢ be any box (gpline in RN with full rank unimodular matriz
= having integer entries. Let p(w) as in (5), with my as in (8) and (10).
Assume that (23) and (24) hold. Then the families {1; s} and {ink’s} in
(25) are biorthogonal bases of compactly supported wavelets in L?(RY).

Proof. By (24), (17) and (19) we may apply Theorem 2.11 of Chui and
Liin [4]. Thus we conclude that both systems {1, x s} and {i/;]ks} are Bessel



systems i.e., for every function g € L?(RY)

2 2
> g iws)* < Cllgll;
j7k7s

<9, 77/)j,k,s>

for some constant C'. Then we may apply Ron and Shen’s Theorem 3.9 in
[22] (or we can repeat the proof in [7, pp. 500-506]) to conclude that the
two families are fundamental frames which are dual to each other. There-
fore, to obtain the thesis it will be sufficient to prove that the families are
biorthogonal i.e.,

2 2
< Cligll;

(i Dina) = ik

To this end, by [4, Theorem 2.2] (or repeating the arguments in [7, Lemma
3.7]) we have only to prove the analogous relation for the scaling functions
i.e.,

/RN o(x)p(x — k)dx = dg - (26)

We will prove (26) arguing along the lines of [7]. Let us denote by Q the
fundamental domain for the box spline

o-fiie)”

7=1
We recall [2, p. 106] that © is defined as
0={w: ‘g;ﬂ(w n m:)‘ < ‘g/o\ﬁ(w)‘ for all k € 2", i #0}
It turns out that meas(2) = (27)", the translates Q4 27k are pairwise
disjoint and tessellate RN up to a set of measure 0. Moreover €2 is compact
and, since ¢ has unimodular matrix,

‘g;ﬁ(w)‘ >k >0 forevery we Q.

As a consequence we obtain that

K K
[ lsin((&w/2)9"" > 6 [T (& w)|9F" forevery we Q. (27)
7=1 7=1



Define now @p(w) = QAZO (w) = x(w), where x is the characteristic function of
Q, and, forn=1,2,...

o(w) = X(M"w) [ [mo(M~"w)

Pnlw) = x(M"w) [ g (M ).

Since, for any periodic function g, (2m) Y [, gdw = [ gdw (where TV is the
N-dimensional torus), a standard argument based on (15) with s =¢ =0
(cfr. [7, p. 528]) shows that

/R uln)Bala — Bz = (2m) /R  Ba() ) explio)o = du

Now we look for an integrable majorant in order to apply the Lebesgue
theorem. We have that M|f(t)| = |1 — exp(—iMt)| |1 — exp(—it)|~". Hence,
by (24) and (27), we see that for some constant C

Cj+1 n

H ‘T(M_jw)‘

~ . . sin((&;,w/2
Sﬁn(w)%@n(w)‘ X(M™"w H‘M”sm((ii /">C)U/2>)
. X Isin j,w/2
= g /2))

cji+1 n
j=1 w)

H ‘T(M’jw)‘
7=1
K
<CJJa+[g w7
j=1

As ¢, — ¢ and p, — @ pointwise, (26) follows from Lebesgue theorem.
n

3 Construction of the dual filter

Proposition 1 provides an abstract construction of the dual filter, but does not
give information on the form of the "residual filter” r nor on the regularity of
the dual scaling function. On the other hand, Theorem 1 proves that {1, x s}
and {%ks} in (25) are biorthogonal bases provided that a decay condition
on the Fourier transform side is satisfied. In this section we restrict the
scope of our investigation, considering only spline filters of the form (3). For
such filters we construct dual filters mg of the form (4), by giving explicitly

10



the expression of the trigonometric polynomial r. In the next section we will
show that for such filters, the assumptions of Theorem 1 are satisfied, thus
obtaining biorthogonal compactly supported wavelets. At the same time, we
will show that the resulting dual scaling function ¢ can be constructed of
arbitrarily high regularity.

Our starting point are the polynomials studied in [24] and [23] in the
context of univariate compactly supported M—band wavelets (cfr. also [16]).
We set

SM:{(Soﬂ"'astl) : SiZO; 50+"'+SM,1:1}
TM:{(So,...,SM_l) GSM . S(]Zl/M},

and we denote by xjs the characteristic function of T;. We define the func-
tion g on Sy as

g(Sg, ey SM—I)
. XM(SO,---,SM—1)
X (805 - -5 Sn—1) + X (51,82, -+, 80) 4+ xar(Sm—1580- - Sn—2)
Note that the value of g at (sg,---,Sy—1) € T is the reciprocal of the

number of variables s; not smaller than 1/M. We observe the following
properties of g on Sy,

g(So, .. -,SM—I) +g(sM_1,307 .. .,SM_Q) —+ e —|—g(81,82, .. .,Sg) =1 (28)

1
MSg(SOa"'asM—l)S]-ifSOZ]-/Ma

g(So,...,SMfl):OifS(]<1/M. (29)
For every integer k > 2 we define the polynomials () as
Qk(yOa RS yM—l) (30)

_ M(k—1)+1 j Ja— jo—k _j G
- Z ( j )9 (M(kﬂ)ﬂ? e M(i.iviﬁﬂ) (A TR Ty
ljl=M (k—1)+1

(where j = (jo,...,Jm-1), |7] is the length of the multindex j and j! =

jO! .. ]M—l‘)
Taking (28) and (29) into account it is not difficult to check that

(Yo+ -+ yM—l)M(k_l)+1 = yngk(yﬂa e Y1)+ (31)
+ nyk(yla Yo,y Yo) + oo+ y§471Qk(yM717 Yos -2 YM—2)-

11



Actually, a moment’s reflection shows that for yo + --- + yy—1 = 1 the
polynomial y5Qx (v, - - -, yar—1) is nothing else but the Bernstein polynomial
of order M(k — 1) + 1 of the function g on the M—dimensional simplex [19,
p. 51]. In the case M = 2 we have

—1
(1) s

J

2

S

N
=

(57 o

J

so that the polynomial Py(y) = Q. (1 — y,y) is the well known Daubechies
polynomial [10]. The relation of the Daubechies polynomials with the Bern-
stein polynomials was pointed out in [3] and [17].

Let f be as in (2), and let, as in the foregoing section, ¥ = 2w /M. Let us

set
M—1

yo(t,u) = f(t)f(u) = M2 Z exp|—i(at + bu)] (33)

a,b=0

and, for every £ =1,.... M — 1,

ye(t,u) = yo(t + 09, u+ (M — 0)9) = f(t+£09) flu+ (M —0)9). (34)

Finally, we set

Ak(t:u) = Qk(yﬂ(t:u):"':nyl(u U)), (35)
where @y is as in (30). Using (33)—(34), the A can be written explicitly as
_ M(k—=1)+1 j in—1
Ap(t,u) = Z ( ( j : )9 <M(kj—01)+1’ : "7M(]19M—1)+1) X
=M (k—1)+1
e=iM=1)(H0)/2 iy Mt gy M) 70
X —— X
M? sing sin g
pit M2 sin (5 4+ §7) sin (5 - 97)

since f(t) = M~'e " M=Dt/2gin Mt /gin L.
We have the following lemma.

12



Lemma 2 With notation as above we have for every k > 2

[f (t+ 09) flu+ (M — 09" Ag(t+09, u+(M—0)09) = [f(t + u)MEDH

Proof. The Lemma is a consequence of (31). For every ¢,u € R and
{=1,...,M — 1 we have
M-1
MPf(t+09) f(u+ (M = 0)9) = Y exp[—i(at + ald + bu + b(M — £)9)].
a,b=0

Summing up all these relations we obtain

M-1
M2 f (t+09) flu+ (M —0)0)
]\/fi(l) M-1
= exp[—i(at + bu)] Z exp[—id(a — b){)] (36)
a,b=0 =0
M-1

Z exp[—ia(t +u)] = M?*f(t + u).

Now, since y(t + 9, u + (M — £)9) = ypin(t, u) (where the sum £+ h in the
subscript is mod M), we have

At 4+ 00, u+ (M — 0)9) = Qr(yelt, u), yor1(t,u), ..., ye—1(t, u)).
Thus the thesis of the lemma follows from (31) and (36). m

Let us introduce some more notation. First we have that

ft)? = ]\;2 %exp[—i(ﬂf — 1t = |f )| exp[—i(M — 1)¢]

and that Z "[f(t+ j0)* = 1. Then we set

By(t) = explik(M — DHQk(If ()", ., [f(t + (M = 1)0)[*)
_ (M —1)kt Z ( (k;1)+1)g (W’ L %> % (37)

ljl=M(k—1)+1

() I (etits)

(=1

X

Using (31) and arguing much in the same way as in the preceding lemma,
one proves easily the following result.

13



Lemma 3 With notation as above we have for every k > 2
M—1
F 400 By(t + 09) = 1.
=0
Remark 4. If M = 2, then By(t) = exp(ikt) P (sin®t/2), where Py is as
in (32). Hence, the filters f(¢)** By(t) can be considered as an extension to
the case M > 2 of Daubechies filters.

Now we can state the main result of this section.

Theorem 2 Let N > 1 and
N

mo(w) = H I (wg)® H flowp 4 4w (38)

k=2

where f is as in (2), ax > 0 and by, > 0 are integers. Set

mo(w) = [ [ Flwn) ™ [T Flwr + - +wn) "7 (w) (39)

with
N-1
r(w) = BaNJrl (w1 —+ 4 CUN) H Aak+1 (w1 —+ -4 wk,wk+1) (40)
k=1
where oy, B > 0 are integers and the trigonometric polynomials A and B are
defined as in (35) and (37) respectively. Then for every w € RY,

> " mo(w + Ye)mo(w + ve) = 1

X<
provided that
a1 = Q9
Qpr1 = P+ M(ap — 1)+ 1 if2<k<N-1 (41)
2(1/N+1 = ﬁN + M(OZN - ].) + 1.
Proof. Let
h(w) = mo(w)me(w)
N N
= l_If(u;k)a’c Hf(wl e wg) Pk x
k=1 k=2
N-1
X BaN+1(w1 + - +wy) H Aak+1(w1 A Wiy Whet1)
k=1

14



Then
N-1
h(w) = D(w) [ Celw)
k=1
where, for every k=1,..., N — 1,

Cr(w) = flwr + 4 wp)* f(whg1) ¥+ Ay, (w1 + - 4 Wk, Wt 1)

and
D(w) = f(w1 + .. +wN)BNBaN+1 (w1 —+ .- +(UN).

Here we set 51 = a;. For every k > 2 we consider the elements e®) of E with
the first coordinate equal to 1, the k—th equal to M — 1 and the remaining
coordinates equal to 0, i.e.

e® =(1,0,...,M—1,0,...,0).
Set

Ey={c€E :e=j? j=0,...,M -1}
={e€E :e=(,M—-40,...,0), j=0,...,M—1}.

Clearly |Ey| = M, where |-| denotes the cardinality. We have

> hwe) =) Ci(w+ ) 1"_[ Ch(w)D(w)

eckE> e€FE>

and, since a; = s, by Lemma 2 we obtain

> Ci(w +e)

c€k>

S

-1

flwr +70)* fwz + (M = j)0)* Ag, (w1 + j0, w2 + (M = j)0)

o

J
f w1 + WQ)M(a2_1)+1.

Using the relation a3 = 3 + M(ay — 1) + 1 we can also write

N-1

Z h(w + 196) = f(w1 + WQ)a?’f(LU3)a3Aa3 (w1 + (UQ,(Ug) H C’k(w)D(w)

c€ks k=3

We consider now for every [ = 0,..., M — 1 the sets

By4+1e® ={e=0G(+1,M—4jM—10...,0), j=0,...,M —1}.

15



Then, obviously

Z h(w + Ye) = Z h(w + 1e®9 + £09)
e€Ea+1e(®) c€Ey

= fwy + we + 19)* f(ws + (M — 1)) x

N—-1
X Aoy (w1 +ws + 10, w3 + (M = 1)9) [ ] Cr(w)D(w).
k=3

We define now the set
M—1

By = (By+1c®)
1=0
which consists of the elements of E with at most the first three coordinates
different from zero and having sum equal to 0. Obviously |E3| = M?. Then,
using again Lemma 2 and the definition of a4 we get

Z h(w +Ye) = fwr + wa + w3)* f(wa) ¥ Ag, (w1 + wo + w3, wy) X
e€Es

X ﬂ Cr(w)D(w).

At the j—th step we define recursively the set £ (j =2,...,N) as

Notice that |E;| = M7~! and that E; consists of the elements of E with at
most the first j coordinates different from zero and having sum equal to 0.
Furthermore,

D h(w ) = flor 4o+ w) 9 f(wi1) 9 Ay, (W01 + - wjw) X
EEEj

At the last step (using also the definition of ayy1) we obtain

Z h(w+ ) = fwi+ -+ wn)* ¥ Bayy, (w1 + -+ 4+ wn),

e€EN
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where Ey is the subgroup of the elements of E whose sum is 0 mod M.
Consider now the elements of E of the form

nV) =(4,0,...,0)  j=0,...,M—1.

Then F is the disjoint union of the cosets Ey 47, Hence, it follows Lemma
3 that

M-1
Zh(w+z96) = Z Z h(w + Ve)
eelE J=0 ecEn+n)
M-1
= flwr+- -+ wy +J09)* 0 Boy, (wr 4 -+ wy + 50)
j=0

1

|
Remark 4. In the case N =1 conditions (41) must simply be replaced
by the condition 2ay = ;.

4 Regularity

In this section we show that, for fixed exponents a; and by in mg (38) it is
possible to choose aj and S in mg (39) in such a way that Zp'? has arbitrarily
fast (polynomial) decay. At the same time we will show that (24) can be
satisfied. To this end we will use the regularity exponent of a filter, a notion
thoroughly investigated in the literature; see e.g., [5], [8], [10], [26] in the case
M =2 and [1], [14], [16], [23], [24], [25] in the general case.

Let p(t) be a trigonometric polynomial such that p(kvY) = 6 for k =
0,...,M — 1. Then, there exists a positive integer L such that

1 _|_ e*it _|_ e*i?t + e + 67’L‘(M71)t L
o) = ( P()

M

where P is a trigonometric polynomial such that P(0) = 1 and P(k?) # 0
for £ # 0. Set

1 ¢
K¢ = Ky(P) = ZlogM (sng ‘P(]\/[H)‘) ,

h=1

K = K(P) = inf Ko(P) = lim K,(P).
l £—00
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The number IC(P) is called the regularity exponent of P. It is known (see
e.g [8, p.82]) that for every ¢ there exists a constant C, such that for every
n > { one has

H |P(M )| < Co(1 + [t])< (42)

Therefore we have ‘thl p(M"t)| < Cy(1+t]) E+*, so that, depending on
the value of IC, the infinite product belongs to various functional spaces. We
shall use (42) to prove not only the validity of (24) but also the regularity of
the dual scaling function.

We start recalling that for

Py(t) = Z (M(S;UH)Q (M(s];OI)Jrl’ e ﬁ) X (43)
|j|=M (s—1)+1 | ‘
sin ( ‘) = sin® (7') ”
X 2 13 H 2ain2 (Lt o 4
M?#sin (2) 2 \M?sin (2 + M)

the following asymptotic estimates for K(P;) are known. If M = 2 then, as
s — 00, IC(P5) ~ s log, 3 [5], [26]. If M = 3, then K(Ps) ~ s(—1 + log; 16),
[23, Theorems 7 and 9]. Finally, if M > 3 then, for s sufficiently large one
has K(P;) < s (1+ (M —1)logy, (7245)), [24], [23 Theorem 7].

Thus we set

log, 3 it M =2,
pv =< —1+log,16 if M =3,
1+ (M —1)logy (37) if M > 3.

Note that
0<py <2 forall M. (44)

Theorem 3 Let mg be as in (39) with r as in (40). Then, for every > 0
there exist a constant C' > 0 and exponents ay and [y satisfying conditions
(41) of Theorem 2 such that for every sufficiently large n one has

n N N
[[Irw) <c H (1 + Lo )22 T+ feor + -+ - + )b,
= k=1 k=2

Proof. Let P; be as in (43) above. Then, remembering the explicit form
of Aj and using Schwartz inequality we have for every k < N — 1

‘Aak+1 (wp +---+ Wkawarl)‘ < pM? (Wi +---+ wk)Palk/il (Wkt1)-

Qp41
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Of course, | By, (w1 + -+ wn)| = Pay,, (w1 + - +wy). Thus

N-1 n
H (M ") <HHP1/2M we) [T TR (" (wn + -+ 4 wp)) x
h=1 k=1h=1 k=2 h=1 i
X HPaN+1 "y + -+ wy)).

Set IC(¢, s) = Ko(Ps) and K(s) = K(Ps). Then, for every ¢, if n > £ we get

n N
H r(M"w)| < CZH(I + || ) ER)72 5
h=1 k=1
N—-1
X T+ Jwn 4 - 4 w2 5 (1 oy - oy ) ),
k=2

Choose ¢ such that pp(1 +¢) < 2 (this is possible by (44)). Then, choose
the ay, so large that (o) < agpar(14¢/2). For this choice of the oy choose
¢ so large that KC(4, a) < K(ag) + cagpar/2. Then we get from (45)

n

N
[TIr(u=w)] < OTT(1+ faelymom 2972

h=1 k=1
N-1

X H (14w + -+ wk|)ak+1ﬂM(1+5)/2 X (14 |wy 4+ wN|)aN+1/)M(1+5)_
k=2

(45)

To complete the proof we have to show that there exist 3, and arbitrarily
large oy which satisfy (41) and

1
QWM(;QSQM%%—MalkaN

(1+¢)
2
(1+¢)

Qk41PM < Br — b, — 2<k<N-1

<Bn—by—p k=N.

20N 11PpMm

Let a; > 0 be such that oy (1 — pM@) > p + maxy(ag); this is possible

by (44). Then every «y > ay satisfies the first set of inequalities. By defining
Bk by means of (41), the second set of inequalities can be recast as

(1+¢)

ak+1<1—pM >2M(ak—1)—|—1—|—bk—|—,u

19



which can be recursively satisfied in the range oy > «7. Analogously, we see
that the last inequality can be satisfied for large values of ay.i. B

Finally we get that ¢ can have Fourier transform with arbitrarily fast
decay in the directions of =.

Corollary 1 Let mg be as in (39) with r as in (40). Moreover let C\gov(cu) =
H;‘;l mo(M~w). Then, for every u > 0 there exist a constant C' > 0 and
exponents oy, and By satisfying conditions (41) of Theorem 2 such that

@) < CTIO + 1wl TTO + s + -+ ).

k=1 k=2
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