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Pricing and hedging without martingale measures

Description
This part of the course complements that of Prof. Platen in the sense that it concerns some
fundamental aspects of pricing and hedging that result from the following :

* In classical Mathematical finance the absence of arbitrage and the existence of an equivalent
martingale measure (EMM) are regarded as essentially equivalent concepts.

* Real markets may however allow for some anomalies; in particular one may have that

a) stock price bubbles occur; in other words, the discounted price processes are strict local
martingales under a risk neutral measure. This phenomenon is still consistent with classical no-
arbitrage theory, but some of the classical results do not hold anymore;

b) the candidate martingale density process may be a strict local martingale and so even an EMM
does not exist anymore. This is a more severe anomaly and most of the usual results from
Mathematical finance then break down.

Objectives

» We shall concentrate on the second anomaly in b) and show that, even in the absence of an EMM,
there is still a meaningful way to proceed in order to solve the crucial problems of pricing and
hedging of contingent claims, in particular under market completeness (the latter can be defined
also under absence of an EMM)

» We plan to discuss these issues along three approaches that are essentially equivalent in the sense
that they all lead to the so-called real world pricing formula, which corresponds to the standard
valuation formulas, where the numeraire is now the GOP and the pricing measure is the physical
measure. These approaches are:

1) The “upper hedging approach”. Main reference [1], see also [3].

ii) The “Benchmark approach”. Main reference [4] and Chapter 3 in [5]. The equivalence between
this approach and the previous one is discussed in [6].

iii) The “utility indifference” approach in the context of the Benchmark approach. Main references
again [4] and Chapter 3 in [5].

* The lectures concern the above topics as outlined in the survey article [2]. Students interested in
giving a seminar on these topics may have a preliminary look at Chapter 3 in [5].
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