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ON THE EXISTENCE OF GROUND STATE SOLUTIONS TO NONLINEAR
SCHRODINGER EQUATIONS WITH MULTISINGULAR INVERSE-SQUARE
ANISOTROPIC POTENTIALS

VERONICA FELLI

ABSTRACT. A class of nonlinear Schrodinger equations with critical power-nonlinearities and
potentials exhibiting multiple anisotropic inverse square singularities is investigated. Conditions
on strength, location, and orientation of singularities are given for the minimum of the associated
Rayleigh quotient to be achieved, both in the whole RY and in bounded domains.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

This paper is concerned with the following class of nonlinear Schrédinger equations with a critical
power-nonlinearity and a potential exhibiting rnultiple anisotropic inverse square singularities:

T—a; )
Z| sy =0t
x—al

v>0 in RN\ {ay,...,ax},

where N >3, k € N, h; € CH(SV7Y), (a1, a9,...,a;) € RFN a; # a; for i # j, and 2* = % is
the critical Sobolev exponent.

The interest in such a class of equations arises in nonrelativistic molecular physics. Inverse
square potentials with anisotropic coupling terms turn out to describe the interaction between
electric charges and dipole moments of molecules, see [16]. In crystalline matter, the presence of
many dipoles leads to consider multisingular Schrodinger operators of the form

e ~A- Z Aot

where \; > 0,4 =1,...,k, is proportional to the magnitude of the i-th dipole and d;, i = 1,...,k,
is the unit vector giving the orientation of the i-th dipole.

Schrodinger equations and operators with isotropic inverse-square singular potentials have been
largely investigated in the literature, both in the case of one pole, see e.g. [1, 13, 15, 19, 21], and
in that of multiple singularities, see [4, 5, 7, 8, 9, 12]. The anisotropic case was first considered
in [21] where the problem of existence of ground state solutions to (1) was discussed for k = 1.
n [10], an asymptotic formula for solutions to equation associated with dipole-type Schrodinger
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2 VERONICA FELLI

operators near the singularity was established. We also mention that positivity, localization of
binding and essential self-adjointness properties of a class of Schrodinger operators with many
anisotropic inverse square singularities were investigated in [11].

Ground state solutions to (1), i.e. solutions with the smallest energy, can be obtained through
minimization of the associated Rayleigh quotient

. Qu
(3) S(hi,ha, ... h;) = 12mfN () 73
WD RN ([ Jul?" d)

where D12(RY) denotes the closure space of C§°(RY) with respect to the norm

1/2
||u||Dl,2(RN) = </ |Vu|2dx> s
]RN

and Q : DV2(RY) — R is the quadratic form associated to the left-hand side of equation (1), i.e.

(4) Q(u) ::/ IVl dx—Z/N |x'ja‘“' w2 (z) da.

Positive minimizers of (3) suitably rescaled give rise to weak D2(RY)-solutions to (1), which, by
the Brezis-Kato Theorem [2] and standard elliptic regularity theory turn out be classical solutions
in RM\ {ay,...,ar}.

The present paper means to extend to problems (1) and (3) the analysis performed in [12] in
the case of locally isotropic inverse square potentials (i.e. for all h;’s constant), proving conditions
on the strength, location and orientation of singularities for their solvability.

A necessary condition for the existence of positive classical solutions to (1) in RV \ {ay,...,ax}
is that Q is positive semidefinite in DV2(RY).

Proposition 1.1. A necessary condition for the solvability of problem (1) is that the quadratic
form Q(u) defined in (4) is positive semidefinite, i.e

Q(u) >0 for all u € DV (RY).

A necessary condition on the angular coefficients h;’s for the positive semidefiniteness of the
quadratic form can be expressed in terms of the first eigenvalues of the associated Schrédinger
operators on the sphere. Indeed, letting, for any h € C! (SN_l), w1 (h) be the first eigenvalue of
the operator —Agn-1 — h(#) on SN~ ie.

i v [Vev @) V(6 fSN , h(0)1(0) dV (6)
YeH(SN-1)\{0} ‘gN,le dv (6 ) ’

a necessary (but not sufficient) condition for the quadratic form defined in (4) to be positive
semidefinite is that

pa(h) =

N -2V N -2V
(5) .ul(ht) > - <2> ) for all i = 17 .- '7k7 and M1 (Zf:lhl) > - (2> )

see [10].
In particular, condition (5) is necessary for solvability of problem (1). In this paper, we shall
actually consider multisingular anisotropic potentials with angular terms satisfying the stronger
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assumption

N —2Y N —2Y
(6) pa(hi) > — <2> , foralli=1,...,k and p (Zlehl) > — (2) .

In [11, Proposition 1.2] it was proved that condition (6) is necessary for the quadratic form Q to
be positive definite, i.e. to have

Q(u)

= in —— > 0.
DL2RN\0} [|ull D2 gy

(7) wlhi, . hg,a1,...,ak) :
On the other hand, (6) is not sufficient for the validity of (7), see [11, Example 1.5]. However, if
(6) holds, then (7) turns out to be necessary for the solvability of (1).

Proposition 1.2. If (6) holds and (1) admits a positive DV2(RN )-solution, then (7) is necessarily
satisfied.

Due to the above proposition, in order to look for solutions to (1), we will assume that the quadratic
form Q is positive definite. The dependence of positivity of the quadratic form on the location
and orientation of dipoles has been deeply investigated in [11], where conditions on the h;’s and
a;’s ensuring the validity of (7) can be found. If Q(u) is positive definite, then Sobolev’s inequality
implies that

S(h1,hay ... h) > w(hy, .o by a1, a,) S >0,

where S is the best constant in the classical Sobolev inequality, i.e.
||u||2D1,2(RN)
= m T -
DL EN\0} (U2 )

Problems (1) and (3) have been treated by Terracini in [21] in the one-dipole case k = 1. For
h e CLSNT1), let

IRN [|Vu(:1:)|2 _ h(r/\zl)uz(z)} de

Eld
8 S h = 11 *
(8) (h) weDL2(RN )\ {0} (fun lu2)*?

Let us recall from [21] the following existence result for the one-dipole type problem.

Theorem 1.3. [21, Proposition 5.3 and Theorem 0.2] Let h € C1(SY) such that py(h) > —(T*Z)2
and

N-1 h 0 if N > 4
) {maxs >0, if N >4,

Jono1 h >0, if N =3.
Let S(h) be defined in (8). Then S(h) < S and S(h) is achieved.

The main difficulty in the minimization of the Rayleigh quotient in (3) is due to the lack of
compactness of the embeddings DV2(RY) — L (RY) and DV2(RN) — L2(RY, |z|"2h(z/|z|)dx),
where, for h € L>*(SN=1), L*(RY, |z|72h(x/|z|)dz) is the the weighted Lebesgue space endowed

with the norm ( [y |z|2h(z/|z|)u?(z) dw)l/g. Such a lack of compactness could produce non
convergence of minimizing sequences and non attainability of the infimum of the Rayleigh quotient
in some cases. In [12] several configurations for which the infimum of the Rayleigh quotient is not
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attained are produced in the isotropic case, i.e. for all h;’s constant; e.g. the infimum in (3) is not
attained if the coefficients h;’s are positive constants or if £ = 2 and h; and hsy are costant.

A careful analysis of the behavior of minimizing sequences performed through the P. L. Lions
Concentration-Compactness Principle [17, 18] clarifies what are the possible reasons for lack of
compactness: concentration of mass at some non-singular point, at one of the singularities or at
infinity, see Theorem 4.1. Extending analogous results of [12] for the isotropic case, Theorem 1.4
below provides sufficient conditions for minimizing sequences to stay at an energy level which is
strictly below all the energy thresholds at which the compactness can be lost. The proof is based
on a comparison between levels which is carried out by testing the energy functional associated to
(1) with solutions to (8). On the other hand, while in the isotropic case the solutions to (8) are
completely classified and can be explicitly written, in the anisotropic case an explicit form of them
is not available. We overcome this difficulty by exploiting the asymptotic analysis of the behavior
near the singularities of solutions performed in [10], which allows us to estimate the behavior of
minimizing sequences and to force their level to stay in the recovered compactness range.

From now on, for every h € C1(SN¥~1), we denote as p;(h) the first eigenvalue of the operator
—Agn-1 — h(0) on S¥~1 and by ¥} the associated positive L?-normalized eigenfunction, and set

2
(10) oni= 2 \/ (N;2) + i (h),

Theorem 1.4. Fori=1,...,k, let a; € RN, a; # a; fori+# j, and h; € C*(SY) satisfy (7). If

(11)  S(hy) =min{S(h;):j =1,...,k}.

(12) hi satisfies (9),

k— 1h ‘ak al‘) 2
Z |ak—kal >0, if pa(hie) = =(F52)" + 1,
" hi(ztai—a \]
[ 1 (|a:+a17ak\)] ) o2 . Y
Z RN |$\ |a:+a — ag @ tN=2) >0, if —(852)" <m(he) < —(FF2)" +1,

(14) S0 < 5(Shih).
then the infimum in (3) is achieved and problem (1) admits a solution in DY2(RY).

We notice that S(h) = S(ho A) for any h € C'(SV) and any orthogonal matrix A € O(N).
Hence condition (14) is satisfied for example if there exists an orthogonal matrix A € O(N) such
that

k
> hi(0) < hi(A(9)), forall € SN
i=1
Let us describe in more detail the case in which the singularities are generated by electric dipoles,
i.e. hi(0) = N0 - d;, for some \; > 0 and d; € RY with |d;| = 1. For any A > 0 and d € RY with



NONLINEAR SCHRODINGER EQUATIONS WITH INVERSE-SQUARE ANISOTROPIC POTENTIALS 5

|d| =1, let
s o [V (0P AV(0) = A fo (0~ )0 (6) V()

= min

YeH (SN -1)\{0} Jon—1 2(0) dV (8)

be the first eigenvalue of the operator —Agnv-—1 — A (# - d) on S¥~1. By rotation invariance, it is
easy to verify that the above minimum does not depend on d. Moreover, condition (6) can be
explicitly expressed as a bound on the dipole magnitudes; indeed,

N -2V
py > — () if and only if A < —

1
2 Ax

where Ay is the best constant in the dipole Hardy-type inequality, i.e.

-d
/ TT u?(z) dx
Ay = sup RV &

uweD1-2(RN)\{0} / ‘vu(x)‘Z dx
RN

7

see [10]. By rotation invariance, Ay does not depend on the unit vector d and, by classical Hardy’s

inequality, Ay < 4/(N — 2)2. For every A > 0, let us denote 0 := —% + (%)2 + 3.

Corollary 1.5. Fori=1,...,k, let a; € RN, a; # a; fori # j, d; € RN with |d;| =1, and
0<A <A< < A < AR

Assume that the quadratic form

k

/\l(ll?*al)dz 2
U |Vu(z)Pdr — Y~ u?(x) do
RN ; |z — a;|3
is positive definite and that
k—1 Ad - Iak*ail 9
L Jag—aq oAk —2
_— > O, P> - 17
; |ak—ai|2 fmt==(55) +
Ai o] x T+ai—ak . —92\2 A —2\2
> 0, — (E=2)" < e < — 1,
> [ > 0. = (252 < <=
(16) il < Ak

Then the infimum

k

Jan [Vu(z)dz — Z

i=1

inf 575
u€DL:2(RN)\{0} (IRN |u|2*dz)

/\i(x—ai)-di 2
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1s achieved and the problem
(17) = le-al

admits a solution in DV2(RY).

With respect to the isotropic case, the possibility of orientating the dipoles helps in finding
the balance between the strength and the locations of the singularities required in assumptions
(15-16). Let us consider for example the case of two dipoles k = 2. Assume that 0 < A\; < Ag, Ay
is small and N is large in such a way that the associated quadratic form is positive definite and
> —(%)2 + 1. Then condition (15) reads as

(CLQ — al) -d; >0,

while (16) reads as
d; -ds < —;\le

In this case, if the first dipole A\1d; is fixed at point aq, (15) gives a constraint on the location
of the second dipole while (16) gives a condition on its orientation. In particular, it is possible
to construct many configurations ensuring the existence of ground state solutions to (17), unlike
the isotropic case where problem (1) with & = 2 and hy and hs constants has no ground state
solutions, as observed in [12, Theorem 1.3].

In bounded domains, concentration of mass at infinity is no more possible and an existence
result similar to Theorem 1.4 can be obtained without assumption (14).

Theorem 1.6. Assume that Q is a bounded smooth domain, {ay,as,...,ax} C Q, h; € C1(SV),
i=1,...,k, such that the quadratic form

(18) Qa(u) = /|Vu )| da:—Z/ lm al‘ u?(z)dx is positive definite,

|z — a;]?

hi satisfies (9), S(hi) = min{S(h;):j=1,...,k},

h, A —a;
pin (hi) > — (1\722) +1, and Z(“’“‘“)>0.

ap — a;|?

Then the infimum in

Qalu
(19) Sﬂ(hlah27"'7hk7): #,
u€H (\{0} ||U||L2*(Q)

18 achieved and equation

i r— al)
|a:—a1

u>0 inQ\{a,...,ax}, u=0 on 99,

(20)

admits a solution in H}(Q).
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The further assumption pq(hy) > —(%)2 + 1 of Theorem 1.6 is not technical but quite
natural when working in bounded domains. Indeed it plays the role of a critical dimension for
Brezis-Nirenberg type problems in bounded domains, see [3, 15].

The paper is organized as follows. Section 2 contains the proofs of Propositions 1.1 and 1.2. In
section 3 some interaction estimates are first deduced and then applied to comparison of energy
levels of minimizing sequences. Section 4 provides a local Palais-Smale condition which is used to
prove Theorem 1.4 and Corollary 1.5. Finally, in section 5 we analyze the problem in bounded

domains.

Notation. We list below some notation used throughout the paper.

- B(a,r) denotes the ball {z € RY : |z —a| < r} in RY with center at a and radius r.
- For any A € R, X4 denotes the characteristic function of A.

- S is the best constant in the Sobolev inequality S|jul|? .. &Yy < [|wll%:, 2(RN)-

- wy denotes the volume of the unit ball in R,

- O(N) denotes the group of orthogonal N x N matrices.

2. NECESSITY OF THE POSITIVITY OF THE QUADRATIC FORM

In the present section we discuss the necessity of the positivity of the quadratic form for the
solvability of (1), by proving Propositions 1.1 and 1.2.
Proof of Proposition 1.1. Let u be a positive classical solutions to (1) in R \ {ay,...,ax}.
For any ¢ € C°(RY \ {ay,...,ax}), by testing equation (9) with %2 we obtain

r—a,;

2 ,
/ 7V¢ Vudx—/ L |Vu|2dx—2/ | lw a" u?(z) do — ¢*u®* "2 dx = 0.
RN T — Q;

RN

From the elementary inequality 2 % Vo -Vu— % |Vu|? < |Vé|?, we deduce

Q(¢)> [ ¢*u* 2dx>0 forallp e C°RN\ {ay,...,az}).
RN

From density of C°(RN \ {a1,...,ax}) in DV2(RY) (see [6, Lemma 2.1]), we obtain that Q is
positive semidefinite in DV2(RY). m

Proof of Proposition 1.2. Assume that (6) holds and let u € D12(R¥) be a positive D12(RY)-
solution to (1). By Proposition 1.1, it follows that
M(hla"'ahk7ala"',ak) > 0,

where p(hy,...,hk,a1,...,a;) has been defined in (7). Let us assume by contradiction that
w(hy, ..., hg,a1,...,a;) = 0. From [11, Proposition 4.1], u(hq,..., hg,a1,...,ax) = 0 is attained
by some v € DV2(RY), v > 0 a.e. in RY, v # 0, which then satisfies

r—a; )
—Av Z " S= 2 =0 weakly in D2(RV).

_a/z

Testing the above equation with u, we obtain that

/ u? “H(z)v(z)dz =0
RN
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which is in contradiction with the positivity of u. H

3. INTERACTION ESTIMATES AND COMPARISON OF ENERGY LEVELS

By Theorem 1.3, for every function h € CY(SY) verifying py(h) > —(%)2 and (9), there
exists some ¢, € DV2(RN), ¢y, > 0, ¢p, # 0, such that ¢, attains S(h), i.e

Juw (VR ()2 = 2D 62 (2)] da

(21) S(h) = T ,
(f]RN |6n 2*) !
and solves
h .
(22) _A(bh_ ('r/||2x|)¢h: }ZL —17 in RN
x
Moreover the Kelvin’s transform wy, (z) := |z|~ ™= ¢y, (z/||?) solves —Awy, — h(fw/l‘;”l) wp, = wi*_l
in RY. From [10], it follows that, letting o}, defined in (10), the functions
on(x wp (T on(z/|z|?
e 0D e _onGaflal)
|| 7r by (/] ]) |zlorpy (w/la]) oot N =24y (2 ]2))

are continuous in RY and admit positive limits as |z| — 0, i.e.
(23) ct:= 1 on(z) € (0,+00) and ¢ := lim On () € (0, +00).

10 Jalo g} Ca/fa) N R ST e )
Hence there exists a positive constant C'(h) > 0 such that

1 |7 C(h) ||
C(h) 1+ |z]2ontN—2 = < on(@) < 1+ |z|2ont V-2

For any > 0, let us denote ¢ (x) := =N =272y, (z/p).

(24) for all z € RV \ {0}.

Lemma 3.1. Let h,k € CY(SY) such that h satisfies (9) and ui(h) > —(%)2 + 1. Then, for
every a € RV \ {0}, there holds

2 k(|3: a|)
¢ (z)dx € (0,400) and /]RN z

N = / Gh(x) dz + of1)

|6 ()] d [

as pp— 0.

PROOF. From (24) and the assumption p(h) > —(%)2 + 1, it follows that ¢, € L2(RY). We
have that

(25) / HEt) g o = 2 / emel) 20)
Ry |z —al? ol<lal |pw —al? "
k(i) xr+a
+ 7N+2/ |z[/ 2 da
: oralzlal [z d " )
Since
pr—a
% k(|;m¢—a|)

—— 5 k oo —
B(O,%)(x) |/wc—a|2 = |a|2|| HL (SN-1)
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and ¢, € L*(RY), from the Dominated Convergence Theorem we deduce that

y ba=a) o0y 0 k(fgemar)
26 —_— = 1li X “
(26) s o1<lal Tz — a i (x) da 0+ Jan B(O,%)(x)w a\2¢’h( ) dx

= k(ﬁ) / o7 (x) dx
a2 Jpv " .
Moreover, from (24) and pq(h) > —(%)2 + 1, it follows that
k(g) r+a
27 quN/ || ¢2 dx
( ) ‘ \w+a|2% ILIJ|2 h< o )
1

< PN L o1y (C(R))? /l ta> Lol @2 + af2ontN=2) de=o(l) asp—0"
z+ta|> 5

The conclusion follows then from (25), (26), and (27). B
Lemma 3.2. Let h,k € C1(SY) such that h satisfies (9), and ui(h) = —(%)2 + 1. Then, for
every a € RV \ {0},

| log p| 2 2
(28) NwN|C(h)|2 (1+0(1)) §/|<|a @7 () dr < Nwy|C(h)|” |log | (1 + o(1)), as j — 0T,

where wy is the volume of the standard unit N-ball, and

(20) [ gwpa= (S o) [ [ dwa]

as u— 0%,

PrOOF. Estimate (28) follows from (24) and direct calculations. We have that

k
o [ g

— al?

- [ [ (=) (- a|2>
A G B ) e = I C-S T }

T

Since
1

pa —al?  |a?
from (24) it follows that

- 1 1
Gy /w|<|“ k(IZi - ZI) <m: —a?2 |a|2>¢%(x) dr=0@) as 0%

4 al
74(”2‘”2 + 2pulal|z|)  for |z] < |2,u’

<
lal
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Since k € C1(SY), for some positive constant C depending on k there holds

ur —a —a nr —a —a
(=) —k(—)| <Cc|—=-—= z— al +
‘ (r=a) =) =€ =~ T W W ~lal+
. _Cv2 CV2 \W 20v2 i/ or [z ‘<7|
Vlpa WVl 2p’
hence, from (24), it follows that
Hr—a +
(32) /z|<';; <k(|w_a|) (‘ |)>¢,,( ydz = O(1) as pu— 0"

From (24), we deduce that

- T

k(1) T+a 1
-N |] 2
’/‘ /Iw-mlz‘; |22 ¢h( )dx < Hk”Lm(SN*l)(C(h)) /|w+a|2§ 22|z + a|¥
hence

k() r+a

-N |] _
(%) ! '/o:-i-aZ; || ¢h< K ) de = O1) as 1= 0%,
From (28), (30), (31), (32), and (33) it follows that
k(\izgl) BaN2 20 — 2 k(ﬁ) 2

(34) |, et an = (S22 o)) | [ 5 da]

as ;1 — 07. From (24) and the assumption u;(h) = 7(¥)2 + 1, we obtain that

lal
‘/ da:—/ #3 () dz| < Nwn (C(h))? / r~tdr| = Nwn(C(h))?| 1o lal ,
|x\<2,b o<1 1 2
. : N—2)2 2N
hence, taking into account that, under assumption u(h) = *(T) +1, ¢ & LA(RY),
(3) [ d@di= [ G@deron)=arow) [ )i
|z < 2t |z <L |z <L

as pt — 07. The conclusion (29) follows from (34) and (35). m

Lemma 3.3. Let h,k € C*(SV) such that h satisfies (9) and —(N;2)2 < ui(h) < —(772)2 +1

Then, for every a € RN \ {0} and A € O(N) such that Ae; = Ta7» With ey = (1,0,...,0) € RV,

there holds

(=g

)]

/ k(|m a|)|¢h( )|2d:c:,u2"’L+N_2 (CZO)Q/R (m){%

~ |z —al?

~ |z2|z + a|2ontN=2)

dx + o(1)

oo

| p2ontN=2 L (/fOA)( )[(%OA)(ﬁizi\
@ [

[aPla + PN

- |a‘2ah+N72

)] dx 4 o(1)
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as . — 0%, being cl. defined by (23).
PrOOF. A direct calculation yields
(36)

2
/ k(é Z\)|¢h( )|2 dm:qu;L+N—2/ (W)[wl(;ia)} . ¢]21(z:a)
x|z —al? Ry 22w+ al2on N2 o g 200w =N [ pa )]
| i | [wl(\x+a|):|

dz.

From (24), it follows that the function
¢ ()

nw
4 2(270’h7N) h + 2

el vt (2]

is bounded a.e. in R uniformly with respect to p > 0, whereas (23) implies that, for a.e. z € RV,
2 (x+a

¢h< M ) h

= (ch)?
—0 | z4q(2(2—0r—N) zta 2
S R G-

X —

(37)

Since the assumption p;(h) < —(Mf + 1 ensures that

2
k() [t (2]
D] s
T R+ apleniny €L (R™),

from (36), (37), and the Dominated Convergence Theorem we deduce that

k() [t (2]

~ |z]2|z + al2entN-2)

/ ) o = et 2 | () / dw+o(l)
R R

~ |z —al?

as u — 0. Through the change of variable = |a| Ay, we obtain that

/ k(il)[w?(m)rd$=|a|_N—zoh+2/ (ko ) ) [t ()]

x ToPla + aerF8=2 PRIEIE

thus completing the proof. m

The interaction estimates provided by Lemmas 3.1, 3.2, and 3.3, allow us to compare the ground
state level of the multisingular problem with the ground state level of the single dipole problem.

Proposition 3.4. Let h; € C*(SV), i=1,...,k. Let us assume that j € {1,2,...,k}, h; verifies
(9), and one of the following assumptions is satisfied

N_2 a77aZ )

|aj—a1\
N> (.~
(38) ) > ~(T2) 1 and §) o >0,
2751

_al|2

(39) f(E)2<m(hj)<f(E>2+l nd i/R () [0 ()| -

2 2 N |22z + a; — a2 TN
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Then S(h1,...,hk) < S(hj)

PROOF.  Since h; satisfies (9), by Theorem 1.3 there exists ¢p, € DV2(RY), ¢p, > 0, ¢, # 0,
attaining S(h;), i.e. satisfying (21-22) with h = h;. Let us set z,(z) = ¢Zj (a: — a;). There holds

h (z aj)
2 7/ [o—a;] / hi(=ay) 22 d
/RN |VZM(ZL’)‘ € |x—a |2 Z RN \m—a |2 (IL‘) €

i#£]

S(h1a~"7hk) <
”ZMHL?*(]RN)

2ge [ ) (fe=(ar—ap EZZ—ZZ%) h
[ o @pae- [ = Z/RN e e @)

||¢hj ||L2*(RN)

From above and Lemmas 3.1, 3.2, and 3.3, we deduce the following estimate

(40) S(hy,... hi) < S(hy) = llon, I3+ )

12 (J 93, (@) (Zf) +0<1>> if (k) > = (¥52)" 41
1#£]
2 2 hs (%) : N (N_2\2
XA H (f\;c|<l% ¢hj (x)) ZW +0(1) if pi(hj) = _(T) +1
i#]
20 +N— 2 j |r| h %)]2 . N—212
e <) Z/]RN |2 \:era —a, 2“‘; o +o(1) | if pa(hy) < —(552)7 +1

as p — 0. Taking p small enough in (40), from (38-39) we obtain that S(h1,...,hx) < S(h;). ®

Remark 3.5. For —(%)2 < pi(hj) < —(772)2 + 1, assumption (39) can be rewritten as

(hio A”)(ﬁ) h; T +ep \12 dz
/RN (Z la; — a; 2(on; +N—2) [(% oAij)(|x+61|):| |x|2|x+61|2(ahj+N72) >0,

itj | il

where A;; € O(N) are such that A;je; = =i,

= lai—aj]

4. THE PALAIS-SMALE CONDITION AND PROOF OF THEOREM 1.4

If u € DY2(RY), u > 0 a.e. in RY | is a critical points of the functional J : DV2(RY) — R,

r—a;

fl 1 i |gc al\ 7S(h1,h2,...,hk)/ o
(41) J(v)—Q/ |Vv|2d Z/N e V2 (2) da L [ o[ d,

then w = S(hy, ha, ..., hx)/? =2y is a solution to equation (1) (weakly in D*?(RN) and classically
in RV \ {ai,...,ax}). From now on, for any u € DV2(RY), J'(u) € (DV3(RY))* will denote the
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Fréchet derivative of J at u and (-,-) will stay for the duality product between D2(RY) and its
dual space (D12(RV))*.

The Concentration-Compactness analysis of the behavior of Palais-Smale sequences provides
the following local compactness result.

Theorem 4.1. Let (7) hold and {u, }nen C DV2(RY) be a Palais-Smale sequence for J, namely
lim J(u,) =c<ooinR and lim J'(u,) =0 in the dual space (DV?(RN))*.

n—00 n—00

If
(42) ¢ < %S(hl,hQ,...,hk)l‘% <min{5,5(h1),...7S(hk),S(Z’f 1hj)}>N/2,

then {un}nen admits a subsequence strongly converging in D2(RYN).

PRrROOF. Let {u,}nen be a Palais-Smale sequence for J at level ¢, then from (7) there exists some
positive constant c; such that

N -2
cllunllpra@ry < Qun) = NJ (un) = =5 (" (un), un) = Ne+ o([Junl|pr2er)) + o(1)

as n — +00, hence {u, }nen is a bounded sequence in D*2(RY). Then there exists ug € D2(RY)
such that, up to a subsequence still denoted as {u, }nen, Un — ug weakly in DV2(RY), u,, — g
a.e. in RV, and w, — wup in L _(RY) for any o € [1,2*). The Concentration Compactness
Principle by P. L. Lions, (see [17] and [18]), ensures that, for an at most countable set J, some
points z; € RY\ {a,...,ax}, some real numbers Moy Va;s J € T, and fia;, Va;, Vi, 1 =1,..., k, the
following convergences hold in the sense of measures up to a subsequence

k
43)  [Vual? = du> [Vuo + Y a0, + Y 1,05,
=1 JjET

k
(44)  |un® = dv = |uo)? + ZVai‘sai + Z 7

i=1 jeg
—a. 2 . 2
(45) hz(x az) Un QAd'yai:hi(w az) %o 2+’sz5ai, forany i=1,...,k.
| — a;]/ |z — a;] | — a;]/ |z — a;]

Notice that we can choose fia,, ft; such that p,, = du({ai}), pe; = du({x;}). From Sobolev’s
inequality it follows that

(46) SVQE; < pg; forall j € J  and S’Va* < g, foralli=1,... k.

The concentration at infinity of the sequence can valuated by the following quantities

Voo = hm hmsup/ lun ()% dz, oo = hm hmsup/ |V, (2))?dx
|z|>R |z|>R

R—o0 nooco —0 n—oo

and

R—oo nooo

k 2
Yoo = hm hmsup/ (th(lil)> Un(f) de.
lz|>R \ ;= 2|
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Testing J'(u,) with un @5, for some smooth cut-off function @5 centered at z; and supported in
B(xj,¢), and letting n — oo and € — 0, we obtain that i,; < S(hi, ha,. .., hg)vs,, which, together
with (46), implies that

g N/2
47 J is finite and for j € J either v,. =0 or v,, > ( > .
(47) J g 1=\ S(ha, ha, -~ hg)
To analyze concentration at singularities, for each ¢ = 1,2,...,k we consider a smooth cut-off

function ¢ satisfying 0 < 9§ (x) < 1,

Yi(x) =1 if jz—a;| < %, Yi(x) =0 if |[z—a;| > e, and |V¢i(x)] < for all z € RY.

CAES

From (8) it follows that that

—a; €12,,2
f]RN |V(un¢f)|2 dx — fRN hz(é,an) ‘qul‘aﬁg dx

(f]RN g U, |2 d:c)
and hence
(48) / 2 PV 2 + / W2 V2 da 4 2 / UVt - VS
RN RN RN

z—a; \ [U5Pu? ) 2/2*
> ) . . |
_/]RNhl<|,fL'—ai|)|l'—ai|2 dx—’—S(hZ)(\/RN |,(/)'LU’TL| dx

It is easy to verify that

lim lim sup [/ u2 | Vs do + 2/ Un 5 Vg, - V5 dx} =0,
RN RN

e=0 nooo

then from (48) and (43-45) we deduce that

(49) fta; > i + S(hi)v2/?.

Testing J'(u,) with u,1$ and letting n — 400 and e — 0, we obtain that
(50) fa; — Vi < S(hi,hay ... hg)va,.

From (49) and (50) we conclude that, for each i =1,2,...,k,

. S (hi) )N/ ’
51 either v, =0 or v, > .
(51) ' <S(h1,h2,...,hk)
To study the possibility of concentration at co, we consider a regular cut-off function ¢ g such that
1, if |J)| > 2R 2 N
< < N — ? ’ < 2
0 <t¢pr(z) <1forall z e RY, ¢Ypr(z) { 0. if 2] < R, and |Viyg(x)| < 7 for all x € R™.

From (8) we obtain that
2 u2
Jon IV (o) P = [ (S0 i () ) i do

(oo lomnn 2 a) ™

> S(Zf:l h@)
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and, consequently,

(52) / ¢§|vun|2dx+/ ui|v¢R|2da:+2/ Un Vi, - Vg dz
RN RN RN

> /]RN (qu hz(ﬁ)) wllzzr;% dx + 5(2?21 hz) (/RN |¢Run|2*dx>2/2*'

It is easy to verify that

lim limsup{/ uZ|V1/JR\2d$+2/ unz/JRVun-Vz/JRda?} =
R RN RN

—X0 n—oo

Then from (52) we infer

(53) poo — 100 = S (0, i) V2L
Testing J'(u,) with u,1r we obtain
(54) 0= lim (J'(up), un¥r)

n—oo

= lim {/ |Vun|2w3+/ UV, - Vg

) wRU% 2%
—Z sdz — S(hi,ha, ... hi) | Yrlual* |
RN x—az| |z — ay RN

If |z| > R with R sufficiently large, there holds

hi(p=ag) )| | h(E=g)  m(E=ig)| | 1 h‘<$_ai>_h‘(£)
|z — a;|? || |z — ai|? || 2 |7\ [z — "zl
|2a; - 2 — |a;]?|  const | x — a; x
< IR _
S Wil e TR e—al ol

2|a;||z| + |ai|2 V2const ||z|(|z — a;| — |z|) +a;i-x _ const

< |h;l| 1,00 (g - .
S H z||L (sV-1) |x—ai|2|ﬂc\2 |x|2 9C—ai|\3?| = \x|5/2

Since, by Hélder’s inequality,

w2n N2/ LN
n dx < ’U,2 ‘JZ|7ZN _ O(Rfl/Q)
5/2 n
RN |2 |z|>R |z|>R

as R — +oo uniformly with respect to n, we deduce that

k o ke By (2
S ) e - [, B e
i1 /RN |z — a;l/ | — ai RN ||

as R — +oo uniformly with respect to n, hence

— a; wRun
(55) hm hmsup/]RN; P )|:1:—a ‘Qd

R—+00 nooco az‘
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Passing to lim-sup as n — oo and limits as R — oo in (54) and using (55), we obtain that
(56) fioo — Yoo = S(h1,hay ..oy By Voo
From (53) and (56) we conclude that

. S(Ciy hi) )W
57 either 1o =0 or vy > = .
(57) (S(hl,hg,...,hk)
As a conclusion we obtain
1 1
(58) o= () — 3 (7 () ) +0(1) = 1 S(ha, o, .,hk)/ fun|2*d + 0(1)
RN
S(hy,ha,...,h .
:W{/ ‘u0|2 daj—‘,—Zl/al—Flloo—l-ZVI]}

JjET
From (42), (58), (47), (51), and (57), we deduce that v,, = 0 for any j € J, vs, = 0 for any
i=1,...,k, and vo = 0. Then up to a subsequence u, — ug in DV2(RY). m
The Palais-Smale condition recovered in Theorem 4.1 and the interaction estimates proved in

Proposition 3.4 are the key tools to prove Theorem 1.4.

Proof of Theorem 1.4. Let {u,}, C D?(R") be a minimizing sequence for (3). From the
homogeneity of the quotient, we can require without restriction that ||uy|| 2+ gy = 1, while from
Ekeland’s variational principle we can assume that the sequence satisfies the Palais-Smale property,
i.e. for any v € DV2(RY)

Vu,(x) - Vo(z) de — Z/ MU(Q?) dx

— S(hi,ha, ... hg) /RN |t ()| "2y ()0 () do = o([[v]lprarny)-

Hence J'(u,) — 0 in (DY?(RY))* and

RN

1 1 1
J(un) — (5 - 2—*)5(h17h27...,hk) = = S(h1 b, h).
From assumption (13) and Proposition 3.4, we infer that
(59) S(h‘lahQa?hk) <S(h’k)

From assumptions (11) and (14) we have that

(60) S(hy) < S(hi) forall i=1,....k—1, and S(hy)< S(Z h)
while from assumption (12) and Theorem 1.3 there holds

(61) S(hy) < S.

Gathering (59), (60), and (61), we finally have

S(hy, ha, ..., hy,) < min {5, S(hy), ..., S(hy), S(Zf_lhi)}
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and hence

1 1 - K /2
SS(hashz, ) < S (b o ) (mln{S,S(h1)7...,S(h@,S(Zi_lhi)}) .

From Theorem 4.1 we deduce that {u,}n,en has a subsequence strongly converging to some
ug € DM?(RY), which satisfies J(ug) = +S(h1,h,...,ht). In particular ug achieves the in-
fimum in (3). Since J(ug) = J(|ug|), we have that also |ug| is a minimizer in (3) and then
vo = S(h1,ha, ..., k)2 =2 |ug] is a nonnegative solution to equation (1). The maximum princi-
ple in RN\ {ay,...,a} implies that vg > 0 in RV \ {a1,...,az}. W

Let us now consider the case of singularities generated by electric dipoles. In order to prove
Corollary 1.5, we first need to establish the following monotonicity property of ground state levels
with respect to the dipole magnitudes.

Lemma 4.2. If./\;\,1 > A > Ao >0, dy,dy € RY with |dy| = |da| = 1, and h;(0) = X0 - d; for
1= 1,2, then S(hg) > S(hl)

PrOOF. We first notice that, by rotation invariance, for any A > 0, S(A\0 -d) does not depend on
the unit vector d, hence S(h2) = S(he) where ha(0) = 26 - d;.
From Theorem 1.3, there exists w € DV2(RY) \ {0} such that

(62) o [V0@F = et de g6
(Joun leo(a))?" )

We claim that the quotient at the left hand side decreases after passing to polarization with respect
to the half-space Hg, := {x € RN : z-d; > 0}. We denote as a4, : R — R¥ the reflection with
respect to the boundary of Hy,, i.e. o4,(x) = 2 —2(x-dy)d;. The polarization of any measurable
nonnegative function u with respect to Hq, is defined as

ua, () = {ma&({U(LL’),u(crd1 (z))}, ifz€ Hq,,
1 min{u(z),u(oq,(z))}, ifz € RN\ Hy,.

From well known properties of polarization, there holds
(63) IVIwla, [|2@ay = VWl 2@y and - [lwla, |2 @v) = lwl] g2 @y,

see [22, Propositions 22.2 and 22.5]. Moreover

A 'd1 2 2
(64) | ot ol =) o
x-d; 9 2 / x-dy 2 2
= —— (|w|5. — |w|?) dz + —— (|lw|3., = |lw|*)dx >0
‘/Hdl ‘.73|3 (‘ |d1 | | ) ]RN\Hdl |$‘3 (| |d1 | ‘ )
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and, through the change of variables © = o4, (y),

x-dy, o / r-dy | 4 / x-dy | o
65 / wlg, (x)dr = wl|3. (z)dx + — |wl|3. (z) dzx
( ) RN |1,|3 | |d1( ) Ha, |$‘3 | |d1( ) RN\ Ha, |l’|3 | |d1( )
r-dy | 4 / y-di, o
= — |w|3. (z) dx — = |w|3, (04, (y)) dy
/Hdl |I‘3 | |d1( ) Ha, |y‘3 | |d1( 1( ))

From (62-65), we obtain that

S [V wla, (@) — 2228 |w[3 (2)] da
(fRN ||w|d1(x) Q*dx)z/z*

o e [Vlola, @) — 245 wlf, (@)] do .

(fRN ||w|d1(x) Q*dx)wz* = >

S(hy) = S(}le) >

thus proving the stated inequality. B

Proof of Corollary 1.5. Theorem 1.4 applies with h;(6) = \;0 - d;. Indeed, (11) follows from
Lemma 4.2, (13) comes from (15) and (14) from (16) and Lemma 4.2. B

5. THE PROBLEM ON BOUNDED DOMAINS

In this section we discuss the existence of ground state solutions to (20) by analyzing the associated
minimization problem (19) on a bounded smooth domain Q@ c RY, N > 3, containing points
ai,...,ar. The corresponding functional is given by

r—a;

66)  Ja(v) = /|v ?dzx **Z/N l%ljaam (x)d:l:S(h17h22,*...,hk)/ﬂvlz*dx.

By boundedness of the domain, minimizing sequences of (19) cannot lose mass at infinity. Hence,
arguing as in Theorem 4.1, the following local Palais-Smale condition can be obtained.

Theorem 5.1. Assume that (18) holds. Let {un}nen C HE(Q) be a Palais-Smale sequence for
Ja, namely lim,,_, o Jo(u,) = ¢ in R and lim, o J4(uyn) = 0 in the dual space (HE(Q))*. If

1 ~ N/2
c < C;‘Z = NSQ(hl, ho, .. .,hk>1_7 min {S,S(hl), .. 7S(hk)} s

then {un }nen has a converging subsequence.

In a bounded domain, the comparison between ground state levels of dipole-type and multi-
dipole type problems is more delicate and requires an analysis of the concentration behavior of
cutted-off test functions. To this aim we need, besides the asymptotic behavior of functions ¢; at
infinity, also the behavior of their gradient, which we are going to deduce from Green’s represen-
tation formula and the following property of differentiability of Newtonian potentials.
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Lemma 5.2. Let Q CRY be a bounded smooth domain, g € LP(Y), for every p € [1,2), and let u
be the Newtonian potential of g, i.e.

1 9()
= d .
)= o N Sy
Then u € WH4(RN) for all g € (%, %) and the weak derivatives of u are given by
1 i —Yi .
au(aj: /g(y)(:z: y)d7 1=1,...,N.
Ox; Nwn Jo |z—ylV

PROOF. The proof can be obtained by approximation from [14, Lemma 4.1, p. 54] using the
L? inequalities for singular Riesz potentials proved in [20, Theorem 1, p. 119]. We refer to [9,
Lemma A.1] for a detailed proof in the case g € L?(2), which can be followed step by step yielding
Lemma 5.2. B

From the above lemma and Green’s representation formula we derive the following estimate on
the behavior of solutions ¢y, as |z| — +o0.

Lemma 5.3. For h € C1(SN) verifying pu1(h) > 7(¥)2+1 and (9), let g5, € DV2(RYN), ¢y, > 0,
on £ 0, be as in (21-22). Then, for every e > 0,

O(|33|_U’L_N+1), if up(h) < N —1,

) as |xr| — +00.
O(ll=>+), iy =N-1,

(67) [Von(z)] = {

PrROOF. Let wy,(z) := x|~ N =2 ¢y (x/|x|?) be the Kelvin transform of ¢5,. Then wy, solves
—Aw, =g inRY,

where b
g(x) = (Tx/|2x|)wh(:c) + wi*_l(x).
Moreover, a direct calculation yields the following relation between the gradients of ¢ and of its

Kelvin transform
=N EAY —N-2_ LY (N— Ny (2
(68) Von(x) = || th<|m|2) 2x| x| T th<|x‘2> (N = 2)|x| wh(|x|2>$.

From (23), wy(z) = O(|z]°*) as & — 0, hence g(z) = O(|z|°*~2) as 2 — 0. Therefore, from
w1 (h) > 7(¥)2 + 1, it follows that g € LP(B(0,1)) for every p € [1,2).
Green’s representation formula yields

1 9(y) / 1 Owy }
69 wp(r) =————F— / ———dy + —— ———dS
(69) w(@) N(N - 2)wy [ B(0,1) |z —y[N—2 Y 8B(0,1) |z —y|N=2 Ov (@)

1 / wh(y)
N 5 =) vy dS(y), =€ B(0,1),
Nwy dB(0,1) |z —y[N
where wy denotes the volume of the unit ball in RV, v is the unit outward normal to dB(0,1),
and dS indicates the (N — 1)-dimensional area element in 0B(0,1). It is easy to verify that the
functions
1 Owp,

WhY
9B(0,1) W v dS(y), T ﬂ (y — ) v(y) dS(y),

T —
dB(0,1) |z —yN
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are of class C*(B(0,1)). From Lemma 5.2, we have that

1 9(y) ) 1 / T —y
v 7/ L ) e ——— ——g(y) dy,
(N(N—2)WN B, |z —yN 2 Nwn Jpo1) o —yl¥ )

and hence

1 9(y) ly|7 2
(70) ‘V(/ ————dy Sconst/ —dy.
N(N = 2)wy B(0,1) |z —y|N—2 B(0,1) |z —y[N -1

If uy(h) < N —1,ie. op <1, then

1 9(y)
MN(N ~on /B<o,1> Ty dy)' < const f().

where
op—2

f(m):/RNkL'lyledy'

An easy scaling argument shows that f(axz) = o~ f(z) for all & > 0, hence f(r) = |x
where e; = (1,0,...,0) € RN. Then, if py(h) < N — 1,

1 9(y) )‘ -1
71 V| ——— / —=——dy || < const |z|7""".
(7D ' (N(N —2)wn B(0,1) |l —y|N =2 =

If pi(h) > N —1,ie. o5 > 1, we fix 0 < e < N — 1 and notice that, from (70),

1 9(y) )‘
v 7/ ————dy || < const k.(x),
‘ (N(N —2)wn Jpo) [t —y|N 2 (@)

71 f(er),

where

1
ko(r)= | ——— _dy.
() /RN ey — a1 Y

An easy scaling argument shows that k.(ax) = a™%k.(x) for all @ > 0, hence ke (x) = ||k (e1).
Then, if u;(h) > N — 1

™ (v s, i )| < Clelel

for some positive constant C(e) depending on ¢ (and also on N, h, and wy). Representation (69),
regularity of the boundary terms, and estimates (71-72) yield

O(|lz|o»=1), if pr(h) < N —1,
(73) Vuwp(z) = ( ) ' as ¢ — 0.
O(lz|=¢),  if pa(h) > N —1,

Estimate (67) follows then from (73) and (68). m
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Lemma 5.4. Let j € {1,2,...,k}. There holds
(74)  Sa(h, ... hi) < S(hy) + O+ 2)
2 -2 2 hl(%) 1 - h: _(N-=-2 2 1
w H¢hj||L2*(RN)(f]RN Qbhj(z)) Z |aj_ai‘2 +0( ) 9 Zflufl( J) > ( 2 ) + )
i#j
2 -2 2 h?(\{;z:zz\) . N_2\2
A l0m, 1173 vy (o< 07, @) | Do 2 o) ), if mhy) = —(F52)" + 1,
i#j
as u— 0t.
PROOF. Let w be an open set such that @ C  and a; € w and let ¢ € C2°(RY) be a smooth cut-

off function such that 0 < ¥(z) < 1,9 =0in R¥\Q, ¢ =1 in w. Then Q,D(x)qﬁzj (x—a;) € HL(Q).
Let 0 <e < % We claim that, as 4 — 07, the following estimates hold:

(75) /RN |V(1ZJ(:]§)¢ZJ (aj — aj))|2 dr = [RN |V¢hj (:ZZ)|2 dz + O(uQU’LJ+N—2) + O(MN,QE)
h; x:zj hi (& )

(76) /RN Mhﬁ((ﬂ)qﬁﬁf (:L' — aj)|2 do = AN ]i||2) |¢h]~ (1,)'2 dr + O(M2Uhj +N 2)

(77) /]RN |:E(|_ai1|2)|¢(£)¢zj (x —a;)?dr = /RN szj ()2 de + 02"+ =)

([ pweeara) = ([ @) <opm

Let us prove (75). We have that
(19 [ V0@ - a)P = [ @IV -0 ds
RN RN
+ / o1 (2 — a;)|*|Vep(2)]? da + 2/ ()Pl (x — a;)Vip(x) - Vo (z — a;) da.
RN RN

In view of (67) we have

€0 | [ @IV —a)Pde— [ Voo a)Pds
RN RN
N72+20hﬂ'), if ,U1(hj) <N -1,
-/ (=G + a)[Von, WP dy =3 " |

n (RN \w)—ay) O(uN=%), if i1 (hy) > N —1,
and
(s) [ 16l = ) PITo @) do < const i [ on, ()P dy

RN pmH(\w)—ay)

u~'R

< const /1,2/ 82(70hj7N+2)+N71 ds = O(/,L2ghj+N72)’
p=ir



22 VERONICA FELLI

where r = dist(a;, RV \ w) and R > 0 is such that Q C B(a;, R). Similarly,
(82) D(@)pi (@ — a;)Vip(x) - Vi (x — aj) do = O T72) + O (N 7%).
RN
Estimate (75) follows from (80-82). The proof of (76-78) is analogous and is based on (24). From

hi(p=a)

[ V@@ @ apPde— [ SEE @)l o - ) da
RN RN |I a’|

(/]RN |¢(x)¢zj (z — a;)|>" dx>2/2*

h T—a;
/R PR it o — ) do

N |z — a;l?

Sa(hi, ... hig) <

)

k ([ el —apar)

Lemmas 3.1 and 3.2, and (75-78), it follows that
Sa(ha, .- hi) < S(hy) + O TN 72) 4 O (uN =)

hi ai=at . _
/”L2||¢hj HZQQ* (]RN)(I]RN ¢}27,] (.23)) <Z|((11—7a112|) + 0(1)>7 if ,ul(h]) > —(%)2 —+ la

by
hi( =y . _
2160m, 12 oy Uy 98, () (z(,) + 0<1)>, i ) = —(552) 41,
i#]

as 4 — 07, Since 0 < ¢ < %, there holds O([LN72E) = o(u?), thus implying the validity
of (74). m

Corollary 5.5. Let j € {1,2,...,k} such that pi(h;) > — (%)2 +1. If

a] al)

a;—a
E | R bt ARk A R 7‘ 07
\a] —ail?

i#]

then

SQ(hl, ey hk) < S(hj).
Proor. It follows directly from Lemma 5.4 after noticing that if pq(h;) > —(%)2 + 1 then
20, + N — 2 > 2 and hence 027" ™72y = o(u2) as pu — 0T, while if pi(hy) = 7(¥)2 +1
then 20y, + N —2 = 2 and hence O(p2ori TN =2) = o(p? flfr\<ﬁ gi),zlj (z)). Taking p sufficiently small,
we obtain Sq(h1,..., k) < S(h;). B
Proof of Theorem 1.6. It follows from Theorem 5.1 and Corollary 5.5 arguing as in the proof
of Theorem 1.4. &
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