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transform

July 25, 2001

G. Travaglini

1 General results for characteristic functions
of convex bodies

1.1 L' spherical means for polygons

Consider a convex planar body B and the Fourier transform of its character-
istic function

W)= [ e eras.
B

A familiar problem concerning Yz (§) is the study of its decay as |£| —
+o00. As a first example, let us consider the unit disc D. In this case

(&) = 1€ Ji @2 1€]) ~ 77 €] cos (27 €] — 37 /4) (1)

where J; is the Bessel function of order 1. If B is not a disc, the decay of Xp(&)
depends, mildly or strongly, on the direction of £&. Choose e.g. & = (&,0),

then
8(&1,0) // “2MEE ) diy (2)
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where f(s) is the length of the chord in Figure 1.

Figure 1

Sometimes (2) is described by saying that the 2-dimensional Fourier trans-
form is a 1-dimensional Fourier transform of a Radon transform.

Let us now replace B by a square Q. If we consider (Figure 2) the Fourier
transform in a direction orthogonal to a side of @, then the graph of f(s) is
represented in Figure 3.

Figure 2 Figure 3

and therefore J? decays of order 1. On the other hand, for most directions
(Figure 4) f(s) is piecewise smooth and continuous (Figure 5) and f decays
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of order 2.

Figure 4 Figure 5

As one might expect, the study of ¥z(£) in a given direction is essentially
intractable for the case of an arbitrary convex body B. On the other hand,
several problems do not require precise estimates in all directions, but rather
a global information, since usually one just needs to integrate the Fourier
transform in a suitable sense. We start considering the following L' spherical
average:

27
| 1%u(e0) a0
0

where, from now on, © = (cosf.sinf). To see what is going on, we look at
the case of a polygon P. By the divergence theorem,

. 6727rz't-§ 1 .
/ e~2mE gt = / div {725} dt = 72/ e 2T u(t) dS,
P . —2mi |¢] —2mi |€]” Jop

where v is the outward normal vector and dS; is the boundary measure. We
split the integral according to the sides of P and we consider one of them,
which we may assume to have extremes (—1,0) and (0,1). Then |Xp(p©)] is
controlled by a finite sum of terms of the form

,071 /1 6727r1'tpc0s0 dt‘ _ sin (2;T:0 COS 9) ‘
1 mp? cosf
and it easy to see that
sin (27 p cos 0)
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There is a more geometrical way to get the same result and it may inter-
esting to describe it. Consider a convex planar body B (Figure 6)

o>
A(3,8)
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B
Figure 6

(4)
and let A(J,0) be the chord at distance ¢ from the boundary of B, along the

direction ©. The following geometric bound for the Fourier transform has
been pointed out by several authors.

Theorem 1 Let B be a convex planar body. Then
X5(pO)| < cp™ {|Mp™".0)| + [Mp~", 0+ 7)|} (5)
with ¢ depending only on B.

In order to prove (5) it is useful to observe that the function f(s) in (2)
is concave, say with support [—1,1]. Then (5) is equivalent to

Fo| el {(F1+10™ + Fa -1}

Assume for simplicity f continuous. Integrating by parts, one essentially
reduces to bound a term of the form

‘t_l /0 ' (s) sin (2mst) ds (6)
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where — f’(s) is increasing in [0, 1]. The graphs of the functions —f'(s) and
—f'(s) sin (27st) are as in Figure 7
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Figure 7

and the integral in (6) is essentially a Leibniz sum, thereby bounded by its
largest term
1
[t
11—t~ !

Going back to the case of a polygon, it is an exercise to estimate the
lengths of the chords A(p~!, #) defined in (4) and then deduce (3).

As another application of (5), let us recall the bound

IR6(6)] < cle| ¥ (7)

which holds true for a planar body B, the boundary of which is smooth
with everywhere positive curvature. We point out that (7) follows from the
obvious geometric inequality |A(p~',0)| < cp~ /2.
It can be shown that (3) is sharp and indeed, for any planar convex body
B,
27
limsup p?log™" p / IXB(pO)| do > 0. (8)
p—+00 0
The proof of (8) depends on a modification of an argument used by Yudin
in the study of Lebesgue constants.
The bound in (3) is essentially sharp also in a perhaps more subtle sense.
If we assume P = Py to be a polygon with N sides, say contained in the unit
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disc, then the above argument (divergence theorem + splitting the boundary
integral according to the sides) shows that

27
/ Ry (9] d6 < eNp~?log p, (9)
0

where ¢ is independent of N. We are going to show that this bound is
essentially sharp since, for any ¢ > 0 we cannot replace N in the above
R.H.S. by N'7¢. Indeed, assume Py is a regular N-gon inscribed in the unit
disc D and consider Xp\p, (pO) . Here f(s) is the sum of the lengths of the
two small segments enhanced in Figure 8.

Figure 8

The set D\ Py is the union of N ”lunes”. Let us number them counterclock-
wise starting from © and let us consider only the first [N/2] lunes for sim-
plicity. Figure 9 shows that the contribution of the &' lune (1 < k < [N/2])
to the total variation of f(s) is

k
%N_QSin_IN% N—k .
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Figure 9

Adding on k and using the theorem on the Fourier transform of a function
of bounded variation we get, uniformly in 6,

_1log N

Ro\ex (00)] = |F(0)] < ep™' 25

On the other hand (1) implies
27
| %000 db < i
0
27 3/9
| Roei)] do > o™
0

(for a suitable sequence p;). Now choose j so that p; &~ N? ¢ (¢ small). Then

27
| 1zm 0] do >
0
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In order to end the proof let us assume that, for a suitable constant K =
K(N), we have

27
| 1Rm(00)] 48 < K)o
0

Then choosing again p = p; & N*7¢ we get
eNTHE < K(N)p;?log pj = K(N)N™"* log N
hence

K(N)>cNY“2log ' N > ¢N' . (10)

1.2 L? means for convex bodies having piecewise smooth
boundaries

Let us go back to the case of a planar convex body B and let us consider

more general LP means,
27 1/p
[ atworr anf
0

Arguing as in the L! case we can prove the following sharp bound for a
polygon P when 1 < p < oc.

o 1/p
{ [ retorr do} < epi,
0

Note that for a disc D we obviously have

27 1/1”
{ [ Rotor de} <ep 2,
0

The above estimates agree when p = 2 and this is a general fact. Indeed
Podkorytov proved the following theorem.
Theorem 2 Let B be a planar convex body. Then

1/2

[ atoorf an} <. 1)



We stress that Podkorytov’s theorem requires no regularity assumptions
on B. The proof of (11) uses (5) and it is rather difficult. A perhaps simpler
argument comes out studying the essentially equivalent inequality

1/2

{[Tiaver w} ™ <o, (12)

where 1 denotes the restriction of the Lebesgue measure to a ”convex” finite
arc. To prove (12) we write

21 21
[ an= [ [ e au) [ e ) an
0 0 2 R2

27
_ / / / 27019 4 () du(y)
R2 JR2 JO

—or /RQ /2 Jo 2mp | —y|) du(z) du(y)

where Jp is the Bessel function. By convexity |z — y| is "close” to the arc
length and one can reduce the two integrals on R? to one (which indeed is a
line integral),

1 P
/ Jo (ps) ds = p_l/ Jo(u) du < cp™.
0 0

If we deal with the case p # 2, a rather interesting phenomenon appears.
Let us consider the simplest class which contains polygons and discs, i.e. the
family of convex planar bodies with piecewise smooth boundary. Let us say
that such a body B has p-order (p > 1) of decay equal to a if

27 1/1”
{ | muerr de} < epe
0

27 1/p
lim sup p® {/ IXB(pO) dﬁ} >0.
0

p——+00

and

Then we have the following result.



Theorem 3 Let

1 3 1
Sz{(—,a):1<p§2 , a:—ora:1+—}
p 2 P

1 1 3
Tz{(—,a):2§p§+oo , 1+—§a§—}.
p p 2

Then the pair (%,a) belongs to the set S UT if and only if there exists

a conver body B (having piecewise smooth boundary) with p-order of decay
equal to a.

The set S UT is represented in Figure 10.

1

12 1 lp

Figure 10

The difference between the cases p < 2 and p > 2 can be explained in the
following way.

When p < 2 the proof of the above result essentially says that polygons
have p-order of decay equal to 1 + 1/p, while all other bodies have 3/2, i.e.
they behave like discs. The point is that if B is not a polygon, then its
boundary must contain an arc with positive curvature. Using asymptotic
of Fourier transforms this is enough to get uniform order of decay 3/2 on a
positive interval of €’s, and this (together with (11) implies the L? average
3/2 over [0,27) when p < 2.

The situation is different when p > 2, where (consider for a moment the
case p = oo) the flat points in the boundary are the relevant ones. Here
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one can produce a scaling between the polygon and the disc by construct-
ing suitable bodies containing a piece of the graph of 27 (y > 2) in their
boundaries.

The above dichotomy is no longer valid for arbitrary convex bodies (let us
focus on L', L? and L*, the other cases being esseantailly obtained through
interpolation): the L average decay reflects the presence of flat points in the
boundary of B, the L? average decay is generic, and, finally, the L' average
decay describes global geometric properties of B, as we shall see in the two
coming sections.

1.3 Inscribed polygons

Let B be a convex planar body. Choose any chord at distance ¢ from the
boundary (briefly a §-chord) and name it ¢;. Move counterclockwise con-
structing a finite sequence of consecutive d-chords until you reach ¢;. Then,
if necessary, replace the last chord by one consecutive to ¢;. In this way we
get a polygon inscribed in B and we denote it by P. Let MP be the number
of sides of PP. Tt is known that MP < §=1/2,

Theorem 4 Let B be a convex planar body and assume Mf,l < p* (where
0 < a<1/2, the cases a = 1/2 being covered by (11). Then

X80 115,y S 0° 7 og p. (13)

Moreover, for any 0 < «a < 1/2, there exists a convez planar body B such
that Mf,l < p* and, for any e > 0,

lim sup p_a+2+5 ||§(\B(p')||L1(21) > 0.

p—+o
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See Figure 11.

Figure 11

The first step in the proof of Theorem 4 is to prove the inequality

27 27
/ Ru(p@)] db < /
0 0

We are therefore reduced to estimating the average decay for a polygon with
< p® sides. We then apply the "trivial” estimate (9) with p® in place of N.

At this point one should expect to have gotten a poor result using the
trivial estimate (?7). However, it is not so. The counterexample follows the
idea which has been used to prove (10).

o 00 .

1.4 Measuring the image of the Gauss map

We can also take the following ”dual” point of view. If B is close to a
polygon, then its boundary 0B has relatively few normals. By convexity, at
every point of 0B there is a left and a right tangent, therefore a left and a
right outward normal. Let A® C [0, 27) be the set of the directions appearing
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either as a left or as right outward normal. In other words, A® is the image
of the (generalized) Gauss map. It is reasonable to measure A? in fractal
way and in order to do so we define its e-neighborhood

AP ={0 € [0,27) : dist (0, AP) < &}
and we assume an inequality of the form
AB| < et

If B is a disc, we can only take d = 1. On the other hand, we can choose
d = 0 if an only if B is a polygon with finitely many sides. As an exercise,
let us consider a polygon with infinitely many sides, such that the set of the
normal directions to its sides is

AP = {1}

(v > 0). Let us measure AZ. The distance between two consecutive points
in the sequence AP is ~ n =771, Let us cover [0, 1] with £ ! essentially disjoint
intervals of length £ (we call them (£)-intervals). Note that they may cover
more than one point in A® when ="' < ¢, ie. n > e~/ We set
ng =~ ¢~ /01 and we keep all the ~ n, e~ (¢)-intervals between 0 and n, .
We observe that on the right of n, " only ng (£)-intervals are necessary. Then

|AP] & ng ™ +eng & ?/OFY)
We have the following essentially sharp result.
Theorem 5 Let 0 < d <1 and assume that
AB| < e, (14)

Then
o cagp~ VD o< d <1
| 1Rsto0)] a0 <
0 cp 2logp ifd =0

A slightly weaker form of this theorem can be proved using Theorem 4
and (15) below. We sketch the first part of a direct proof. We can assume
d > 0 and write

/0 " R6(p@)| db = /A Ru(po)| a0+ [ Ra(o0)] o

pEYZTES [0.2mN\AT a1
- [1 —+ IQ .
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By Schwartz inequality, (14) and Podkorytov’s L? result (11) we have

[ reverr o)

(d=1)/(20+2) =3/2

1/2
B
Il S ‘Ap—l/(dJrl)

<cp

= Cp_l_l/(d+1) .
The bound for I, depends on (5) and it is more technical.
Introducing the infima o* and d* (note that d* is the upper Minkowski
dimension of A®) we can prove that
d*

o < FIE (15)
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2 Lattice points and irregularities of distri-
bution

2.1 Lattice points

Let pB be the dilated copy of a convex planar body B. Some elementary
geometric considerations show that

card (pB NZ*) ~ p*|B]

and

Dy(p) = card (pB N Z?) — p*| B = O(p). (16)

as p — +oo. Dg(p) is called discrepancy.

Let us replace B by a disc D. Then the problem of improving (16) is
known as the circle problem, and it has counted several milestones during
the last century. Among them we point out Sierpinski’s early estimate (1906)

Dp(p) = O(p*"*) (17)

and Hardy’s Q-result
Dp(p) =Q (pl/ ?log'/* p)

which, in particular, says that the bound Dp(p) = O(p'/?) is false. The
conjectured result is O (,0%*5) and the best estimate so far is O (p%JFE)

(Huxley).

Sierpinski’s estimate can be proved through a by now classical Fourier
analysis argument. It may be worthwhile to recall it.

Proof of (17). This proof works for every convex planar body B having
smooth boundary with everywhere positive curvature. We can write

Dp(p) = <Z XpB(m)) —p*|B|

meZ?

and we want to use the Poisson summation formula. This can be done
after smoothing the discontinuous function x,5. We consider the convolution
XpB * ©,-173 (here ¢ is a smooth positive function supported in the unit disc
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and such that ¢(0) =1, [ ¢ =1, while ¢,-13(t) = p?3>¢ (p'/?t)). Then, by
the Poisson summation formula and (7),

Z XpB(m) < 29 (X(p+p—1/3)3 * 90,;—1/3) (m)

- Z y(ﬂ+p—1/3)3(m) 8/5,)—1/3 (m)
= (p—l—p*l/?))? Z SC\B ((p+p—1/3) m) @(pflmm)

meZ?

_ ~1/3\2 Bl+o|( 2 -3/2 1
(p+p %) |B] + (p > (pml) T )

m#0

By splitting the last sum one gets

N Xos(m) < 1B + O(p?)

me7Z?

and since a similar bounds holds from below, the proof is complete.

Here the positive curvature has been crucial. If one replaces B by a unit
square () having sides parallel to the axes, then Dg(p) can be nothing better
than O(p). The same happens when () has a rational slope, but when the
slope of () is irrational, the problem becomes far less trivial. Hardy and Lit-
tlewood have proved that in this case the discrepancy Dg(p) can be O(log p).
Actually an even better bound may occur. Davenport has essentially proved
that when the slope of @) is algebraic of order 2, then

{AQD@AmeFﬂ=O(¢@£). (15)

Davenport’s argument is not difficult, but dealing with more general irra-
tional slopes seems to be extremely hard. On the other hand, mixing the
argument in the proof of Sierpinski’s results and (3) one can prove the fol-
lowing average result (which extends to several variables).

Theorem 6 Let P be a polygon in R?. Then

/ ‘Do-fl(P) (p)‘ do = O (log” p) .
S0(2)
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Averaging over rotations and translations (i.e. considering a convex body
thrown at random in plane or in the space) leads to sharper results. We
describe two of them. Note that it is enough to translate inside a torus.

Theorem 7 Let T be a triangle and 1 < p < co. Then

1/p
PP < {/ / |Dy-1(0)—(p)|" dadt} <c(p)pt 7. (19)
T2JSO(2

Theorem 8 Let B be a convexr planar body different from a polygon and
having piecewise smooth boundary. Let 1 < p < 2. Then

1/p
e p'l? < {/ / | Do-1(m)-(p) [ dadt} <ep'l? (20)
T2 .J50(2)

Let us look at the proof of the last theorem which, as one may expect,
depends on a suitable double Fourier series. Indeed, consider the function

t — Dy-1(p)—4(p) = card (po ™" (B) — t N Z*) — p* | B

(ZXpal k+t))—p2|B| :

keZ?

Then, if m # 0,

(Do1)-(1 () "(m) = / Xpo-1() (K + 1) e 2™t dt (21)

kez?
- / Xoo 1) (1) €77
= p’Xs (po(m)) .
while (Dy-1(5)-(y(p)) "(0) = 0. Then, by (11) and Theorem 3,
/ / Do) dodt =5 [ R (polm))* o
T2 J SO(2 50(2)

m#0

=S [ R tootm)f do
m#0

<cp' ) (plm])”
m#0

<cp.
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As for the estimate from below, one observes that, for any m # 0,

/ / 1Dy s)-1p)| dodt > 7 / %5 (po(in))| do.
T2 .J50(2) 50(2)

Playing with different m’s one gets the desired lower bound.

2.2 Irregularities of distribution

Suppose Py = {u(j)};\[:1 is a distribution of N points in the unit n-dimensional
cube U = [0,1]", treated as a torus. "Irregularities of distribution” usually
means that the above N points cannot, in a certain sense, be too evenly
distributed. A well known result in this field is the following theorem, due
to Roth.

Theorem 9 For any distribution Py there exists a cube QQ C T", with sides
parallel to the azxes, such that

‘(Zmu(m) -NQ

This is a consequence of the following stronger result. Assume @ =

[—%, %}”, so that the set

> clog" V2N

{SQ - t}sE[U,l]

teTn
consists of all cubes in T”, having sides parallel to the axes. Then

/Ol/n (ZN;XQ(UU))> — Ns"

This last result is best possible (the proof of this fact for n = 2 has been
the motivation for Davenport’s theorem (18)).

The lower bound in (22) changes after replacing cubes by balls. Beck and
Montgomery independently proved the following result.

2
dtds > clog" ' N . (22)

Theorem 10 Let D be a unit ball in T". Let Py be any distribution of N
points in T". Then

[ ]

2
dtds > cN(=D/n,

(Z xD<u<j>>) - Ns"|D)
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We shall see that this bound is sharp too.
Again these results depend on estimates for the average decay of the
Fourier transform, e.g. the following one.

Lemma 11 Let B be a convex body in R". Then there exist positive con-
stants a, 3,7, such that

ap ! < / Rs()2 de < pp .
vp<|€|<dp

The estimate from below has recently been proved by Kolountzakis and
Wolff under the mere assumption of (positive) measurability of B.

We prove only the upper bound, which for n = 2 is a consequence of
Podkorytov’s result (11). For n > 2 we can argue as follows. Let h € R”
satisfy |h| ~ p~!, then, being B convex,

etz [ xale+ ) - xalo)l da
- 2\~
—c [ fermer -1 Rale) de

Now suppose & € {£: p < |€] < 2p}. By choosing different h’s one can split
this set into pieces where [e*™¢" — 1| > ¢ .

We can now prove the following general result (the nice proof is due to
Beck). For a convex body B in R" we define the discrepancy

DN(Sv g, t) = (Z Xsal(B)—t(u(j))) — Ns" |B|

Theorem 12 Let B be a convex body in T™, with diameter < 1. Then there
exist ¢ > 0 and 0 < ¢ < 1 such that, for large N and any Py = {u(])};vzl C
Tn

)

1
/ / |Dy(s,0,t)° dtdods > ¢eN'=Y"
g JSO(n)JT"

Proof.  Arguing as in (21) we prove that the Fourier transform of the
function
t— DN(S, o, t)
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(Z e2min(i)mg XB(SO(m))> .

Let 0 < r < 1. By the previous lemma

! / / Dy (s,0,4)|? dtdods (23)
gr 4 SO(n) JTn

n

N 2
u(j)-m r ~
~ 3 e s | Rel6)]® de
M Jgrim|<|g|<r|m)|

m#£0 | j=1
2

j
N
ey Sl 1
|m|™ 1+ r|m)|

m#0 | j=1

We now apply (23) twice. Choosing r = 1 we get

/ / / |Dn(s,0,t)] 2 dtdods ~ Z Z 2miu(g)-m
s0(n) Jn

m#0 | j=1

Im|™"

which for any r is bounded from below by

(,gr;%{|m|1 P (L+ 7 |ml) ) (Z Y ety m

m#0 | j=1

~ ot (rl/ / |Dn(s,0,t)? dtdads)
gr JSO(n) JT™

because of (23). Now we fix r = kN~'/" (k will be chosen later on). Then
the last term in (24) is

() )

(24)

—1/n

FnN / \Du(s, 0,0 dtdods .
gkN=1/n JSO(n) JTn

We observe that s satisfies

¢"k"|B| < Ns" |B| < k" |B| .
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inside its domain of integration. We then choose ¢ and k so that
0<d<Ns"|Bl<1-9§
and we recall that
Dy (s,0,t) = an integer number — Ns" | B|
so that, for s inside its domain of integration (and uniformly in o and )

|Dy(s,0,t)] > 6.

1
/ / / |Dn(s,0,t)|* dtdods
q SO(n n

—1/n

> cN / |Dn(s,0,t)* dtdods
gkN—1/7 JSO(n) JTn

Summarizing,

Z CNl 1/n )

We now want to show that the above lower bound cannot be improved.
We consider the case n = 2, so that the above theorem reads {}1/2 > cNVA,
We forget the integration in s and prove, for any N, the existence of a set
Pn of cardinality N such that

oo -

Indeed, suppose first that N is a square, N = 2. Then we can put the
£? points in a standard grid in T? so that its periodic extension is the grid
(=7 in R?. We are therefore back to a lattice points problem in R%. The
difference is that now we shrink the lattice by ¢! instead of dilating the body
by ¢ = /N. Hence by (20) the L.H.S. in (25) is controlled by ¢'/2 = N4 If
N is not a square we write NV as a sum of four squares, N = m? +n?+p? + ¢*
and we dispose the N points in four disjoint grids. Then the bound N'/4
comes out also in the general case.

The above result can be rephrased by saying that a standard grid provides
the smallest possible L? mean for the discrepancy. It is interesting to note
that this is not true for L” means when p > 2. Chen proved the following
result (which we state in the planar case).

9 1/2

ZXUI u(j)) — N|B|| dtdo < eNVE (25)
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Theorem 13 Let B be a convex body in R? and let p > 1. Then for any N
there exists a set Py of N points in T? such that

1 1/p
{/ / / |Dy(s,0,t) dtdads} < NVA
o Jso) Jr

This is not an easy generalization of the previous result, since replacing
Py by the standard grid we get the bound N'/* for the L? mean only, say,
if 0B has positive curvature, while for a polygon we should only deduce
N®=D/20 from (19). Since Chen’s result says that (for L” means, p > 2 and
for polygons) the standard grid is not the best way to dispose N points, it
is natural to ask ”which one is a better way?”. An argument to understand
why a better way exists is the following .

If we dispose N points in a standard grid we can say that we put them on
straight lines. On the opposite, we could decide to put N points in concentric
circles, i.e. we somewhat associate a curvature to them. Actually, a large
discrepancy depends on the matching between the curvature of the set and
the curvature of 0B. This suggests that a small discrepancy for a family of
polygons should be achieved by disposing the N points in suitable circles.
The difficulty in pursuing this idea is that we no longer have the Fourier
series device which is naturally associated to the standard grid.
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3 Spherical means for certain operators

The boundedness of certain operators in Fourier analysis depends on precise
estimates for the Fourier transforms of suitable functions or distributions.
The purpose of this section is twofold. On the one hand we want to show
some new applications of the estimates for the Fourier transform studied in
the first section, on the other hand we want to use spherical means to point
out some connections between certain classical operators. We shall consider
Radon transforms, convolution operators associated to singular measures and
restriction operators.

3.1 Radon transforms and convolution operators

We consider the classical Radon transform on R?. For any 0 € ¥; and ¢ € R
we define

Rf(a,t):/ f(z)dx .
z-o=t
for suitable functions f. We want to study the boundedness
R:LF(R?) — L% () x R) (26)

as p and ¢ vary.
Oberlin and Stein proved that (26) holds true if and only if the point

(11), é) belongs to the segment of extremes (%, %) and (1,1).

1/q
1Lk
13 oo
; . 1/p
2/3 1
Figure 12
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Note that for p = ¢ = 1 the boundedness follows from Fubini’s theorem.
Then the proof of the positive part needs only the bound

IRz < [l flls)2 - (27)

In order to prove (27) we use Stein’s complex interpolation theorem which
in our case allows us to deduce (27) from a L' — L* bound for an easier
operator (which we are not going to describe) and a L? — L? bound for a
harder operator, which reduces to prove that

19

The proof of (28) is not difficult, since the square of its L.H.S. equals

L rwra) o
= [ [[|ften] ir1 ardo

d
2 [ |Fie)| ae
=20If13

9 1/2
| {R f (o, )} () d?“da} <c|fll, - (28)

2
|r| dr do (29)

Now we put the Radon transform aside for a moment and we consider a
different problem.

Let ;1 be the restriction of the Lebesgue measure to the unit circle in R2.
For suitable functions f let

Tf=fxu.

Being p finite we have

1T Fl ey < llf o ey

for any p. Actually more is true, since Strichartz proved that

1T f 1 ageey < el fllogee (30)
() (®?)
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p’q

if and only if the pair ( ) belongs to the following triangle

1/q
1}

13— e A

* 1/p
2/3 1
Figure 13
and again the non trivial bound is
||Tf||L3(R2) <c ||f||L3/2(]R2) : (31)

Note that (31) has a very simple statement. Let f € L3/?(R?), for every
1o € R? replace f(xq) by the integral of f over a circle of center zy and radius
1. Then you get a function in L3(R?).

Using complex interpolation one can obtain (31) as a consequence of the

inequality
L

which is true since (e.g. through Bessel functions) one knows that |fi(£)| <
clel ™

~ 2 1/2
Fon©| td deb < el (52)

At this point it is interesting to compare (29) and (32). In (29) the term
7| is used as a jacobian, so that one can pass from 3; x R to R?, while in
(32) the same term, i.e. |¢] is balanced by the decay of i. In both cases a
curvature is involved and we can essentially recover the two results in the
following way.
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Theorem 14 Let T be a conver curve (i.e. it locally coincides with the graph
of a convez function in suitable coordinates). Let u* be the restriction of the
Lebesgue measure to I' and let u, = pb be defined by s (E) = p(o 1(E)) for
any measurable set E and o € SO(2). Then

1/3
{[ [N @F oo} <l - 39
s0(2) Jr2

Note that if C' is a circle (which we may assume centered at the origin),
then u© = u¢ for any o and therefore (33) reduces to (31). On the other
hand, if S is a segment, f x p is a Radon transform (with respect to all
segments of a given length, in place of straight lines) and (33) reduces to an
analog of (27). The proof of (33) is similar to the proofs of (27) and (31) and
here the L? (SO(2) x R?) — L? (R?) bound reads

Ui -

which holds true since the above L.H.S. is

U

by the L? average decay result for curves (12).

One can obtain sharper results by replacing the L? (SO(2) x R?) norm
with a mixed norm and applying the results in Theorem 3 to prove inequal-
ities of the form

v /s 1/p’
{ / { (F # o) (@) das} da} < ellf e, -
so@) LJr2

3.2 Spherical means for the restriction phenomenon

—~ 2 1/2
Fom6)| 1 dedo ) <l

~ 2 1/2
Fef1el( [, 1m(@rar) ac} < el e

If f € L'(R?), then its Fourier transform f is continuous and therefore well
defined on sets of measure zero. On the other hand, if f € L?(R?), then f
is an arbitrary function in L? and therefore defined only almost everywhere.
For 1 < p < 2 the Hausdorff-Young theorem leads us to think f as an L*
function. The ”restriction phenomenon” says that for certain 1 < p < 2 the
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Fourier transform fcan be integrated when restricted to suitable curves. Let
I be a curve in R? with everywhere positive curvature. Let u = u' be the
restriction of the Lebesgue measure to I'. The restriction theorem says that
for suitable functions f

1/2
{/‘f dp(§ } < c||fllzersgey - (34)

Note that some assumptions on the curvature of I" are necessary. Indeed,
let S be a segment, say with extremes (—1,0) and (1,0). Let

sin 27x, Sin 2mwexs

fe(@1,22) =

T T

Then fg is the characteristic function of the rectangle having vertices (£1, +¢)
and || fe| g2y = ce' /7 if p > 1. Restricting . to S we get

{[I7ef

which cannot be controlled by &'~/ .

The restriction phenomenon is not only a deep geometric feature of the
Fourier transform in several variables. Strichartz has shown, e.g., that con-
sidering the Schrodinger equation

ou  0%u
% o u(z,0) = f(z) (z,1) € R?

(34) implies (when applied to a parabola)

||u||L6(R2) < C||f||L2(R) : (35)

(35) can be appreciated when compared to the identity [lu(-,#)|[;2m) =
| fIl2(r) coming from the Plancherel theorem.

The proof of (34) depends on the decay of ji. Note that in the case of a
segment there is no decay in one direction.

When the segment (or the curve) is not given and it is randomly chosen,
the results are different. We take a convex compact curve I' and we consider
the following inequality.

Ut

1/2
du(€ } =2

R ) s/2 1/s
fo) dua(ﬁ)} da} <cllflmes — (36)
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where p, = p! is defined by p,(E) = pu(o™'(E)) and s > 1,1 < p < 2.

When s = oo we are back to (34). When s < oo the result depends on
several facts: the average decay of Ji, the location of the centers of rotation,
the degree to which the arc in question is different from a circle. After all,
if the arc coincides locally with a circle, and if the point of rotation is the
center of the circle, then the process of averaging over the rotations does not
help and we are left with the result in (34). To summarize the results we
need the following figure

1/s

1 G F .
12 H
14 A
1/6 B
c D
34 566 V 1 Up
Figure 14

where A= (3,1), B=(3,3), H = (31), v =(££0).
Then
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(36) holds for any T

0

11
<—,—> € BDEF' .
p s

i)

(36) holds for any I" such that the origin is the center of rotation for no point in I'

0

11
(5.3) e prc,
D s
Note that the assumption in 4i) includes the segments.
i11)
(36) holds whenever T' is the graph of the function y = 27
0
<1, 1) € AVDEG .
p s

iv)

(36) holds whenever T has order of contact

at most 4with any circle centered at the origin

0

(1, 1) € HCDEG .
p S

Here the typical example is the parabola.
The proof of i) depends on a complex interpolation argument and it is
natural to expect that (12) plays a role. Indeed one can show that if

satisfies
o 1/q
{[ e o} <,
0
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then

AL

However, for the other cases the study of the average decay is not enough
and certain ad hoc arguments are necessary, like the one we shall outline for
the following two special cases. Let us consider (36) when s =2, i.e.

UL, L1

) (a+1) 1/(2q(a+1))
d/ia(g)} da} <c ||f||L2(a+1)/(a+2)(R2) .

~

(€)

1/2
* do )da} <l - (37)

We have

(37) holds whenever I' passes through the origin

IN =

Q| =~

i)
(37) holds whenever I' does not pass through the origin and

it has order of contact N > 1 with a circle centered at the origin

)
_ 6N
P>5N_"2"

In the case v) we can assume I' to be a piece of the graph of a smooth
convex function h(z) such that h(0) = A’'(0) = 0. Then the L.H.S. in (37)

becomes
) 2 1/2
f([x h(x)}[(f:iia zg;%m du(x)de} o (38)

(o

We change variables by setting

=[xz h(z)] [COS,@ sin 0 ] , (39)

—sinf cos@

30



so that the jacobian of this transformation is
z+ h(z)h(z) =~z

and (38) reduces to

IR

(i.e. a fractional integral) bounded by || f|| e if 5 = 5 — 7, that is p = :.
We finally consider vi). We can assume I' to be a piece of the graph of
the function k(x), where

E(z) =vV1—22 +ca + ...

¢ # 0. We perform the change of variables as in (39). The jacobian satisfies

N 1/2
-~ 1
f(§)|§|—1/2

z+k(z)k (z) = 2!

since
x+(\/1—x2+ca:N+...) (

Also observe that

2—|—CNSCN1+...> =eNgVN 14+ .. ..

—x
|§|2—1%xN

since

€7 = 2 + kP (z) = 2% + (1—x2+20xN\/1—x2+...) .
Then the L.H.S. in (37) takes the form

[ |wef d %

c1<[é|<e2 (|£|2 . 1)(N*1)/N

- {/ J?(f) (|§|2 _ 1)(1*N)/2N 2 dg}l/z
c1<[€]<ez

As an example, assume that I' is a segment with extremes (£1,1), then
N =2 and we have

{/1<|§<ﬂ ‘f(g) (S 1)‘1/4‘2 d§}1
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which differs from a Bocher Riesz mean of order —i mainly because we are
outside the unit disc. However it is possible to use the techniques developed
for Bochner Riesz means of negative order and deduce that the last norm is

bonded by ||f||L6N/(5N—2)(R2) .
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