PLANAR CONVEX BODIES,
FOURIER TRANSFORM, LATTICE POINTS,
AND IRREGULARITIES OF DISTRIBUTION

L. BRANDOLINI, A. IOSEVICH, AND G. TRAVAGLINI

ABSTRACT. Let B be a convex body in the plane. The purpose
of this paper is a systematic study of the geometric properties of
the boundary of B, and the consequences of these properties for
the distribution of lattice points in convex domains, irregularities
of distribution, and the decay of the Fourier transform of the char-
acteristic function of B. The analysis makes use of two notions of
”dimension” of a convex set. The first notion is defined in terms
of the number of sides required to approximate a convex set by
a polygon up to a certain degree of accuracy. The second is the
fractal dimension of the image of the Gauss map of B. The results
stated in terms of these quantities are essentially sharp and lead
to a near complete description of the problems in question.

1. Introduction

Suppose B C R? is a convex body: a convex compact set with non
empty interior. Many classical problems in analysis, geometry, and
number theory are stated in terms of basic properties of such sets. For
example, we may consider the difference between the number of lattice
points inside the dilated set pB and its area, i.e. the discrepancy

D,(B) = card (pB N Z*) — p* | B]

where |-| denotes the area. Among the many natural questions we can
ask about this problem (see the section on lattice points below) is,
how does the geometry of B affect the growth rate of the discrepancy
function? As we shall see, there are results that do not distinguish
among various convex sets. However, we shall also see that the behavior
of the above discrepancy functions corresponding to different convex
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sets may vary dramatically, and that this behavior may be described
in terms of natural and readily computable geometric quantities.

The above question on lattice points has an easy consequence in the
study of irregularities of distribution. (See the section on irregularities
of distribution below). Suppose P :{zj};v:l is a distribution of N

points in the unit square U = |0, 1]2 treated as the torus T?. Let B be
a convex body in U with diameter smaller than 1. Assume ¢ <1, 1% €
T2. Then certain sharp upper estimates for the discrepancy

N
D(P,e,t) = ZXert(Zj) — N&|B]
j=1

can be obtained from related estimates for lattice points.

At the heart of the lattice point and the irregularities of distribution
problems is the Fourier transform of the characteristic function of B.
Our approach is to study the effect of the geometric properties of B on
the decay rate of the Fourier transform of the characteristic function
of B and its variants. We shall then use this analysis to obtain precise
information about the discrepancy functions described above.

How should we distinguish among the various convex planar sets?
The lattice point problem suggests one natural approach. It was ob-
served by Gauss that D,(B) < p, since the boundary of B is one-
dimensional. Consider the case when B is a unit square with sides
parallel to the axis. When p is an integer, the boundary of pB con-
tains &~ p integer lattice points, thus showing that Gauss’s estimate
cannot be improved. However, if B is a disc, the boundary of pB
“curves away” from the integer lattice. In fact, it is known (see [16])
that the estimate for D,(B) in this case is much better. These two
examples suggest that the curvature of the boundary may be the key
distinguishing factor among convex sets. The boundary of the square
has no curvature, which leads to a poor discrepancy estimate, where
the boundary of the disc has everywhere non-vanishing curvature, and
the estimate for the discrepancy function is considerably better.

The notion of curvature alluded to in the previous paragraph is the
standard geometric, or Gaussian, curvature, defined as the determinant
of the differential of the Gauss map which maps each point on the
boundary of a convex set to the unit normal at that point. It turns
out that the geometric curvature alone does not capture the relevant
properties of convex planar sets fully. To see this, let us return to
the case of the unit square. While it is true that the discrepancy
function is terrible if the sides of the square are parallel to the axes,
the discrepancy function becomes practically non-existent, even better
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than the discrepancy function for the disc, if the square is rotated
by a sufficiently irrational angle (see [14]). In fact, it is precisely the
“flatness” of the squares that keeps its boundary from hitting hardly
any lattice points when it is rotated. This suggests that for “most”
rotations, convex sets with “flat” boundaries behave better as far as
discrepancy functions are concerned. It is reasonable to think of this
phenomenon as “arithmetic” curvature.

The above observations can be exploited in a number of ways. If
“flatness” is good, then B is better if it is close to being a (suitable)
polygon. This means that B is good if it can be approximated by a
polygon with relatively few sides. We choose an arbitrary point on the
boundary of B and draw a chord to another point on the boundary
of B in such a way that the maximum distance from the chord to the
boundary of B is p~!. Roughly speaking, if the number of sides of the
above inscribed polygon is < p®, we say that dimension of B is at least
a (we shall explain later why for most of the paper we prefer not to
consider the infimum of the a’s). Note that B is a polygon if and only
if we can choose a = 0, and if B is a circle then, & = 1/2 works.

We can also take the following “dual” point of view. If B is close to
a polygon, then its boundary 0B has relatively few normals. A more
precise way of saying this is that the area of the d-neighborhood of the
image of OB under the Gauss map is < 617 If B is a disc, we can
only take d = 1. On the other hand, we can choose d = 0 if an only if
B is a polygon. As another example, let B be a polygon with infinitely
many sides the normals of which have apertures in the sequence n="?,
B> 0, it is easy to see that in this case we can take d = (1 + 3)~".

Introducing the infima o* and d* (note that d* is the upper Minkowski
dimension of the image of the Gauss map) we have a* < d*/ (d* + 1)and
we can also prove that this bound is best possible. On the other hand
we can show that o* can be as close to 0 as we want, even when d* is
away from 0.

This paper is structured as follows. We shall first describe the main
analytic idea, the effect of the geometry of a convex set on the average
decay of the Fourier transform of the characteristic function of B. We
shall also prove that polygons provide the fastest possible decay. We
shall then apply our estimates to the distribution of lattice points in
convex domains and the problem of irregularities of distribution.

The ideas used to prove the main results in this paper are new, except
for the proofs of Theorem 6 and Lemma 22 which depend partly on
arguments in [23] and [26] respectively.

We conclude the introduction by noting that a notion of a dimen-
sion of a convex set may be applicable and natural in a number of
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interesting problems in analysis and combinatorics. For example, the
Falconer distance conjecture says that if the Hausdorff dimension of a
planar set is greater than 1, then the set of Euclidean distances among
the points of this set has positive Lebesgue measure. However, if the
Euclidean distance is replaced by the “taxi-cab” (I') metric, the con-
jecture is clearly false, and in fact the set is required to have Hausdorff
dimension 2 before the same conclusion on the distance set possible.
It is reasonable to ask whether distances induced by convex sets with
“intermediate dimension” provide examples of intermediate behavior
in the Falconer Distance Problem. We hope to address this and other
issues of this type in a subsequent paper.

1.1. LP average decay of the Fourier transform. The study of the
decay of the Fourier transform

Rle) = [ e
B

as |£] — oo is a classical subject. When 0B has strictly positive curva-
ture, then |{5(€)] < [€]*%. However, when OB contains points where
the Gaussian curvature vanishes the above inequality is no longer true.
For example, when B is a polygon, Xp(p©) decays as p~! in some di-
rections and as p~2 in most directions. In such cases it is useful to
study the L? average decay of Xp, given by

(1.1) ||5(\B(:0')||LP(21)

where ¥; is the unit circle and 1 < p < oco. Here a basic result is
Podkorytov’s theorem

(1.2) ||§<\B(IO')||L2(21) S p 2,

(see [19]) where no regularity assumption on the boundary 0B is re-
quired.

Throughout this paper X < Y will mean that X < ¢Y, with ¢
depending only on the body B under consideration. Moreover we shall
always assume p > 2.

The study of (1.1) turns out to have applications to several problems,
such as the distribution of lattice points in large convex domains (]20],
[25], [7], [8]), irregularities of distribution ([17], [7]), summations of
multiple Fourier expansions ([9], [5], [6]), and estimates for generalized
Radon transforms ( [21]).

The paper [8] contains the following rather complete study of (1.1)
under the additional assumption that 0B is piecewise smooth. When
p = 2, (1.2) says that the rate of decay of (1.1) is independent of the
shape of B. When 2 < p < oo, any order of decay between the one
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of the disc and the one of the polygon is possible. On the other hand,
when 1 < p < 2, a convex body with piecewise smooth boundary
behaves either like a disc or like a polygon. In particular, when P is a
polygon we have the sharp bound

(1.3) IXP(p )i (s S p~*logp,

and when B has piecewise smooth boundary, but it is not a polygon,
we have the sharp bound

(1.4) ||5(\B(P')||L1(21) N CP_3/2-

Actually, (1.4) is sharp whenever OB contains at least one point where
the Gaussian curvature exists and is different from zero.

The above dichotomy pointed out in [8] is no longer valid for ar-
bitrary convex bodies. The existence of “chaotic” decays has been
pointed out in [8, p.553] using an abstract argument on convex sets.
Unfortunately, that argument is not constructive, nor does it provide
non-trivial explicit bounds for the average decay.

The main analytic tool of this paper is the LP average decay for ar-
bitrary convex planar bodies when 1 < p < 2. In essence, we shall
consider the L' average decay and the L? average decay. The results
for intermediate exponents can be essentially obtained by interpola-
tion. Roughly speaking, the L? average decay is a ”all cats are grey in
the dark” phenomenon, where the decay does not distinguish among
the different convex bodies. On the other hand, the L' average decay
determines, in a sense, how close a convex set is to a polygon. As a
result, the following nearly complete geometric picture of the LP aver-
age decay emerges. It is well-known that the L> average decay reflects
the presence of the Gaussian curvature of the boundary of B. The L?
average decay is generic, and, finally, the L' average decay captures
precisely the ”arithmetic” curvature described in the introduction. For
this reasons we shall restrict to this latter.

1.2. Inscribed polygons. We introduce the following notation. For
any © = (cos#,sinf) and any small § > 0 let
(1.5) Ky =max z-0©

€D
r(B,5,0)={yeB:y-0=Ky—0}.
We say that the chord r(B, 4, 0) is of height § and we use it to define
the following inscribed polygon (see also [19] or [23]).

Definition 1. Let B be a conver planar body. Choose any chord of
height & and name it chy. Move counterclockwise constructing a finite
sequence of consecutive chords of height 6 until you reach ch,. Then,
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if necessary, replace the last chord by one consecutive to chy (hence of
height not greater than &). In this way we get a polygon inscribed in B
and we denote it by Pf. Of course P depends on the choice of chy,
however, this turns out to be irrelevant and, by a small abuse, we shall
always speak about "the” inscribed polygon PE. We denote by MP be
the number of sides of P¥.

It has been proved in [23] that MP < §71/2. Our first result is the
following.

Theorem 2. Let B be a convex planar body and assume Mf,l < p*

(where 0 < o < 1/2, the cases a = 0 and o = 1/2 being covered by
(1.8) and (1.2) respectively). Then

(1.6 1R5 (051w S 0% logp.

Moreover, for any 0 < a < 1/2, there exists a convex planar body B
such that Mf < p%* and, for any e > 0,

-1 ~>
limsup pfo¢+2+.€
p—+o

X5 (o)l 11 (5y) > 0

All the proofs will be given in the last section of the paper.

Before going on, we want to discuss the above theorem. The first
step in the proof is to show that

27 27
| 1zster) do s |
0 0

(see definition 1). We are therefore reduced to estimating the average
decay for a polygon with < p® sides. The second step simply consists
in recalling that the implicit constant in (1.3) depends on the number
of sides of the polygon P, and that after reading the proofs in [7] or [8]
one can rewrite (1.3) in the following way,

Ren, (00)] db.

27
(1.7) / Re(00)] d8 < eNplog p
0

where N is the number of sides of the polygon P, and the constant ¢
is absolute (there is no loss of generality assuming that the length of
the boundary 9P is < 1). Putting p® in place of N we then get (1.6).

At this point one should expect to have gotten a poor result using
the trivial estimate (1.7). The counterexample in the theorem shows
that it is not so.



CONVEX BODIES AND FOURIER TRANSFORMS 7

1.3. The image of the Gauss map. At every point of dB there is
a left and a right tangent, therefore a left (—) and a right (4) outward
normal. Let 7% : 9B — ¥; be the map sending each point in 0B to
the left /right normal. Also let

(1.8) AP =77(0B)UTT(0B).

We identify ¥; with the interval [0, 27). For every 6 € [0, 27) we denote
with d(0, AP) the distance between § and A®. For a given small 4, let

(1.9) AY ={z €[0,2n) : d(z, A”) < §}
be the -neighborhood of AZ.

Theorem 3. Let 0 < d < 1. Assume

(1.10) AF] <6
then

~ _d
(1.11) X8 sy S P2

Moreover there exists a convex body B satisfying ‘A(gB‘ < 6V and such
that

d
limsup p a1 T2+

p—+00

1X5(0) 115,y > 0
for any e > 0.

The proof will be given in the last section.

Remark 4. Again, the cases d =0 and d =1 are covered by (1.3) and
(1.2) respectively.

Remark 5. We point out that the infimum of the numbers d such that
|AP| < 67 is just the upper Minkowski dimension of AP. That is the
number
d* = lim sup (loglm (|af]/9)) .
6—0

It is therefore possible to restate Theorem 3 in a form like “Assume
d > d*, then (1.11) holds”. However we prefer to keep the original
statement in Theorem 3 for the following two reasons. First, the L.H.S.
in (1.10) is the quantity which actually arises in the proof. Second, we
do not want to confuse naturally different objects, such as the polygons
with finitely many sides and certain polygons with infinitely many sides
(e.g. with an exponentially decreasing sequence of slopes) which share
d* = 0 with the polygons with finitely many sides. For similar reasons
we did not introduce the infimum o* of the a’s in Theorem 2. On the
contrary, we shall introduce o and d* in the following section in order
to get a more neat comparison.
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1.4. Comparing the previous arguments. For any B we denote by
d* the Minkowski dimension of A® (see the above remark). We also
denote by o* the infimum of the o’ such that M7, < c,p®. We have
the following theorem.

Theorem 6. Let B be a convex planar body. Then

*

o <

T+ 1
Moreover there exists B for which the equality sign holds

The proof will be given in the last section.

Remark 7. Theorem 6 exhibits an upper bound for o* in terms of
d*. A lower bound in terms of d* does not exists in general, since we
can construct a family of convex bodies with the same d* > 0 but o*
arbitrarily close to 0.

The proof will be given in the last section.
The situation is different if we add geometric assumptions on B.

Theorem 8. Suppose B is inscribed in a disc (i.e. B is the convex
hull of a subset of a circle). Then o* = d* /2.

The proof will be given in the last section.
The circle in the previous statement can be replaced by a closed
convex smooth curve with everywhere positive Gaussian curvature.

Remark 9. By appealing to Theorem 2 and Theorem 6 we immediately
get the following inequality, which is slightly weaker than the one in
Theorem 3:

1R5 ()12 S 07572

1.5. A lower bound for all convex bodies. The main results in
this paper deal with “intermediate” cases between polygons and con-
vex bodies having a smooth convex arc in the boundary. These cases
turn out be extreme. Indeed Podkorytov’s theorem is a uniform (with
respect to the choice of B) upper bound, while the following theorem
gives a uniform lower bound for the L' average decay of the Fourier
transform.

Theorem 10. Let B be a convez body in R?, then

lim sup p? log_1 P ||§(\B(p')||L1(21) >0.

p—+00

The proof will be given in the last section.
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2. APPLICATIONS

2.1. Lattice points. Let B be a planar convex body, let o € SO(2),
and t € T?. We consider the discrepancy

(2.1) D,(B) = card (pB N Z*) — p* | B]

where |-| denotes the area. The results in the previous section and some
arguments in [20], [25], [7], and [8] allow us to obtain several upper and
lower bounds for averages of the discrepancy (2.1) over rotations or
rotations and translations. As a first example, it has been proved in
[15], [25], and [7] that, for a polygon P, (1.3) implies

L] Ipue )] do Stog',
T2 JS0(2)

As another example, one can use (1.2) to show that for any convex
planar body B

(2.2) {/2/30(2) D0~ (P) — 1) dadt}m < i,

(See e.g. [15] or [8]). Note that (2.2) is false without the integration in
t, as the case of a disc and Hardy’s Q-result (see [16]) show.

Again we focus on the case p = 1 and we have the following result,
which follows easily from Theorem 2 and the arguments in [7].

Theorem 11. Let B be a planar convex body such that Mf_l < p
(0 <a<1/2). Then

(2.3) // 1D, (07 (B) — #)| dodt < p=3T log p.
T2 J 50(2)

Moreover, for every such « there exists a body B satisfying

lim Suppo‘J“E/ / |D,(67(B) — t)| dodt > 0,
T2.J50(2)

p—+00
for any e > 0.
The proof will be given in the last section.

Remark 12. The cases a = 0 and o = 1/2 are known, see e.g. [7]
and [8] respectively.
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2.2. Irregularities of distribution. Suppose P = {zj}évzl is a distri-

bution of N points in the unit square U = [0,1)° treated as the torus
T2. Let B be a convex body in U with diameter smaller than 1. Assume
e<1,0€S0(2),t € T2 The study of the discrepancy

N
D(P,é‘, g, t) = ZXEO’le—t(Zj) - N62 |B|
=1

has a long history (see e.g. the references in [2] and [17, ch. 6]). A
typical result is the following theorem, due to Beck [1] and Montgomery
[17, ch. 6] (see also [7]).

Theorem 13. Let B be a convex body in U = [0,1]° with diameter
smaller than 1. Then there exists ¢ > 0, such that for every distribution

1 1/2
{/ / |D(P,e,0,t)" dt do da} > NV,
0 Jso() Jr2

The above result is sharp since Beck and Chen [3] proved the follow-
ing upper bound.

Theorem 14. Let B be a convex body in U = [0,1]° with diameter
smaller than 1. Then there exists ¢ > 0 such that for every positive
integer N there exists a distribution P of N points such that

1 1/2
(2.4) {/ / |D(P, ¢, 0, t)|2dtdad5} < e N4,
0 Jso()JT?

The above upper bound can be improved after replacing the L? norm
with the L' norm. Indeed, Beck and Chen [4] proved the following
result.

Theorem 15. Let P be a convex polygon in U = [0, 1]2 with diameter
smaller than 1. Then there exists ¢ > 0 such that for every positive
integer N there exists a distribution P of N points such that

1
(2.5) // |D(P,¢,0,t)|dt do de < clog® N.
0 Jso) Jr2

The following result follows easily from Theorem 11, [7] and [8]. The
case &« = 0 provides a different proof of (2.5). In the same way one
can get a different proof of the L? result in (2.4) too. We point out
that appealing to lattice point results does not work for L? norms when
p > 2 and the body is a polygon (see [11]).
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Theorem 16. Let B be a convex body in U = [0,1]° with diameter
smaller than 1 and such that MB_1 < p®. Then for every positive integer
N there exists a distribution ’P of N points satisfying

log®> N when oo =0
// D(P,o,t)| dodt <{ NitealogN  when 0 < o <1/2
T2 J50(2

N4 when o =1/2
where D(P,o,t) = D(P,1,0,1).

The proof will be given in the last section.

3. PROOFS

The following known result (see e.g. [10], [19], [8]) will be used
throughout the paper.

Lemma 17. Let B be a convex body in R%. Following the notation in
(1.5) we have

Xe(pO)| S ot [[r(B,p " 0)| + |r(B.p~ 0 +7)|]
where || denotes the length of the chord.
We define
d(0, AP) = min (d(0, AP),d(0 + 7, AP))
and we deduce the following lemma.

Lemma 18. For every 0 ¢ AP we have

~ c v
Rul0)| £~

Proof. Let § ¢ AP (say § = —7/2). Assume that B passes
through the origin and B lies in the upper half plane. It follows that in
a neighborhood of the origin 0B is the graph of a non negative convex
function, say y = ¢(z), satisfying ¢(0) = 0 and ¢'(0—) < 0 < ¢'(0+),
where ¢'(0—) and ¢'(0+) denote the left and the right derivative at
the origin respectively. Let

E={(z,y) eR :y>¢'(0—)z and y > ¢'(0+)x} .
By convexity B C E and therefore
1 1 2

OIS S T S i (P 0
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To complete the proof it is enough to observe that
min (¢'(0+), [¢'(0-)|) = d(6, A”)
and to apply the previous lemma.
[ |

The following Lemmas will be needed in the proof of Theorem 2.

Lemma 19. Let R > 1,0 < < 7/4. Assume RS < 1/2. Denote by
C = C(B, R) the convex hull of the set

{Rexp (i) : =5 < 0 < B} U{P},
where the point P has distance 1 from the points Re*® and satisfies

|P| < R. Then there exist positive constants ¢; and cy such that if
Rpf3? > ¢, then we have

X (pO)| = e, RV?p2"2
for every |0| < /2.

Proof. Integrating by parts, we reduce to estimating

(3.1) p! /ac n(z) - © exp (2mipO - x) dx.

The boundary 0C' consists of two segments and an arc. In order to
control the latter we reduce to the oscillatory integral

‘/ exp (zp )dt‘ ‘Rﬁ/ exp szﬁ u) du| > ¢ RV?p~1/2

for pRB3? large enough. The two segments have length 1 and their
contribution in (3.1) is O (p™2).
[ |

Lemma 20. Let R > 1 and 0 < f < w/4. Assume Rf <
N >1let B= B(S, R, N) be the convezr hull of the set
{Rexp(2rikB/N),k = —N,..., N} U{P}

where the point P has distance 1 from the points Re*® and satisfies
|P| < R. Then there exist absolute constants ¢y, ¢z, and c3 such that
whenever p > 2 and

1
3. For any

C1 Co N2
ﬁg s fps ﬁzlogQN
we have, for any —3/2 <0 < /2,

XB(pO)| > 3R p~3/2,

(3.2)
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Proof. Let C'= C(f, R) be as in Lemma 19. By (3.2) and Lemma
19 we have

X (pO)| = e RYZp=3/2

when —3/2 < 0 < /2.
We now study the Fourier transform X¥c\p. We claim that

_log N

NR

(3.3) |Xe\8(pO)| < chp

uniformly in 6. Indeed C'\ B is the union of 2N “lunes” ¢1,...,lsy and,
for any 6,

-~

Xevs(p©) = f(p),

where f = fy is defined by

f(s)=|C\BN{¢eR :£-0=s}]

2N
=> |un{¢eR :¢-0 =5}
k=1

= fils).

Note that, for any given s, the above sum contains at most two terms.
It is enough to consider one of them, i.e. we assume 0 < 0 < .
Moreover we reduce to studying the case 0 < 6 < /N, the other cases
being similar. Let us consider the particular case § = 0. In order
to bound f(p) we estimate the total variation V; of the function f(s),
which is the length of the vertical segment in the £ lune. Now observe

that

Vi, < eBNT'KT'R.
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whenever k£ > 1 (see Figure 1).

Figure 1

As for the case 0 < 6 < /N, it is enough to observe that the total
variation is still controlled by ANk~ R uniformly in §. Summing on
k we get (3.3).

Finally, for suitable choices of ¢; and ¢, in (3.2) we get

X8(pO)| > 1Rc(p9)| — |Xp\c(0O)]
> RV — e 8N
> csp 2RV,

Remark 21. The argument in the previous proof can be used to prove
that N in the R.H.S. in (1.7) cannot be replaced by N'~*.

Proof of Theorem 2. We start with the upper bounds in (1.6).
Let PP, be as in Definition 1. Let P, be the smallest polygon having

sides parallel to that of PpB and containing B. It is not difficult to see
that for p sufficiently large

r(B,p L 0)| S | (B, 0)
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where again the implicit constant depends only on B. By Lemma 17
we have

X5(pO)| S p ' |r(B,p ', 0)]
P

S
<pt T(lgp_l,cp_l,ﬁ)‘.

Hence, by the proof of (1.7) in [7] or [8],

2T
/
0

thereby proving (1.6).

We now show that (1.6) is essentially sharp. Following the notation
in Lemma 20 we consider the sets B, = B(fy, Ry, Ni), h=1,2,3, ...,
where, for any small € > 0,

Rh — 2(172o¢)h’ /Bh — 2h(20¢717.€)’ Nh — 2ho¢.

r(Ppriep 9)‘ df < M, 1p*log(p) < cp " log (p)

We denote by 7, the union of the N; sides and by (;, the arc where
they are inscribed. Observe that

+oo
Z ﬁth < 7T/4

h=ng

for a suitable ny. Let Ej, be the rotated and translated copy of every B,
so that, moving counterclockwise, E,, = B,,, and two consecutive E}’s
have disjoint interior and share a side (of length 1), while the union of
the arcs (j’s is a convex curve. We write

h—1 oo
(3.4) B:<UEj)UEhU<U Ej):EhuEhuE#.
j=no j=h+1

Let now p, = 2". Let p, = Z;‘l:no B;. Being (3.2) satisfied, Lemma 19
implies

XD, (pn©)] = cR)?p, ** = 2~ Me+D)
for
1 2
(3.5) Py + gﬁh <0 <p,+ gﬁh

We then estimate the contribution of the convex sets Eh and E# using
Lemma 18. Indeed, since 6 satisfies (3.5) we obtain, for any h,

‘)?Eh(ph@))‘ + ‘S(\Ef(phg)‘ < By oy”.
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We then have

2T R Pth%ﬂh R
| ro@enaz [ jatp))as
0 Prt5Bn

> ClﬁhR}llﬂp}: — capy?

> ‘C 2h a—e—2) 622—2h‘

>Cp2+a5

To complete the proof we estimate Mp,l. Given p > 2, let H satisfy
20 < p < 2H+1 Here we split

H +oo
(3.6) Bz(UEj>U<U Ej):BaUBb.
j=no j=H+1
Observe that the first term is a polygon with Zf:no N; < 2H% gsides.

Now consider that for any convex polygon () and any ¢ the number M 5Q
cannot exceed the number of sides of (). Therefore the contribution of
B, to M7, is < 2% = p® As for B, we note that the length of
Uj:o% +1G; 1s comparable to the length of (f, while the chords of height
p~! are longer, since U, ¢; comes from flatter arcs. Therefore there

are fewer chords than for (. We have therefore proved that M ;3_1 < po.
|

Proof of Theorem 3. Let 2, = AB,I/(,HI). In order to estimate
p

1(0) = / " R6(00) o

we write

o) = [ 1Ru(p0)|d6 + / Ru(p0)|d6 = I, + I.

2, 0,27\ 82,

To estimate I; we use the Cauchy-Schwarz inequality, the fact that
|AZ| <617 and (1.2):

2 1/2
I < |0, { / |>zB<pe>|2de}
0

< p(dfl)/(2d+2)

~J

p73/2

d
= clo_2+d_+1 .

In order to estimate I, we use Lemma 18
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(d+1)"1logp

-
c
I < / Y
kz:; AQBfk\AQBfkq p2d(9, AB)
(d+1)""logp

Set > 2 Al
k=0
(d+1)""logp
< p72 Z okg—k(1-d)
k=0
(d+1)"llogp
,S p—2 Z de
k=0
_2+di+l ‘

In order to give a counterexample we use the body B constructed in
the proof of Theorem 2. Again we consider the sets By, = B(S, Ry, Ny),
h=1,2,..., where now

1-d d—1_ d_
R, = 2h1+d, By = Qh(d+1 5), N, = 2hd+1,

while p, = 2". Arguing as in the proof of the previous theorem we get,
for every h,
2

7L+E 21 N
pp / X5(pn©)|db > c.
0

To complete the proof it is enough to show that |A¥| < 6"~ We
identify A? with a subset of [0, 7/2] and we observe that

Zj%}j@]

J<H-1  j<H

AP N

consists of Ny points at distance Sy /Ny. Given 6 > 0, we choose H

so that
B 5o B
Ny Ny

1-d
Bu < (ff—H> ~ o
it

We now split B = B, U By as in (3.6). The contribution of B, to ‘Af‘
is

hence

(SZN] %(SNH%ﬁH,S(Sl_da

J<H
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while the contribution of B, to ‘A(SB ‘ is bounded by

> B S Bu S8

J>H

The following proof follows an argument in [23].

Proof of Theorem 6.  Let ch; be a side of Pf_l having endpoints
x; and y;. Assume that moving counterclockwise along the boundary
of B the point x; comes before y;. Denote with ¢; the direction of the
right normal in x; and with ¢; the direction of the left normal in y;.
First observe that

(3.7) chy||@; — 5] 2 p7

((3.7) follows by convexity when |¢; — ;| > 7/4 and by a trigonomet-
ric computation when |¢; — ;| < 7/4) Let a > o*. Summing up and
applying Holder inequality we get

prOMP LS ek s — il
j
« 1
< {Z|Chj|} {Zl@j—wﬂl‘“}
j j
11—«
< |oB|* (Zl%‘ —¢j|m> :
j

—Q

where the sum is on the Mf_l sides of the polygon P,-i. It remains

to show that >, |¢; — 1/)j|ﬁ is bounded by a constant independent of
P,1. Let

Zk = {j : 2_k7r < |(p] —’Q/)j| S 21_k7r}.

Now observe that if j € Z then the interval (¢;,v¢;) C AZ, . Now
choose d such that d* < d < 2. Then

27 rcard(Zy) < |ADL,| S 9 —k(i—d),
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so that card(Z;) < 2 and therefore

Z|SOJ ¢J|1°‘<ZZ|S@J ¢]|1a

k=0 jeZ;

< 221@(12—1@&
_ 22 7*11

< +oo.

The sharpness of the inequality a* < =5 + follows from the common

counterexample in the proof of Theorem 2 and Theorem 3.
[ |

Proof of Remark 7. Let v > 1 and f > 0. For n > 1 let
z, =n P and y, = n~?7. Let B denote the convex hull of the infinite
points (Zn, yn). We claim that the polygon P,-: associated to B satisfies

1

(hence o* < 1/v03). Indeed, choose

1
chlzBﬁ{(x,y)GRQ:y:;}

as the first side of P,-1. The number of sides of B located on the right
of chy is = p'/7% and the claim follows since for any polygon D with
finitely many sides and any p we have Mp[ll < # (sides of D). On the
other hand one checks that B satisfies

|AB| < 6'Fm 0w

and the exponent is best possible (i.e. d* =1/ (8(y—1) + 1))
If we now choose v = 1+ 1/ we get d* = 1/2 and o* arbitrarily

small (since 3 can be large).
[

Proof of Theorem 8.  We show that a* = d*/2 whenever B is
inscribed in a disc, namely when B is the convex hull of a subset of a
circle.



20 L. BRANDOLINI, A. IOSEVICH, AND G. TRAVAGLINI

Let PpB_1 be as in Definition 1 and assume a > «*, hence Mf_l < p.
Let 21, @y, ... be the vertices of P,. See Figure 2.

Figure 2

Let By, By, ... be discs of radius p~'/? centered at the above vertices.
Since B is the convex hull of a subset of a given circle C, there exists a
constant ¢ such that, for any j, we are in at least one of the following
two cases:

either

i) ¢Bj U cBj;; contains the arc in 0B connecting z; and 1,

or

it) the part of 0B connecting z; and x;1; and not contained in
cB;UcBj,; is a segment.

Indeed, assume that ¢) and ¢7) fail. Then the arc in 9B connecting z;
and x4, must touch the unit circle C' outside of the discs ¢B; or ¢Bj 1,
at a point having distance ~ p~! from the side of PpB_1 connecting x;
and z;41. Now observe that this latter can be extended to a chord of
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C at distance ~ p~' from dC. Then, for a suitable ¢, the disc ¢B; and
cBj, cannot be distinct.
The above implies that, for a > o,

cp®
Af,m C eyt (BB N (U ch)>
7j=1

< ip—l/Q ~ pa—l/Z _ (p—1/2)1*2a’
j=1

and therefore

B
A7,

hence, in this case, d* < 2a*.
We now prove that a* < d*/2. Let @ < «*. Then there exists
a sequence p, — —+oo such that Mf_l 2 p%. We claim that there
k

exists & p¢ points in A? that are &~ plzl/ 2 separated. Postponing for a
moment the proof of the claim, we conclude that

a-1/2 _1/2 1-2a
> = (pk /)

which implies that the Minkowski dimension d* of A® cannot be smaller
than 2a and therefore d* > 2a*.

Proof of the claim.

Let chj, ¢; and 1; be as in the proof of Theorem 6 and define

Sa = {j s — il > PZUQ}

Sp = {j e =] < p;1/2}-

B
Az,
Py,

It is enough to prove that whenever j € S, we have |p; — ;| 2 cplzlﬂ.
Since B is inscribed in a (unit) circle, a simple geometric argument
shows that if |p; — ;| < plzl/Q, then the chord ch; (which is a chord
of B of height p, ') can be continued to a chord of the circle of height

~ p; ' and therefore of length = p,zl/z. It follows that |ch;| < pgl/Q

(07

and (3.7) yields |p; — 9| 2 c,olzl/2 forany j =1,...,¢cp%
[ |

The following lemma will be needed in the proof of Theorem 10. The
proof depends on an easy modification of an argument in [26].

Lemma 22. Let B be a convexr planar body containing a large disc
of radius r. Let g be a smooth non negative function supported in the
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set {t+v},cp <1 such that g(t) = 1 when t € B and dist(¢,0B) >
1. Then there emists a constant c, independent of r, such that

1911 11 g2y > ¢ log® 7 .

Proof. We first need the following known inequality (see e.g. [24]
or [13]). Let h € L'(R) satisfy h € L'(R), h(u) = 0 for u < 0. Then

(3.9) /joo h(z)| dz > c/1+°° % )] du.

oo

A quick proof of (3.8) follows. Because of [12, p.584] we can as-

sume h(u) > 0. We then consider the odd real function s defined
by s(x) = —i(1 —z), for z > 0, the Fourier transform of which is
5(u) = (2mu — sin 27u) /27%u?. Then

/:O ()| dz > ‘/:o h(z)s(x)da
_ ‘ /_ :oﬁ(u)g(u)du
> C/1+00 @du.

u

Observe that, through a translation, (3.8) implies the following fact.
Suppose h(u) =1 for v in an interval of length 7, say [¢, ¢ + r|. More-
over h(u) = 0 for u < g — 1, then

(3.9) /_+OO |h(z)|dx > clogr.

o0

To prove the lemma we may suppose that B lies in the half plane
{(z,y) : « > 1} as in Figure 3.
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(1,0

Figure 3

Then, by (3.8) and (3.9),

//|§(§,77)| d&dn
R JR
:// /{/g(x7y)e27rinydy}e27ri§:ndx
RJR|JR LR
+001 )
2{// -—/g@wk2m%4dwn
RJ1 T |Jr
1"1 )
Zc/)—/l/gwww2mmwwmm
1 TJRI|JR
"1

Zc/ —logx dx
LT

=clog’r

d&dn

23

since, because of the convexity of B, we can assume that g(z,y) takes
value 1 inside a whole triangle such as the one in the previous picture.

Proof Theorem 10. Arguing by contradiction we assume the ex-
istence of a positive continuous function €(p) — 0 (as p — +00), such
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that

27
(3.10) / 5 (00)]d8 < (p)p *log p
0

for p > 2. Let ¢ be a nonnegative radial cut-off function supported in
the unit disc, then the convolution

9= XpB*Q
satisfies the assumptions in the previous lemma (pB contains a disc of
radius = p). Therefore, by (3.10)

log? p < ¢ |[gll 1 g2

_ o / Re(pr)E(a) | da

1
<cp® | IXnlpz
R2| B( )|1 |1‘|

+o0 2
< op? / “ / X5 (pu®)| dbdu
- 0 14w/,

+oo S 27
=c — X5(sO)|dbds
= ]
T2 g(s)logs
<c|1 ———d
<o (] Sh)
p +oo
§C<1+/ 5(5)10gsd8+p/ 5(5)120gsds>
5 s P s

dz

= A(p).
To end the proof we observe that
A
(Qp) — 0
log™p
as p — +oo, by I’Hopital’s rule.

Remark 23. Using an induction arqgument, the theorem can be ex-
tended to several variables so that, for any convex body in R",

70

lim sup ':71 / IXB(po)|do > 0.
p—toc l0g" " p Js,

Remark 24. To prove our theorem we have used an idea introduced in
[26] to get lower bounds for Lebesgue constants. A relation between the
study of Lebesque constants and the L' spherical averages of Fourier
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transforms of characteristic functions is natural. However we see no
general theorem relating one to the other. See [18|for a related discus-
ston with a number theoretic flavor.

Remark 25. The estimates of |r(B,d,0)| (see (1.5)) is a geometrical
problem which does not involve necessarily the Fourier transform. The
previous theorem and the inequality in Lemma 17 imply that, for any
convex planar body we have

) 1 2
hmsup m/o |T(B,(5, 0)| do > 0.

§—0t

The problem considered in the previous remark seems to be related
to the study of floating bodies (see e.g. [22]).

Proof of Theorem 11.  Arguing as in [7] and applying Theorem
2 and (1.2) we have

/ / |D,(07"(B) — t)| dodt
T2/ S0(2)
2 o) 2mim-t
[ [, S Ralorme
T2.JS0(2) Z ( )

m#0

< p2/ / Xa(pom)e*™™ | dodt
T2 J50(2) Z

0#|m|<p(t—22)/(1+2a)

—I—P2/ / Z X (pom)e*™™ | dodt
2 Js0(2)

|m|>p(172a)/(1+2a)

< / Ra(pom)| do
2 o

Oi‘m‘gp(172a)/(l+2a)

+p / Ru(pom)| do
o 2

‘m|>p(172a)/(1+2a)

dodt

1/2
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< > lom| ™ log | pm|
0 |m|<p(1—20)/ (1+20)

+ p? > deml”

‘m‘>p(1_2a)/(1+20¢)

+00 1/2
< pa/ 1 log(pt)dt + p'/? {/ t_z}
1 P

(1-2a)/(142e)

1/2

p(1=20)/(142a)

The lower bound follows from Theorem 2 and the orthogonality ar-
gument in [7, p. 269].
[

Proof of Theorem 16. We prove only the case 0 < o < 1/2.
Choose a positive integer N and write it as a sum of four squares.
N = 32 + k> + > + m?. Let ay,as,a3,a4 € [0,1) be pairwise linearly
independent on Z, so that, e.g.,

ap + 2—) # as + 1
J k
for any choice of the integers p, ¢, j,k (j, k # 0). That is
(3.11) (a1 +77'Z) N (ax+k7'2) =10

when j # k. Let

AJ:):{(Cll—f—B,g)} ﬂT2
] ] p,qGZ

and let us define A2, Ap2, A,,2 accordingly. Define
P=ApUApUApUA,:.
By (3.11) P has cardinality N. Since
card (PN B) — N |B|
= card (A;2 N B) — j°|B| + ...+ card (4,,: N B) —m* |B|,

it is enough to prove that, say,
/ / |card (42 N (0(B) +t)) — 5 |B|| dfdt < N7+ log N.
T2 J SO(2)

We can therefore prove the theorem assuming N to be a square, say
N =17r% r e Nand

Pt {(e 29}, 0t
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Now observe that, writing w = (a,0) and applying Theorem 11, we
have

/ / \D(P,6,1)| dt do

12 .J50(2)

_ / leard (Ayz 1 (o(B) + 1)) — 2 | B dt do
S 2

0(2) JT2
:/ / leard (A2 1 (0(B) + £ + w)) — 1 |B| dt do
so(2) J12

:/50(2) /T card ({(9 ?)}” ﬁ(U(B)+u)> —r2|B|‘duda

r’ 1)) pa=o
= / |card (Z° N (ro(B) + ru)) — r* |B|| dudo
so(2) Jr>

= /50(2) /11‘2 ‘card (Z2 N (ro(B) + u)) _ 2 |BH dudo

< r2a/(1+2a) IOg r

= %No‘/(“’?a) log N.

where we have used the fact that for a function f € L'(T?) and for
any integer k # 0

f(ku)du = TZf(u)clu

TQ

The above argument extends to several variables after replacing the
sum of four squares with Hilbert’s theorem (Waring’s problem).
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