Affine Frames of Multivariate Box Splines and
Their Affine Duals

Maura Salvatori and Paolo M. Soardi

November 15, 2000

Abstract

We give a simple and explicit construction of primal and dual
wavelet filters based on refinable multivariate splines (with respect
to various dilation matrices M) such that the corrisponding wavelet
functions generate dual affine frames of arbitrarily high regularity.
Furthermore, the number of wavelets does not depend on the regular-
ity. We apply the method also to generalized B—splines.

1 Introduction

It is well known that compactly supported wavelets constructed from cardinal
box splines play a prominent role in wavelets theory, because spline functions
are fairly well understood, allow explicit computations and possess additional
properties (see [1] for a general reference on box splines). Moreover, box
splines play an important role in applied and computational mathematics.
However, unlike the univariate case [8], and leaving aside tensor products, the
construction of (biorthogonal, compactly supported) spline wavelets for any
given dimension is a difficult task in general and so far no universal explicit
algorithm is available; see e.g. [5], [7], [9], [11], [18], [20], [21], [22], [23].
The recent papers [24], [25] lay the foundation for a significant change
of perspective. They contain a general theory of affine systems and of affine
frames in particular. In these papers a new ”unitary extension principle” is
introduced, which makes the construction of tight affine frames somewhat
easier than the solution of the matrix extension problem which arises in the
(bi)-orthogonal wavelets construction. A technique was also derived to im-

plement this principle, starting from a given ”scaling” functions ¢ € L?(RY).



In particular this was applied to univariate box splines, to some multivari-
ate compactly supported box splines [26] and to convolutions of self-similar
compact sets in any dimension [17].

Although the application of Ron-Shen’s unitary extension principle is
easier than the corresponding construction of (bi)-orthogonal wavelets, still
multivariate affine tight frames are hard to construct for any given scaling
function. For instance, such frames were constructed only for a relatively
small class of box splines in higher dimension. A second drawback is that, in
the existing examples, the number of mother wavelets (the frame generators)
grows proportionally to the regularity. Even though redundancy may be
sought in certain applications (e.g. in oversampled filter banks [4]), still
it seems desirable to keep some control on the number of generators. For
these reasons we feel that although, generally speaking, tight frames would
be more desirable, affine frames with explicit affine duals, with number of
wavelets independent of regularity and easy to construct, would provide a
good substitute.

The paper [25] contains, among other things, a so called ”mixed extension
principle” i.e., a generalization to the case of not necessarily tight frames
of the above mentioned unitary extension principle. However the scope of
this extension was so far unexplored. The aim of this paper is exactly to
give simple and explicit constructions of affine frames and their affine duals,
based on the mixed extension principle. It turns out that our construction
can be applied to a large number of cases, where no tight affine frame was
previously known. Namely, it holds for any given ”reasonable” multivariate
box spline ¢ if the dilation matrix M is an integer multiple of identity, and
for a large class of box splines which are refinable with respect to a dilation
map M, MZN C ZV, satisfying M" = nl, for some r > 1 and n > 2.

Denote by M* the adjoint of M. Given a box spline ¢= refinable with
respect to M, our technique consists in constructing explicitly primal and
dual polynomial masks my, my, £ = 0,..., L such that the primal scaling
function @ = 2, me (M*~/-) is a finite linear combination of translate of
=, the dual scaling function QAZ = H;’il mo (M*7.) is arbitrarily regular and
the wavelets

~

Ye(M™-) = my®, (1)
Y (M) = i, (2)

¢=1,...,L (with L independent of the regularity) are the generators of dual
affine frames. Thus, there exist positive constants C;,C5, C, Cy such that



for every f € L?(R") one has

CIfIE < ST wiaal? < O lIFI2, (3)
J,k,s

~ 9 ~ 2 ~ 9

Crllf13 < S [(fdine)| < Callfll (4)
7.k,s

and the frames are dual to each other. Here we made, as usual,
Yike = |det MP2 (M7 - —k), by = |det MY hy (M7 - k), (5)

with j € Z,k € ZV, ¢ =1,..., L. In most cases the number L of wavelets
will be L = | det M|, just one more than the minimum number |det M| — 1.

In this paper we are concerned almost exclusively with spline functions.
However our method can be applied in more general or different situations.
It is worthwhile to mention the case of the generalized B-spline, introduced
[10] and further studied in [12]. These functions are defined as convolutions
products of self-similar sets with respect to the same dilation M, but with
possibly different digits sets. Thus these functions are more general than the
ones studied in [27] or [17]. However our technique works with this gener-
alization as well. We can construct dual affine frames based on generalized
B-splines with arbitrary regularity and fixed number of wavelets, for any M

and any choice of the digits, thus extending in various way the basic result
of [17].

2 Notation and preliminary facts

In this section we first review some of the very basic notions on dilations,
scaling functions and wavelets, which are pertinent to the discussion in this
paper. Furthermore we will state the mixed extension principle and a lemma
which will be used in the paper to apply such a principle to the case of box
splines.

A dilation matrix M on RY is a N x N matrix with integer entries,
whose spectrum lies outside the closed unit disc. We say that a function
¢ € L?(RY) is a scaling function with respect to a given dilation matrix M
if the following conditions hold: i) ¢ satisfies a refinement equation of the

type

P(M™) = mog, (6)
where mg is a 2r—periodic function called the (symbol of the) mask of the
refinement equation (6); ii) @ is continuous at 0 and @(0) = 1. In this



paper ¢ will always be compactly supported, so that mqy will always be a
trigonometric polynomial.

Let denote by V; the closed linear span of the translates of ¢ by means
of the vectors in Z". For every integer j let us denote by V; the M’ —
dilate of V4. Clearly the refinement equation (6) implies that the sequence
V; is increasing with j. If ¢ is continuous at 0 and $(0) = 1, then it is
possible to prove that U;V; is dense in L*(RY) and N;V; = 0 [3], [19]. As
in this paper we will be dealing with integrable box splines, these conditions
are automatically satisfied. Moreover, also the dual scaling function ¢ will
satisfy the same conditions. However, it is worth pointing out that, unlike
the case of multiresolution analyses, the scaling functions considered in this
paper in general do not generate by translation Riesz bases of V;. In fact
they don’t even need generating a frame.

Now let 11, ..., 91, be elements of V. Then, there exist 2r—periodic func-
tions my, for £ =1,..., L, such that (1) holds [2, Theorem 2.14]. The same
argument can be repeated for ¢ and the functions 1})} € ‘N/O, thus obtaining
(2). When the functions ¢, and v, are dual affine frames generators they are
called primal and dual wavelets, respectively. Likewise, m, and my, £ > 1, are
the primal and the dual wavelet masks (or filters). As we will only consider
compactly supported wavelets, in this paper the wavelet masks will always
be trigonometric polynomials.

We say that v, ..., ¢ generate a Bessel system if the right hand side
inequality in (3) holds true for every f € L*(R"). Before stating the mixed
extension principle mentioned in the introduction we need some more nota-
tion.

Let I' denote the quotient group Z~ /MZ" and let I'* = 2x(M* *ZN /ZN)
be its dual group. It can be shown that both groups have order d =
|det M|. We may choose complete sets of representatives g, ...,vq 1 for
[ and 7§, ...,v, ; for I (where vy and 7 represent the identity) and iden-
tify these sets with the group itself. We then introduce the periodic (L+1) xd

matrices

A(w) = [me(w + ;)] (7)
A(w) = [me(w + ;)] (8)
with £=0,...,L, k=0,...,d—1.

Theorem 1 (Mized extension principle [25, Theorem 3.9]) Let ¢ and o be
scaling functions with respect to the dilation map M. Let 1y,..., ¢r be
elements of Vo and let i1, ..., Yy be elements of Vi such that



(a) both the families 1)y, . .. aj/)L and i/)vl, ceey @ZL generate a Bessel system;
(b) the matrices A(w) and A(w) in (7) and (8) satisfy

A (W) A(w) =1 a.e. 9)

Then the families ¥y, ..., ¥ and JI, ey JL generate affine frames which
are dual to each other.

Remark. In the original formulation of the mixed extension principle it is
required a mild decay condition on the scaling functions. However, it follows
from the result [6, Theorem 2] that the conclusion of Theorem 1 is true also
without the decay assumption. In any case, the scaling functions we will be
dealing with are box splines, or convolutions of box splines with compactly
supported distributions, which satisfy even stronger decay conditions.

Lemma 1 Let M be a dilation matriz. Let 1o,...,7._1 and Ty, ..., Tr_1 be
trigonometric polynomials satisfying the system

L-1

S W) E@ 7)) = dos. (10)

s=0

where 6y s is the Kronecker delta. Set, for any trigonometric polynomial p1
and v,

mo(w) =7o(w) u(M*w) (11)
o(w) = Fo(w) (M) (2 — u(M*w)y(M*w)) (12)
my(w) =n(w), my(w) =7(w), €=1,...,L—1 (13)
mr(w) =To(w) (1 = p(M w)v(M*w)) (14)

(w) =7 ( ( (15)

1
(W) =To(w)(1— p 15

3

Then my and my satisfy the system

L

S melw) i@ + 77 = o (16)

Proof. The proof consists of an elementary computation, after observing
that, by the periodicity of ;1 and v, one has

O (@ +90) = p(Mw), V(M (@ + 7)) = v(M*w).



Hence

> mg(w)me(w + ;)

£=0

= To(W)?o(w + (M w)r(Mw) (2 = p(M*w)v(M*w)) +

Z W) (W +75) + 1o(@)To(w +97) (1= p(Mrw)r(M*w))*.

Therefore, using (10) we get

> me(w)inew + 1) = To()7olw + 75) + {do = ()Tl +70) |
== 50’]6.

As a consequence, if the masks m, and m, are constructed according
to Lemma 1 and if the matrices A and A are defined as in (7), (8), then
condition (b) in Theorem 1 is satisfied. In the following sections we will give
several constructions of filters m, and m, by means of equations (11)—(15), in
such a way that the corresponding function ¢ is a finite linear combination
of translates of an assigned multivariate box spline (or generalized B-spline
in the last section). The function ¢ will turn out to be the convolution of a
box spline and a distribution whose Fourier transform has a good behavior
at infinity. Furthermore we will show that, in the cases studied in this paper,
Yy and 1)y, defined via conditions (1) and (2), satisfy also condition (a) of
Theorem 1, thus generating dual affine frames. As already mentioned, in our
constructions we will always have L = d = |det M| (but for one case where
L =3 =d+1), and, at the same time, the 7;;[ will be of arbitrarily large
regularity.

3 Box splines: the case M = nl.

Let = = [ &, &, oo €k ], where K > N, be a full rank matrix with
integer entries. The box spline = associated with = is the L?(R") function
whose Fourier transform is

()




Note that we do not assume that = is unimodular, so that, in general, ¢= is
not the scaling function of a multiresolution analysis. However in this section
we will assume that the first N columns are the fundamental vectors of the
axes, i.e.

& =(1,0,...,0),& = (0,1,...,0),....6x = (0,0,...,1),
so that (17) takes the form

N K

=T I () o

k=1

Clearly ¢ is refinable with respect to the dilation M = nl, where n > 2
is an integer. Letting

n

qo(t) (19)

and denoting by mz the refinement mask of p=, we have that

me(w) = ZEED - TTantn) T] )
= 70(w)G(w).

Here we set 79(w) = []r, qo(wi) and G (w) = Hf:NH qo({&;,w)). Note that
79 is the N—-dimensional Haar low—pass filter with respect to the dilation
matrix M = nl. We set 79 = 7o and we define the filters 7, = 7,, s =
1,...,n" — 1, as the corresponding (orthonormal) wavelet filters, provided
by the tensor product construction. To describe explicitly these filters, we
first write the wavelet filters in the 1-dimensional case. We set, for s =
1,...,n—1,

qs(t) = \/Tﬂ (Zexp —i(k —1)t) — sexp(—ist)) .

It is immediate to check that these are the filters looked for in the case N = 1.
If N> 1, we set
ZN
MZN
For every € = (€1,...,en) € E, with € # (0,...,0), the e-th wavelet filters
are

FE =

={0,1,...,n—1}"

7_8( — 7_8 H qgk Cdk (20)



Obviously (after indexing the Haar wavelet filters from 1 to L —1 = n®" —1)
these filters satisfy (10). We choose

pw) = G(w) (21)

v(w) = H qo(wr)™ ! (22)

where aj, > 1 is any (large) integer. Finally, we define the filters m, and my,
with £ =0,...,n" according to equations (11)—(15), where p and v are as
in (21) and (22). Note that

mo(0) = o (0) = 1, me(0) = e(0) = 0 for £ > 0. (23)

Define - N
Pw) =[] moeMw),  w)=]]mo(M*w).
j=1 j=1

Observe that ¢ is a finite linear combination of translates of ¢z, as

On the other hand ¢ is the convolution of a box spline with a compactly sup-
ported distribution. Let us show that ¢ can be of arbitrarily high regularity
(depending on ay,...,ay). Actually,

[T oM Hw)p(M 7+ 1w0) | < O+ fwr) ™ - (14 wal) .

j=1
By (21) and (22) |u(Mz)v(Mzx)| < 1, so that, a well known argument [13,
p. 216-217] gives

H 12 = p(M* 7 W) (M W) < C(1 + |w])oe?
j=1
and R
| ()| < O+ e, (24)
where a = miny, a;. Finally we set, for £ =1,...,n",
U(M*w) = m(w)B(w), Y (M*w) = Fp(w)P(w). (25)



Theorem 2 Let = be a matriz with integer entries such that its first N
columns are the fundamental vectors of the aves. Let my and my be con-
structed as above, and let 1, and 1y, with ¢ =1,...,n", be the L? compactly

supported functions in (25). Then the affine systems {1; .} and{ij,k’g}

(with respect to the dilation matriz M = nl) are affine frames dual to each
other such that v¥y(M™"-) is a finite linear combination of shifts of the spline

= and Yy is compactly supported and of arbitrarily high regularity (dictated
by inequality (24)).

Proof. Taking into account Theorem 1 we have only to check that ¢y,. ..,
Yy, and iy, ..., ¢y, generate Bessel systems. To this end we apply [5, Theorem

2.11]. Because of (23) we have that $(0) = 5(0) =1 and ,(0) = 1,(0) = 0.
Furthermore, because of (18) and (24), also the decay assumptions in [5,
Theorem 2.11] are satisfied, as soon as a > log,, 3. This concludes the proof.
]

Remark. Clearly a version of the above Theorem holds also under the
(apparently) more general assumption that the vectors &, ..., &y form a basis
for ZV. In fact it suffices to perform an unimodular change of variable.

4 Frames with more symmetry

In Theorem 2 we used the Haar system in order to state a general result
for every = satisfying the assumptions of the Theorem. In particular situa-
tions it can be more convenient to make other wavelets play the role of the
Haar wavelets in the above construction. This may happen when one looks
for frames enjoying not only regularity, but also good symmetry properties,
always with a number of wavelets independent of the regularity. We will
illustrate this by means of two examples.

Let us first consider the case of univariate box splines. For simplicity
we will confine our discussion to the case n = 2, but the argument can be
extended without effort to any n > 2. We will consider the centered even
box splines, whose refinement mask has symbol

70(w) = cos? %j, r=1,2,....

¢
0,...,2r, satisfy the system (10), so that, by the results proved in that paper,
they give rise to a tight fundamental frame whose elements are splines of
degree 2r — 1. In this case we have 2r wavelets with continuous derivatives

It was noted in [24] that the filters 7,(w) = /(%) sin‘w/2 cos” *w/2, £ =



up to the order 2r—2. Moreover each wavelet is symmetric or antisymmetric.
We can show that if we abandon tight frames, we may produce dual frames,
generated by only three wavelets, with the desired regularity and symmetry
properties. To do this we will make the Ron—Shen filters just mentioned, with
r = 1, play the role of the Haar filters. Namely we choose

2 ¥

Always with the notation of Lemma 1 we set
pw) =cos™2w/2, v(w) = cos®THTT2y /2

where § > r — 1 is any integer. Thus, we obtain

S

- w w -
my =2 cos? 5 Mo (w) = cos® = cos™ 22w (2 — cos® w)

(w) = cos 5
my(w) = my(w) = \/icosgsin%j
ma(w) = g (w) = sm2g
ms(w) = m3(w) = cos’ %j (1—cos?w)

In this case we get

W

e = o o) (2EL2Y T

N SiIl w 2—2r+4 ‘
D(t) = cos? 212 (1 /2) <#> H (2 - cos®? (w/27))

and the Wav/e\lets generating the frames are given as usual by 12)\@(2w) =
me(w)P(w), ,(2w) = ffz@(w)?@(w), for ¢ = 1,2,3. The dual wavelets can
have arbitrarily large regularity, one of them is antisymmetric and the other
two are symmetric. The same symmetry properties are enjoyed by the primal
wavelets. The figures below show the scaling functions and wavelets in the
case r = 3 = 4.

10
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In the second example we construct bidimensional frames with hexagonal
symmetry, arbitrary regularity and fixed number of mother wavelets.

Let 79 be a bivariate low—pass filters with dual filter 7. Let {7y, 7,73}
and {71, 72,73} be the corresponding biorthogonal wavelet filters. Assume
that each 7; and each 7;, j =0, .., 3 is a function of (w,ws, —(w1 +w>)). Let
w3 = —(wi + wa). According to Cohen and Schlenker [9], the two sets of
filters are said to have hexagonal symmetry if

To(CU1,CU2,CU3) - 7_0((*‘)27(")37(")1) = Tﬂ(w3:w1:w2)

7'1(011,002,013) = Tz(w2,w3,w1) = 73(w3,w1,w2)

and the same relations hold for the 7;. If wi,ws and ws are interpreted as
hexagonal coordinates in the plane [9, p.213], then the above conditions mean
that the scaling functions are invariant by a 27/3 rotation, and the same
rotation permutes the mother wavelets. It was shown in the above mentioned
paper that the spline filter 7o(wy,ws, w3) = (1 4 cosw; + coswy + cosws)
admits the dual

- 1
7'0(&)1,&)2,0)3) = 57’0(0)1,(,()2,(4}3)(5 — COS W71 — COSWwo — COS(Ug).

The corresponding dual wavelets filter 7y was shown to be 77 = i(l -
exp(—iw;))? and 7, and 73 are obtained by applying the above symmetries to
71. The primal wavelet filters are then obtained by solving the system (10),
and it is not hard to see that the primal filters have hexagonal symmetry as
well.

It turns out that the primal wavelets belong to the Holder space C! ¢
while the dual wavelets only belong to the Sobolev space H® with s < 0.44.

12



Thus the Authors of [9] raised the problem of constructing biorthogonal com-
pactly supported wavelet bases of (arbitrarily) high regularity and hexagonal
symmetry. We should note that the construction carried out in [18] for gen-
eral bivariate box splines does not solve the problem, since the wavelet filters
deduced by the Hilbert Nullstellensatz need not possess the same symme-
tries as the primal and the dual scaling functions masks. However we may
construct hexagonal frame wavelets of arbitrarily high regularity by using
Lemma 1. Namely, let the 7, and 7, be the Cohen—Schlenker hexagonal filter
just described, s =0,...,3. We choose

p(wr, W, ws) = gﬁ (w1, wa, w3),

y(wl,wg,w3) = 73 (wl,w2,w3))
where 3 and ¢ are positive integer. Set w = (wq,ws,ws3). Then we have from
Lemma 1 and Theorem 2 that the following filters

mo(w) = To(w)7d (2w)
o) = Folw)f 2w) (2= 7 (2w) )
my(w)

(@)

)
=7(w), my(w) =T(w), £=1,2,3
)

give rise to wavelets generating dual frames of arbitrarily high regularity.

These families satisfy a slight generalization of the condition of hexagonal
symmetry, the only difference being that the fourth wavelet filters m4 and my
are invariant under permutation of the variables. In the biorthogonal case
there are essentially one primal and one dual mother wavelets, the other ones
being obtained by a 27/3 rotation. In the frame case there are essentially
two primal and two dual mother wavelets.

5 Box splines: the case M =nl

In this section we consider affine frames where the N x N dilation matrix
satisfies an equation of the form

M" =nl (26)

for some integers 7 > 2 and n > 2, with n™¥/" an integer. We assume that r
is the first integer such that (26) holds.

We start with the case where N = 2. In this case d = |det M| = n?/" is an
integer. We notice that not for every value of r and n there are integer 2 x 2

13



dilation matrices satisfying (26). We refer to [12, section 4] for classification
and admissibility conditions for such matrices. In any case it follows from
the results just cited that in all the admissible cases d divides n. Therefore
we set

n =>b-d, where bis an integer.

Clearly, not every box spline ¢z is refinable with respect to the dilation
matrices considered here. A typical case of refinable spline occurs when the
matrix = consists of a cycle for the dilation M i.e., for some integer K > 1

= 607"':60: 61:"'751: 61“717-"767‘71
K times K times K times
where {; = M¢&;_y, for j = 1,...,7 — 1, and & is an integer vector not in

M7Z?2. The latter assumption will be necessary in order to use Lemma 1, by
means of Lemma 2 below. See e.g. [10], [11], [12]. In this case we have

T 1(1—6Xp —i (&, w )))K_ (28)

j= gja >
In order that o= € L*(R?) it is clearly necessary and sufficient that & is not
an eigenvector of M. Denoting by mz the mask of the refinement equation,
we have

1 _|_ e_i<w7§0> + 6_i2<w7§0> _|_ P + e_i(n_1)<w7§0> K
me(e) = ( )
n
A moment thought shows that we can factorize mz as
14 e—i<wbo> 4 ... 4 gmild-D<wéo>\ K
mefe) = ( - ) o
where
14 ¢ i<dwo> | p-i2<dwbo> .. 4 ilb-1)<dwgo> K
ple) = ( : ). @
As in section 3 we set

d

We will follow the same strategy as in section 3. We first construct Haar type
wavelet filters and then we invoke Lemma 1 to construct the filters m, and

14



my. We show that we can do this in such a way that the resulting wavelets
have arbitrarily large regularity and L = d.

As in section 3 we consider the 1-dimensional Haar wavelet filter with
respect to the dilation factor d, i.e.

4s(t) = ﬁ (; exp(—i(k — 1)t) — sexp(—ist)) (32)

fors=1,...,d—1. We set
Ts(w) = Ts(w) = gs(< w, & >), s=0,...,d—1. (33)

Lemma 2 Let qy be as in (51) and let p be as in (30), with & € 7>\ MZ>.
Then

1. the trigonometric polynomials 7s(w) satisfy (10);

2. there exists a trigonometric polynomial p such that

Go(< M*w,& >)" " p(w) = p(M*w). (34)

Proof. Since & ¢ MZ?, arguing as in the proof [15, Lemma 5.1] we see
that, as 7} ranges in I'*, the exponential exp(i < v, & >) describes a cyclic
group of order d. Thus we have, say, < v, & >= 27/d+2km, for some k € Z,
and < ¥ & >= 2ws/d + 2ksw, s = 0,...,d — 1. This obviously implies the
first assertion. As for the second assertion, we may clearly argue only on p.
Now, for every vi € I'* we have

1 =exp(i < dv;,& >) = exp(i <75,d& >).

In other words d, € MZ?, i.e. there exist A € Z? such that d§, = M\, so
that

14 e i<SM*wA> | o—i2<M 0> |, 4 o=i(b-1)<M*w>\ K
plw) = ;

|
We now apply Lemma 1 choosing

p(w) = qo(< w, & >) X p(M* w).

As for v we can choose any trigonometric polynomial which guarantees
enough decay. A natural choice is

15



v(w) =g (< w, & >) (35)

for some large integer exponent a > 1. We define the filters m,, m, according
to Lemma 1 and let ¢, and ¢ be as in (25), where

P(w) = Hmo(M*_jw) = qo(< w, & >)" Pz (w),

o

Pw) = [ oM w).

—

Here again ¢ is a linear combination of translates of = and ¢ is the convo-
lution of a box spline with a compactly supported distribution. Arguing as
in section 3, we have that

| (@) < O+ fuo])erone? (36)

where ¢ = |[M~'|| "', To see this fact it suffices to argue as in the classical
case [13, p. 216-217], after noticing that |[M]|| > 1 and ||M~'|| < 1 because
M is strictly expansive, replacing M by a power of M if necessary.

,From Theorem 1 and Lemma 1, in the same way as in section 3 we get
the following Theorem.

Theorem 3 Let M a2 x2 dilation matriz satisfying (26) and let = be of the
form (27), where & = M&;_1, for j =1,...,7 —1, and where & € Z*\ MZ?
is not an eigenvectors of M. Define p be as in (34) and v be as in (35).
Finally, let the filters 7, and 7, be as in (33), and let my and my, with
{=0,...,d be constructed according to Lemma 1. Then the affine systems

{Wj e} and {{/)Vj,k,g} are affine frames dual to each other such that 1o(M~"")

1S a finite linear combination of shifts of p= and @Zg 15 compactly supported
and of arbitrarily high regqularity (dictated by inequality (36)).

In general dimension N the structure of the expansion matrices is much
more complicated than in dimension 2. We can prove a result similar to the
above Theorem under some additional assumptions on M. In first place we
will consider only the case where » = N, i.e. where the dilation satisfies the
equation

MY =nlI. (37)

Obviously in this case we have d = |det M| = n. Furthermore, we must
be able to guarantee that the splines we are dealing with are bona fide L?
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functions. As above we work with vectors §; such that £ = M¢;_,. Thus we
have to prove that these vectors are independent. The next theorem gives a
sufficient condition.

Proposition 1 Let M, with MZN C Z~, be a dilation matriz such that
MY = nl. Let & € ZN \ MZY such that s& ¢ MZY for every integer
s=1,...,n—1. Then the vectors & = M’E, j =0,...,N — 1 are linearly
independent.

Proof. Assume on the contrary that the vectors are not independent.
Then they are not independent on the rational field, so that there exist

integers c; such that
N1

> e =0, (38)
=0
Let ¢; = k;n™, with k; € Z, n { k; and m; is a non negative integer. Let
m = min; m;. We set {0,2,...,N —1} = AU B, where j € A if and only if
m; = m. After simplification (38) becomes

D k==Y kT (39)

jeA jEB

Setting u = — ZjeB kjn™i—mg,, we note that u € MNZN (in particular u = 0
if B =0). Let A = {jo,j1,--.,Jn}, where j; < jit1. Then k;, = mn + s for
some integers s and m, with 1 < s <n — 1. We have from (39)

Sé‘jo = —kjlfjl — - kjhgjh — mn§j0 +u € MjIZN.

Therefore, applying M —7° to both members, we get s&, € M1 =9zN C MZV,
against the assumption on &. m

Thus we are faced with the problem of finding a vector £ as in the as-
sumption of the Proposition.

Lemma 3 Let M, with MZN C Z~, be a dilation matriz such that MV =
nl. For every vector £ € ZYN, € # 0, there exists a unique positive integer
k = k(&) such that for every integer j one has j¢ € MZY if and only if j is
a multiple of k(€). Furthermore, k(&) is a divisor of n for every .

Proof. Given £ # 0 let (&) be the least positive integer m such that
mé € ZY. Such a minimum exists because of the assumption on M. Clearly
every integer multiple of x(£)€ belongs to MZ". Viceversa, let j be such that
j€ € MZY and write j = kx(€) + r, where 0 < r < x(£). Then r must be
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0, otherwise 7 = j€ — k(€)€ € MZY, against the definition of x(£). Finally,
k(€) divides n since né = MN¢ € ZN. m

By this Lemma combined with the Proposition, if n is prime, then for
every £ € ZN\MZ"  the vectors §§ = M’E, j =0,...,N — 1 are linearly
independent. However we can say more.

Lemma 4 If n = pipy...py, with p; pairwise distinct primes, then there
exists £ € ZN \ MZYN such that k(£) = n.

Proof. We will show that for every & with x(§) < n there exists £* such
that k(&) < k(£*). This clearly implies the thesis.

Let £ € ZV \ MZ" be such that, say, x(£) = py---p;, with i < h (cfr.
Lemma 3). Dividing if necessary by the common factors of the coordinates,
we may suppose that £ is not a integer multiple of any vector w € Z~ (note
that dividing by the common factors does not decrease x(§)). It follows
that k(£)é € MZY but k(£)€ ¢ MNZYN = nZN. Otherwise there would
exist a vector w € Z" such that x(£)¢ = nw, whence & = p;y---prw,
against our assumption on £. Hence there exists a larger 7, j < N, such
that x(£)6é € MIZN\MITZN | and, consequently, a vector n € ZN\MZY
such that x(&)§ = M7n. It follows k(&) MY ¢ = nn, whence p;q -+ ppn =
MN-i¢ € MZY. Therefore x(n) is of the form, say, p;y1 -+ - py, with k& < h.

Let for instance x(n) > k(§) (they cannot be equal, by the assumption
on n), and let us study x(n + £). From x(n+ &)(n+ &) € MZY, we get also

K(E) KN+ En+ w()r(n+ )¢ € MZY
whence k(&)k(n+ &)n € MZY and

k(&) k(N + &) = Lr(n) (40)

for some integer £. As k(n) and k(£) do not have common factors, £(£) must
divide ¢. Now, we note that x(n + &) = x(n) is impossible. Otherwise from

k(n)n + k(n)§ € MZY

we would get x(n)é € MZY, which is absurd, as x(n) is not a multiple of
k(€). Therefore £ > k(&), whence from (40) we get k(n+&) > k(n) > k(£), as
desired. If k(n) < k(&) the same argument leads to k(n+ &) > k(£). Letting
n+ & = &, this concludes the proof . m

JFrom Lemma 4 and Proposition 1 we conclude that when M satisfy (37)

with n = pips ... pp, where the p; are pairwise distinct primes, then for some
vector & € ZN \ MZ" the orbit

{€O:M€0:M2€0:"'7MN71€0} (41)
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is a set of independent generators of RY, so that the spline ¢= belongs to
L2(RM).

Remark. If n is not the product of pairwise distinct primes, then it may
be the case that no orbit (41) is a set of independent vectors. Here we give

a counterexample.
Let z > 1 be any integer and let M be the following 6 x 6 dilation matrix

200 00 0
002 00 0
000 10 0

M=101000 0
000 00 22
(00 001 0|

Note that M is the direct sum of three expansion matrices, namely, M =
A®B®C, where A is 1 x 1 and satisfies A® = 2%, B is 3 x 3 and satisfies
B? = 2571 and, finally, C is 2 x 2 and satisfies C3 = 261. Therefore M°® = 251,
and 6 is the first power 7 such that M" is diagonal. We see that (38) has
nontrivial integer solutions for every £. To see this, let £ be any vector in Z°
and write £ = v+ [ + 7, where

a = (6170: s ':O)7 B — (0762563564:070): Y= (O: s '70565766)'
Splitting into components, equation (38) becomes

5 5

5
chAjoz = chB]ﬂ = chC’j’y = 0.
j=0

=0 j=0

Thus it suffices that the coefficients ¢; satisfy the system

co+ 235 =0
Cl+236420
co+ 2%c5 =0
2 4 _
Co+ 2°Cog+ 2 C4—O

c1 + 2203 + 2’405 =0
5
I =
E c;z? =0
J=0

which has the integer solutions cy = —z%cs + 2°c5, ¢) = —23¢y, o = —23¢s,
c3 = zcq — 2%cs, with ¢4 and c¢5 arbitrary.
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With the exception of u that we define as

p(w) = qo(< w, & >)*, (42)

we now define formally all the relevant quantities as in the previous case
(Theorem 3). Then we have the following Theorem, whose proof is identical
with the proofs of Theorems 2 and 3.

Theorem 4 Assume that M, with MZYN C Z", is a dilation matriz satisfy-
ing (37) with n = p1py . ..ppn, where the p; are pairwise distinct primes. Let
o be such that the vectors § = ME;_y, for j =0,..., N —1 are independent.
Let = be of the form (27). Let u be as in (42) and let the other relevant

quantities be as in Theorem 3. Then the affine systems {1; .} and {i[)vjik,g}

are affine frames dual to each other such that (M~ ) is a finite linear

combination of shifts of o= and 1y is compactly supported and has arbitrarily
high regularity (dictated by inequality (36)).

6 Generalized B—splines

In this section we drop assumption (26) and let M be any dilation matrix
such that MZY C ZN. As usual we set d = |det M|. In the cosets of
ZN |MZN we choose K + 1 different sets of representatives, say, I'g,..., 'k
with T'; = {v0,,.-.,%vi-1,;}- To each set I'; it is associated a self-affine tile
Q; [16], [15], i.e. a compact set such that

MQ;=Tj+Q;, 7=0,...,K. (43)

Let xq, denote the characteristic function of ;. We form the convolution
product

Prosoric = XQo ¥ 7K XQo ¥t ¥ XQi ¥ ¥ XQue -
e e ¥ —— A /

Vv
ro—times r—times

The function ¢, . is a refinable L? function called generalized B-spline
[10] , [12]. The case of only one self-affine set was considered in [17]. We
have

@ro,...,'rK (w) = X\Qo (w)"'OX\Ql (w)rl e SC\QK (w)rK'

Let my,. ., denote the mask of the refinement equation. By (43) we have

K d—1 T
Mirg....rpe (W) = H d! Zexp(i < Y,y W >)
=0 k=0
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We set

d—1

oj(w) = d’lzexp(i < Ypjyw>), j=0,..., K.
k=0

It follows that we can write the mask of the refinement equation as

Meypg,...r i (w) =To (w)li(w),

where

=R =), pw) =) [[ow?.

We also set
v(w) = op(w)*

for some positive (large) integer a > 1. Having defined 75 and 75 , p and v
the filters my and mg are defined according to Lemma 1. Finally we set

Ple) = [ mo(M* 1) = ple0)Brgc (@)

Bw) =[] Mo )

= %) (Ranoa) " [[(2 ~ ().

=0

Clearly the new primal scaling function ¢ is again a finite linear combination
of translates of the original generalized B—spline and the dual scaling func-
tion has the same nature, plus a convolution with a compactly supported
distribution. For ¢ we still have a decay similar to (36). In order to com-
plete the definition of the filters m, and m, we need only to find the 7, and
Ts, s = 1,...,d — 1. To this end we notice that a construction by means of
numerical unitary matrices (see e.g. [27] or [17, Lemma 2.3])) shows easily
that do exist d — 1 trigonometric polynomials 74, ..., 7,1 such that the d x d

matrix
[Ts(w+7)], s=0,....,d—1,k=0,...,d—1.

is unitary (here the 7; describe a complete set of representatives of the dual
group 2m(M*~'ZN/ZN)). Thus the filters 7, satisfy (10) and they are the
wavelets masks relative to the Haar filter oy = 79. Finally we set 7, = 7, for
all s=0,...,d.

Having defined all the relevant quantities, the analogue Theorems 2, 3
and 4 follows easily. Thus the d wavelets (1) and (2) are the generators of
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dual affine frames. Here again the ¢,(M ~!-) are finite linear combination of
shifts of the generalized B—splines, and the dual wavelets are convolution of

a B-

spline and a compactly supported distribution.
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